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RESUMO

N e s t e  t r a b a l h o ,  s e g u i n d o  B u r t o n  [ 2 ] ,  c o n s i d e r a m o s  a equa  

ç i o  d i f e  r e n c  i a 1 ,

x "  + q ( x , x 1 , t ) x ’ + g ( x )  = 0 ( * )

sob as  h i p ó t e s e s ,

y = x 1 , q ( x , y , t ) = f ( x ) h ( y )  , h ( y )  >, 1, f ( x )  > 0 e

xg ( x )  > 0 p a r a  x ^ 0.

E ,  c o n s t r u í m o s  f u n ç õ e s  de LYAPUNOV p a r a  ( * ) ,  no c a s o  em q u e :

n
q ( x , y , t ) = £ f k ( x ) h k ( y ) ,  h R ( y )  £ 1» 

k= 1

k= 1 , 2 ,  . . . ,n ( * * )

p a r a  e n t ã o  c o n s t r u i r m o s  f u n c i o n a i s  de LYAPUNOV p a r a  a e q u a ç ã o  pe r tu_ r  

ba da ,

x "  + q ( x , x 1 , t ) x 1 + g ( x ( t  - ç ( t ) ) )  = 0

no c a s o  em que a f u n ç ã o  q ê dada  po r  ( * * ) .
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ABSTRACT

In t h i s  work,  f o l l ow in g  Burton [2] , we cons ider  a d i f f e r e n t i a l  equa

t i on

x"  + q ( x , x ' , t ) x ’ +g(x) = 0 ( * )

under the hypotheses

y = x 1, q ( x , y , t )  = f ( x ) h ( y ) ,  h ( y )  > 1, f ( x )  > 0 ,and

xg (x) > 0 fo r  x ^ 0

And, we co ns t ru c t  Lyapunov ' s  func t i ons  f o r  ( * ) ,  where

n
q ( x , y , t )  = E • f k ( x )hk ( y ) ,  hk <y) 5- 1. ( ** )

k=l

k — 1 , 2 , . . .  ,n

In order  to co ns t ru c t  Lyapunov ' s  func t i ons  f o r  a per turbed equat ion 

x"  + q ( x , x ' , t ) x ‘ + g ( x ( t  - ? ( t ) ) )  = 0,

where de functons q is  g i ven by ( * * ) .
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I NT RO DU ÇÃO

Em [ 2 ]  e [ 3 ] ,  B u r t o n  c o n s i d e r a  a e q u a ç a o  d i f e r e n c i a l

x"  + q í x . x ^ O x 1 + g (x) = 0 ( l )

e ,  s ua  f o r m a  r e t a r d a d a ,

x"  + q ( x , x ' , t ) x '  + g (x ( t-ç ( t ) ) )  = 0 (2)

Se  y = x ' ,  q ( x , y , t ) = f ( x ) h ( y ) ,  e n t i o  a e q u a ç ã o  ( 1 )  s e  t r a n s f o r ­
ma no s e g u i n t e  s i s t e m a :

x 1 = y

( y . - f ( x ) h ( y ) y  - g(x)  (3)

Sob as  h i p ó t e s e s  h ( y ) ^ . l ,  f ( x ) > 0  e x g ( x ) > 0 ,  p a r a  x?^0 , B u r t o n  [ 2 ]  '
c o n s t r ó i  f u n ç õ e s  de L y a p u n o v  p a r a  a e q u a ç ã o  d i f e r e n c i a ]  ( 3 ) ,  p a r a  
e n t ã o  c o n s t r u i r  f u n c i o n a i s  de L y a p u n o v  p a r a  a e q u a ç a o  p e r t u r b a d a '  

(2 ) .
S e g u i n d o  B u r t o n  \_2~\ , c o n s t r u í m o s  f u n ç õ e s  de L y a p u n o v  p£ 

ra  a e q u a ç a o  ( 1 ) no c a s o  em q u e ,
n

q ( x , y , t )  = I f, (x )h ( y ) ,  (*0
k=l K

ondè  h ^ ( y ) ^ . i ,  k = l , 2 , . . . , n ,  p a r a  e n t ã o  c o n s t r u i r  f u n c i o n a i s  de 1 
L y a p u n o v  p a r a  a e q u a ç a o  p e r t u r b a d a  ( 2 ) ,  no c a s o  em que a f u n ç ã o  q 

é dada  p o r  {b) ( C a p f t u l o  I I ) .

A i m p o r t â n c i a  de c o n h e c e r  f u n ç õ e s  de L y a p u n o v  p a r a  uma'  
e q u a ç ã o  d i f e r e n c i a l  b a s e i a - s e  em que e l a s  nos i n f o r m a m  s o b r e  a e£ 
t a b i l i d a d e  ( d e  L y a p u n o v )  das s o l u ç õ e s  da e q u a ç ã o  d i f e r e n c i a l .

A e q u a ç ã o  ( 1 )  tem s i d o  o b j e t o  de e s t u d o  de m u i t o s  a u t o ­
r e s ,  e n t r e  e l e s

A n t o s i e w i c z  [ j ]  , B u r t o n  [ 4 ]  , Bus haw  [ 5 j  , La S a l l e  [ 7 ]  , L e v i n -  

Nohe 1 [ 8 ]  e W i l l e t t - W o n g  [ 9 ] •

E l a  c o b r e , e n t r e  o u t r a s ,  a e q u a ç ã o  de Van d e r  P o h l .



No c a p í t u l o  I d e s t e  t r a b a l h o ,  nós  e s t u d a m o s  c o n d i ç õ e s  1 

n e c e s s á r i a s  e s u f i c i e n t e s  p a r a  que as  s o l u ç õ e s  de ( l )  s e j a m  1 i m i t £  

d a s ,  q u an do  q é d e f i n i d a  como em ( 4 ) .

X



C A P I T U L O  I

0 1

CONDIÇÕES  N E C E S S Á R I A S  E S U F I C I E N T E S  A F IM DE QUE AS SOLUÇÕES  DA 

EQUAÇÃO D I F E R E N C I A L  
n

x" + Z f. (x)h ( y ) y  + g(x)  = e ( t )  
k=l K K

S E J A M  L I M I T A D A S .

C o n s i d e r e m o s  a e q u a ç ã o
n

x"  + £ f v M h ,  ( y ) y  + g ( x) = e ( t ) ,  (5)
k=l K k

ou e q u i v a l e n t e m e n t e  o s i s t e m a

x = y
n

y 1 = -E  f  (x)  h (y)  y - g(x)  + e ( t ) ,  (6)
k=l K k

onde

I ’) f  , h , , k = l , 2 , . . . , n  e g s ao  f u n ç õ e s  r e a i s  c o n t f n u a sk ’ " k  “ ' "  ................. "  ..................
em IR .

I l )  x g ( x ) > 0  p a r a  t o d o  x^O e f k ( x ) > 0 ,  p a r a  t o d o  x €  IR , 1

k= 1 , 2 , .  . . , n .

I l l )  hk ( y ) > 0 ,  p a r a  t o d o  y é . l R ,  k= 1 , 2 , .  . . n .

I V )  A f u n ç ã o  e é l o c a l m e n t e  c o n t í n u a  p a r a  t£.0
+ 00

V)  / | e ( s ) | d s < ° ° ,  em p a r t i c u l a r  a f u n ç a o  e é l i m i t a d a  1
0p a r a  t>3>0 .

Lema 1 - No s i s t e m a  ( 6 ) ,  s up on h amo s  que  as  f u n ç õ e s  f ^ ,

h, , k= 1 , 2 ,  . . . n  e g s a t i s f a ç a m  as c o n d i ç õ e s  l )  a t é  I V )  e que p a r a *  
t

t o d o  t o >,0, j. e ( s ) d s é l i m i t a d a  p a r a  t ^ t Q . Se 

^o

+ oo n
( V | ) / í 1 f ( x ) + | g ( x ) | } d x = + « ,

0 k= 1
então t o d a s  as  s o l u ç õ e s  de ( 6 )  s ão  l i m i t a d a s .

S e r á  d e m o n s t r a d o  p o s t e r i o r m e n t e  ( t e o r e m a  1, p o r  v i r )  ' 
que e s t a s  c o n d i ç õ e s  também s ã o  n e c e s s á r i a s  p a r a  que  q u a l q u e r  s o l u -



ç ã o  do s i s t e m a  ( 6 )  s e j a  l i m i t a d a .

Demons t r a ç ã o  - Suponhamos  que  ( V I  ) não  i

E n t ã o ,
+“  n

I { E f  ( x )  + | g ( x ) | } dx = M< + “ , o u ,
0 k = 1 •

- o o  n

ou / { E f ,  ( x )  + | g ( x ) | } d x =
0 k= 1

A d m i t a m o s ,  po r  e x e m p l o ,  que

+°° n
0</ { E f , ( x )  + g ( x ) } d x  = M< + ° ° ,

0 k= 1
s e n d o  que o o u t r o  c a s o  é s i m i l a r .

S e j a  N>0 t a l  que 

t
| / e ( s ) d s | < N, 

t „

p a r a  t o d o  t^-t n ,

P = max max h^ ( y ) ,

0< k$ n 0 <y< 2 (N+ 1 )

e X q>0,  s u f i c i e n t e m e n t e  g r a n d e ,  t a l  que

+°° n
( P + l )  f { E + g ( x ) ) d x < l

x o  k = 1

S e j a  ( x ( t ) , y ( t ) ) ,  t ^ t - ,  uma s o l u ç ã o  de

ve rda de i

( 6)  t a l  q
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Como

y 1 =  -  i  f.  ( x ) hL. ( y) y ~ g( * )  + e ( t ) ,  ( 1 0 )
k=l k k

então,  i n t e g r a n d o  de t a t e ,  u s a n d o  ( 7 )  e ( 9 ) ,  t emos  que

t n
y ( t ) = y ( t  Q  ) -■ f { E f k ( x C s ) ) h k ( y ( s ) ) y ( s )  + g ( x ( s ) ) } +

t 0 k=l

t
+ f e ( s ) d s <

. t ot  n
< N + 2 - / { E f  ( x ( s )  ) h ( y ( s )  ) y ( s )  + g ( x (. s ) ) } d s + N =

t 0 k - i

t  n
= 2 N + 2 - / { E f , ( x  ( s ) ) h ( y  ( s ) ) y ( s ) + g ( x ( s ) ) } d s  ^

t 0 k - i

^ 2N + 2,

p a r a  t o d o  t ^ t Q t a l  que ( x ( s ) ,  y ( s ) ) ,  t Q̂ s ^ t ,  e s t e j a  no p r i m e i r o  '
q u a d r a n t e  do IR2 ( i s t o  ê ,  x ( s ) > 0  e y ( s ) > 0 ,  t Q̂ s ^ t ) ,  j á  que n e s t e  1

c a s o  o s e g u n d o  t e r m o  do l a d o  d i r e i t o  da p e n ú l t i m a  d e s i g u a l d a d e  é 

^ 0 . A s s i m ,

y ( t ) ^ 2 N + 2,  ( 11 )

p a r a  t o d o  t > t Q t a l  que ( x ( s ) ,  y ( s ) ) ,  t Q^ s ^ t ,  p e r m a n e ç a  no p r i m e i r o

q u a d r a n t e  do IR .
*

D e m o n s t r a r e m o s  que y ( t ) » l ,  p a r a  t o d o  t^-tg.  Com e f e i t o ,  1 
s upon hamo s  que e x i s t e  t > t Q t a l  que y ( t )<1 . E n t ã o ,  j á  que y ( t Q) =
= N + 2> 1 , e x i s t e  t > t g  t a l  que y C t )  = 1. S e j a  t^ o p r i m e i r o  dos 1 
t > t Q t a i s  que  y ( t )  = 1. S e g u e - s e  que y ( t ^ )  = 1 e que y ( t ) > l  p a r a  '

de onde  x ' ( t )  = y ( t ) ^ l  p a r a  t Q< t ^ t ^ .  P o r t a n t o ,  i n t e g r a n ­
do ( 1 0 )  de t Q a t , e u s a n d o  ( 7 )  e ( 9 ) ,  t emos  que

 ̂1 ! n  ̂1
y ( V  = ~ !  { R f. (x ( s ) )  h (y ( s ) ) + g ( x ( s )  ) } d s  +' .  / e ( s ) d s  >>

h  k-1 k k t
t 0

n



5. N + 2 - / ( I  f, ( x ( s ) ) h ,  ( y ( s ) ) y ( s )  + g ( x ( s ) ) } d s  - N = 
t 0 k-i

n t . 1 1
= 2 - 1  / f  ( x ( s ) ) h  ( y ( s ) ) y ( s ) d s  - / g ( x ( s ) ) d s  ( 1 2 )

k- ’ ‘ o ' o

O r a ,  u s a n d o  o t e o r e m a  de v a l o r  m éd i o  p a r a  i n t e g r a i s  ( t e o r e m a  12-B 
§ b , Ca p.  IX de £6]  ) , t emos  que e x i s t e  t ^ e [ t ^ , t j ] ,  t a l  que

/ 1 f k ( x ( s ) ) h k ( y ( s ) ) y ( s ) d s  = hk ( y ( t k ) )  / 1 f  ( x ( s ) ) y ( s ) d s f
l 0 t 0 k

K= l , 2 , , , , , n ,  de o n d e ,  j á  que x ' ( s ) =  y ( s )  t e m - s e  que

t ,  x ( t . )
/ f k ( x ( s ) ) h k ( y ( s ) ) y ( s ) d s  = hk Cy( t k ) / f k ( s ) ds ,

t 0 X0
k= l , 2 , . . . , n .  Também,  j á  que x ' ( s )  = y ( s ) 5.1 , t ^ s í  t  ̂ , t emos  q u e :

t ,  t .  x ( t , )
- f g (x ( s ) )  ds .̂ - / g (x ( s ) ) x 1 ( s)  ds = - / g ( s )ds

t 0 V  x 0

Por t an to ,  de ( 12 ) ,  se tem que

n x ( t  ) x ( t , )
y ( t  ̂ ) ^2 - E hk í y ( t |<) )  f f k (s)  ds - / g (s )  ds ,

k=l x 0 x0

l o g o ,  da d e s i g u a l d a d e  ( l l )  e t e n d o  em c o n t a  a d e f i n i ç ã o  de P ,  t e ­

mos que

x ( t . ) n x ( t . )
y ( 1 1 ) 5-2 - P / £ f  k (x  (.s) ) ds - / g ( s ) d s 5.

x 0 k=1 x 0

x ( t ) n
> , 2  - ( P + l )  / {  l f , C s ) + g ( s ) } d s ,

x 0 k=1

de onde,  por ( 8 ) ,  se tem que y ( t j ) > l ,  o que é uma c o n t r a d i ç ã o .  
P o r t a n t o  y ( t ) £. 1 p a r a  t o do  t ^ t Q. O r a ,  como x ' ( t )  = y ( t ) z 1 , t£. t0

e n t ã o

04t n
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x ( t ) ^ X j j + t “ t Q f t ^ t q ,

de o nd e  { x ( t ) ,  t>. tg }  não  é l i m i t a d a .  P o r t a n t o ,  o 1ema

Teo  r ema 1 - No s i s t e m a  ( 6 ) ,  s up on hamo s  que  e ( t )  = 0,  p a ­
ra t o d o  t e que l )  a t é  I I I )  s ão  v á l i d a s .  E n t ã o  t o d a  s o l u ç ã o  de ( 6 )  

é l i m i t a d a  s e ,  e s o m e n t e  s e ,

+°° n
( V I ) /  { £ f , (x)  + | g (x)  | }dx = + ~

0 k=l

Demons t r a ç ã o

Su po nh amo s  que  ( V I ) é v e r d a d e i r a .  D emo n s t r e m o s  que  q u a l -
2q u e r  s o l u ç ã o  de ( 6 )  é l i m i t a d a .  Com e f e i t o ,  s e j a  W : IR —*» IR a f  u n ç a o ' 

d e f i n i d a  p o r :

2 X W ( x , y )  = G ( x )  + , ond e  G ( x )  = / g ( s ) d s
2 0 

E n t ã o  a d e r i v a d a  de W ao  l o n g o  d a s  s o l u ç õ e s  de ( 6 )  s a t  Í £

f a z  :

u . ( v  v ) ( x , y )  = 3W.X1 + 3W . y* = 
w x̂ , y ' dt 3x 3y

n
= g ( x ) y  + y (  £ f. ( x ) h , ( y ) y  - g(x) )  = 

k=l

= - £ f  (x)h ( y ) y 2í 0
k=l k k

2 ~ P o r t a n t o ,  se ( x Q , y 0 ) e l R  e ( x ( t ) ,  y ( t ) ) é  uma s o l u ç ã o  de

( 6 ) a t r a v é s  de ( x Q , y Q) ,  e n t ã o  t emos  q u e :

( x ( t ) , y ( t ) )

/ V  ( x ( t ) , y ( t ) ) d t < 0 ,

( xo ’ Vo^

de onde  se tem que W (x ( t ) , y ( t ))$W ( x Q , y Q ) , I s t o  é ,



P o r tan to ,  j á  que G ( x ) > 0 ,  xj^O , e n t ã o  t emos  que

2
y ( t ) 2 ^  G ( x ( t ) ) + y ( t ) 2 í  G ( x n ) + y 0 ,

2 2 2

1 ogo ,
I y ( t ) I <: \ A g ( x 0 ) + y 0 2 ' = K, V t > t 0 ( lA )

Ora,  p o r  ( V I  ) t emos  q u e :

+CO
— n

x jí 0)  .

/ I  f  (x)  dx = + °°, ou, / g (x )dx  = + °° ( p o i s ,  x g ( x ) > 0 ,  
0 K=1 0 '

4°°
i )  Suponhamos que / g (x )dx = + 00, i s t o  é,  l im G(x)  = + ®.  Então,  neste C£

0 | x | ->+«*»

so, x ( t ) t^.tp é l i m i t a d a ,  Com e f e i t o ,  se não  é o c a s o ,  e x i s t e  uma
s e q u ê n c i a  t n$.t q , t a l  que l i m  | x ( t ) | = + de onde  po r  h i p ó t e s e  ,
l i m  G ( x ( t n ) )  = + ° ° ,  que ê uma c o n t r a d i ç ã o ,  p o i s  p o r  ( 1 3 ) ,  t e m o s :

2
G ( x ( t n ) ) < G ( x 0 ) + ^ 0 _  , V n IN

+ OO

i i )  Se G ( x )  é l i m i t a d a ,  e n t ã o  f I  f ^ ( x ) d x  = +_ 00 •
n 
E 
k= 1

C o n s i d e r e m o s  o s i s t e m a :  

x 1 = y

n
y 1 = - [  I  f .  ( x ) h , ( y ) y  + g ( x ) ] / 2  (15)

k=l

Se j a  ( x ( t ) , y ( t ) )  uma s o l u ç ã o  de ( 1 5 )  t a l  q u e :



então, i n t e g r a n d o  ( 1 5 ) de 0 a t e u s a n d o  ( 1 6 ) t emos  q u e :
t n

y ( t )  = y (O) - J_ / f  ( x ( s ) ) h  ( y ( s ) ) y ( s ) d s  -
2 o k=l

t tn
- ] f  g ( x ( s ) )  ds = K - ]_ E I  f . (x ( s ) ) h (y  ( s ) )  y ( s ) ds -

2 2 k=l
0 0

t

- J_ / g ( x ( s ) ) ds 
2 0

Ora,  p a r a  t>0 t a l  que ( x ( t ) , y ( t ) )  e s t e j a  no p r i m e i r o  q u a d r a n t e  de
IR ( i s t o  ê ,  x ( t ) > 0  e y ( t ) > 0 ) ,  p e l o  t e o r e m a  de v a l o r  m é d i o  p a r a  i n ­
t e g r a i s  ( t e o r e m a  12B ,  §4,  C ap ,  I X  de [ 6 ] ) ,  t emos  que e x i s t e  1

t  ̂ [O , t ]  t a l  q u e :

t t
/  f  k ( x  ( s )  ) h k ( y  (  s ) ) y (  s ) ds = h k Cy ) f f  k (x ( s ) ) y ( s )  ds 

0 0

K= l , 2 , . . , , n ,  de o n d e ,  j á  que  x ' ( s )  = y ( s ) ,  se tem q u e :

t x ( t )

/ f k ( x ( s ) ) hk Cy (s)  ) y  ( s ) ds  = ^ M ^ ) )  J f k ^ ds 
0 |xQ|

K= 1 , 2 ,  . . . , n .  P o r t a n t o ,

x ( t )  t

y ( t )  = K - J_ E h (y  ( t. ) )  f f  ( s ) ds  - f g ( x ( s ) ) d s ,
2 k=l K l i 14 2

l * 0 l , o

l o g o  se
H = max y ( t )  

t 5.0

a = max max h k ( y )

07

U k ^ n  y e [ o , M]

e n t ao

A



P o r t a n t o ,

t .̂0 , é 11

08

n x ( t )  x ( t )
y ( t ) 5. K - J_ l f f  ( s ) d s  ~ S g ( s )d s

2 k- 1  | | 2 , 1Ix0 I I x0 I

j á  que  y ( t ) ,  t 0 e G ( x )  s i o  f u n ç õ e s  l i m i t a d a s  e
+ <x>+ 00

E / f  ( x ) d x  = + 00 , e n t ã o ,  como em ( i )  t emos  que  x ( t )  , 
k= 1

0

m l t  a d a .
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C A P Í T U LO

L I M I T A Ç Ã O  DAS SOLUÇÕES  DA EQUAÇÃO D I F E R E N C I A L

x'  1 + E f, (x )h  ( x ‘ ) x '  + g(x)  = p ( t , x , x ' )  
k=l k k

E DE SUA FORMA RETARDADA

x ‘ 1 + E f  (x)h ( x ' ) x ‘ + g ( x ( t  - ç ( t ) ) )  = p ( t , x , x ' )  
k=l k k

USANDO 0 SEGUNDO MÉTODO DE LYAPUNOV.

No d e s e n v o l v i m e n t o  d e s t e  c a p í t u l o ,  u s a r e m o s  a s e g u i
t a  ç ã o :

x
G ( x )  = / g ( s ) d s ,

0

F k ( X ) = ^ f k ( s ) d s  ,
0
y

H. ( y )  = / ds K= 1 , 2 ,  . . . , n
o

s en d o  que  as  f u n ç õ e s  g ( x ) ,  f k ( x ) e h k ( y ) ,  K= l , 2 , . . . , n ,  s e r i o  
n i d a s  o p o r t u n a m e n t e .

Teorema 2 - No s i s t e m a

n
- E f, (x)h ( y ) y  - g(x)Y - * ■ k ' " ' " k 'k=l k

Suponhamos que f k ( x ) > 0  p a r a  t o d o  x,  h k ( y ) $-1 p a r a  t o d o  y ,  K= 1, 
e x g ( x ) > 0 ,  x /  0.  S,e V é a f u n ç ã o  d e f i n i d a  p o r :

n t e no

(**)

de f  i -

(17)

V



V ( x , y )  = í 3 [G ( x )  + y 2/2 ] + [  E (H, (y)  + F , ( x ) ) ] 2/2 -
k=l k k

Y n n 1/7
- / E H (u )/  E h (u) du}

0 k=1 k=1 (18) 

então temos que:

( a )  V é r a d I  a 1 me n t e  I l i m i t a d a  s e ,  e s o m e n t e  s e ,  t o d a s  as  s o l u ç õ e s  1 
de ( 1 7 )  s ã o  l i m i t a d a s ,

( b )  | 8V/3 y | ^ (2 n + 3 ) p a r a  x 2 + y 2 > 0

( c )  A d e r i v a d a  de V ao l o n g o  das  s o l u ç õ e s  de ( 1 7 )  s a t i s f a z : -

n „  n n
V 1 ( x , y ) ^ í ( -3 + n) E f  (x )h , ( y ) y  + E F (x) E f. ( x ) y  -

k=l k=l k=l

n n n n n
- n E F (x) E f. (x)h ( y ) y /  E h. (y ) - E H ( y ) g ( x )  E , /h / %

•k=l k k=l k k k=l k k=l k k = l ' /nk W ;  +

n n n n
+ E H ( y ) g ( x ) /  E h ( y )  - E F ( x ) g ( x )  E l /h ( y ) } / 2V

K=1 k=l k=l k=l

Demonst  r a ç ã o

( a )  Supo nh amo s  V r a d i a l m e n t e  i l  i m i t a d a  e d e m o n s t r e
mos que  q u a l q u e r  s o l u ç ã o  de ( 1 7 )  é i l i m i t a d a .  Com e f e i t o ,  p e l o  t e o  
rema 1, devemos  m o s t r a r  q u e ;



0 n
e J { £ f ,  ( x )  - g ( x ) } d x •-= +

k-1
— CO

P o r  h i p ó t e s e ,  l i m  V ( x , y )  = + °° , l o g o ,  em p a r t i c u l a r  
|| ( x  , y ) 11 r»-+co

1 1

l i m  V ( x , 0 ) = +
X  •* +  oo

e l i m  V ( x , 0 )  = + c o  

x -»■ - 00
( * )

P o r t a n t o , como

V ( x , 0 ) -  {3 G (x) + [  £ F (xfl / 2 }
k= 1 J

2 / , . 1 / 2 ,

e n t a o  temos  que

l i m  G ( x )  -= + 00

x -> + “
o u 1 I m

X  -+• +  00

E F ( x )  = + o», 
k=l  K

i s t o  é ,

+ 00

f g ( x ) d x  = + 

0

ou

+ °°
E f .  ( x ) d x  = + °° 
k - i  k

O r a ,  como
+ 00

/ { E f  , ( x ) + g ( x ) } d x >. / £ f .  ( x ) d x
0 k- i  0 k='

+ 00 + 00

/ { l’ f , ( x )  + g ( x )  } d x  5. / g ( x ) d x
k= 1

e n t a o  t emo s que
+ <» n

/ í  £ f , ( x )  + g ( x )  } d x  = + M (19)
k= I ■0

I



1 I m G ( x )
X-*-“

i s t o  é ,

Ora, como

e

logo

De (19) e

Também po r  ( * )  t emos  que

1 2

= + °° ou l lm  £ F , ( x ) =  +
k= 1x-> T»

0 0 n
/ - g (x )dx = + 00 ou f £ f  (x )dx = + 00

k=l k— 00 — CO

0 0n n
f í E f, (x ) - g (x) }dx 5. / f  (x)dx

k«l k=l k

0 0 n
/ í  E f, Cx) - g ( x ) } d x  / - g (x )dx

k=l K

0 n
/ { n  f. (x)  - g (x)  }dx = +“  ( 2 0 )

k=l

( 2 0 ) t emos  e n t ã o  que 

+ c° n
(  V f

k
n

/ í  E ( x )  + I g ( x ) I } d x = +
k= 10

(Ç zz )  R e c i p r o c a m e n t e ,  s uponhamos  que t o d a s  as  s o l u ç õ e s  

de ( 1 7 )  s e j a m  l i m i t a d a s ,  e d e m o n s t r e m o s  que  V é r a d i a l m e n t e  i 1 imi  - 
t a d a .  Com e f e i t o ,  como



1 3
y n n y

/ I  H ( y ) / z h ( y ) du = / (H (u) + H„ (u )  + . . .
k= 1 k=l0 0

en t ao

. .  .+ H ( u ) ) / ( h j ( u )  + h2 (u) + . . .  + ( u ) ) du =

y7 u u
= / (/ ds/h (s )  + / ds/h (s ) + . . .

0 0 0 2

U
. . .+ / ds/hn ( s ) ) / ( h j  (u) + h2 (u) +, . . h^ (u))du •- < 

y7 u u u
^ / (/ ds + / ds + . . .+  / d s ) / ( h . ( u )  + h (u) + . . . +

0 0 0 0 1 1

y
2 2; 'v..+ h' ( ü ) )  du . / udu = y / 2  < yn

0

n
V (x , y )  ^ (3 (G (x )+ y Z/2) + [ l  (H (y)  + F ( x ) ) ]  Z/2 - y 2/ 2 } 1 / 2  >

k=l K K

( 3G(x )  + y 2 + [ Z  (H (y)  + F. ( x ) ) ]  2/2 } ] / 2  > 
k=1 K K

x r 2^ 2>  í y  >

logo |yi

I im V ( x , y )  = + °°,
| y | -H- e°

para todo x <£|R (mais prec isam ente , uniforme em x £ IR) .

D e m o n s t r a r e m o s  a g o r a  que

1 i m V (x , y )  = + ° ° ,

| x | -*■+ 00

p a r a  c a d a  y <£L IR, e p o r t a n t o ,  V c r a d i a l  me n te  i l i m i t a d a ,  de o nd e  a 
a f i r m a ç ã o  a )  Com e f e i t o ,  como as  s o l u ç õ e s  de ( 1 7 )  s ão  l i m i t a d a s ,  1 

e n t ã o  ( p e l o  t e o r e m a  1 ) tem os que



1 k
+ «»- n _

/ í  E f. (x) + | g ( x ) | } d x  = +
k=l0

i s to  e,
+ n

/ { E f . ( x )  + |g(x)| }dx = + °° e
k=l0

— CO

n
E 
k=l

e / { E + |g(x)| )dx = - co
0

Ora,  j á  que  x g ( x )  > 0 se x ^ 0,  e n t ã o  tem os  q u e ,
+ °° n

S {  E f  (x)  + g ( x ) } d x  = + “  e
k=l0

0 n
S { E ■f1_,(x) - g ( x ) } d x  = +

k=l

i s t o  e ,
+  00 -fr co

n
/ { E f  (x )dx = + 00 ou / g (x )dx = + 00 (21)

k=l k0 K 0
0

/ E f^ (x )d x  =  +  00 ou / -g(x)dx =  + co (22)
0 n

E 
k=l

Também, como

V ( x , y )  ^ í 3 G ( x )  + 1/2 [  E H (y)  + E F ( x ) ] 2} 172,
k=l K k=l K

e t e n d o  em c o n t a  ( * * ) ,  po r  ( 2 1 ) t emos  que 

l l m  V ( x , y ) = + 00,
X  - * +  co

e p o r  ( 2 2 ) também té  mos que
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1im V ( x , y )  = + “
X  -V  -  co

P o r t a n t o ,  l im  V (x , y )  = + ® ,  p a r a  c a d a  y £. IR , o que q u e r í a m o s  d e m o n s t r a r

I x h - + 00

Provemos ( b ) . Com e f e i t o ,

n n n n
2V 3V / 8y = 3y + [  E (H. (y)  + F, C x ) ) | z  l / h ,  ( y)  - z H1/ ( y ) /  I  hL ( y)  =

k=l k=l k=l K=1

= 3y + £ e + Fk ( x) U /h i(y^  + [ í  ^ í n^ í y )  + F|(x ) ) ] / h2 (y)  +

+ . . . +  [ e ( \ ( y )  + Fk (x J ]/ h  (y )  - E Hk ( y ) / E hR (y )
k=l k=l k=l

Po r tan to ,

n n
| 9V/3y | .< (13y + [ e  (Hk (y)  + Fk (x) ) ] / h 1 (y )  + [ e  ( H|<(y) + Fk (x) ) ] /h2 (y)

k=l k=l

n
+ . . . +  [ e (Hk (y )  + Fk (x ) ) ] / hn (y )  H 

k=l

n
v< ( 3 1v I + I 2 ( Hk (y ) + Fk W )  I '

K=1

n
+ . . . +  | E (Hk (y )  + Fk ( x ) ) |/hn (y )  + 

k=l

O r a ,  como hk ( y ) £ l  p a r a  t o d o  y ,  e n t ã o  tem os que

y y y

I E H (y )  | <: |/ ds/h ( s ) |  + |/ ds/h ( s ) |  + . . . +  \f ds/h ( s )  | ^•_1 K I  ̂ n
k_l 0 0 0

y . y y
^ |/ ds| + |/ ds| + . . . +  |/ ds| =

0 0 0

E H ( y ) /
n
E

k=l k k=l

n
( y)  + 1 E

k=l

n n
E H (y)  |/ E
k=l k k=l
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Também,

P o r t a n t o ,

= Iy I  + I y I  +•••+ Iy I  =

= n I y I

Por o u tra  pa rte  temos que

n
V ( x , y )  i  { 3  (G (x) + y /2) + 1/2 [  z (H (y)  + F. ( x ) ) 1 - y ]

k=l K

= ( 3 G ( x )  + y 2/2 + 1 / 2  [  E (H (y )  + F, ( x ) ) ] 2 } , / 2  *
k=l k k

> , { y 2/ 2 } , / 2  =

2,1/2

n 2 /0, 1/2V ( x , y )  > ( [ z  (H, (y )  + F, ( x ) ) ] 7 2 }
k=l k k

= | Z ( H . ( y )  + F. ( x ) ) | / / 7  
k=l k K

s e g u e - s e  que

n
|3V/9y[ ^ (3 | y| + n | Z (H (y)  + F. ( x ) ) | + n | y | ) /2V ^

k=l k

í  ( ( n + 3) | y [) /  ( I y I /  \ /2 ) + n I Z (H (y )  + F ( x ) ) |  /
k=l k k

/(J Z (H (y)  + F ( x ) ) \/\[l ) - 

k=l k

= (n + 3) / 2 1 + n \J~2 =

= ( 2n + 3 ) / 21 p/ x2 + y 2> 0 , 

P r o v e m o s  ( c )  ,



A d e r i v a d a  V 1 d e V , a o j o n g o  das  s o l u ç õ e s  de ( 1 7 ) ,  é dada

1 7

po r :

De ( 1 8 ) ,

e

e n t ã o  ,

V ' ( x y)  = (3V/3x) x' + (3V/3y) y '

tem os

n n
3V/3x= Í 3g ( x )  + [  E (H (y)  + F. ( x ) ) ]  £ f  (x) }/2V

k=l k k k=l

n n
3V/3y = Í 3 y  + [  E (H. (y )  + F (x) )1 E l/h. (y )  

k=l K=1

E H ( y ) /  z H (y ) } / 2 V  
k=l K k=l K

n n
V'  ( x , y )  = ( { 3g (x) + [  e (H. (y ) + F (x) )1 E f . (x) } y +

k=l k k=l k

n n n
+ { 3y + [  E (H (y)  + F ( x ) ) ]  E l/h. (y )  - E H (y )  /

k=l k=l K k=l

n n
/ E h (y )  } { -E f  (x )h , ( y ) y  - g(x)})/2V/ ^

k=l k=l

n n n „
.< { E Hk (y)  E f k ( x ) y  “ 3 E f k (x) hk ( y ) y +

k=l k=l k=l

k=l k k=l k k

n n
(x) E f. (x) h (y)  y/  E h I 

k=l k=l

n n

k k=i  k

n n
E F (x) E , f k (k=l k=1

n n
2 h (y) - nE
k=l k k=

n n
E H ( y ) g ( x ) E
k=l k=



1 8
n n

- E F ( x )g (x )  E l /h (y)  Y/2V 
k = l  K k = l  K

n
O r a ,  como h. ( y )  1 p a r a  t o d o  y e |E H ( y ) | <: n | y | , tem os que

k k = l  k

n n n n n „
E 1 í  I M y H  1 M x) y  ^ n 1 f . ( x ) y  -s k = l  k=p 1 k = l  k = l  k = l

n E f . ( x ) h  ( y ) y 2 
k=l k k

Tambem,
n n n

(-n + 1 )  E H (y)  E f . ( x ) h . ( y ) y /  E h (y)  < 0,
k=l K k=l k=l K

P o r t a n t o ,  tem os que

n n n
V 1 (X , y ) <: { (-3 + n) E f  (x) h ( y ) y  + E F (x)  E f, ( x ) y  -

k=l k=l k=l

n n n
- n E F (x) E f  (x )h , ( y ) y  / E h (y)  

k=l K k=l K k k=l

n n n n
- E H ( y ) g ( x )  E 1/h (y)  + E H ( y )g (x ) / E  h (y ) - 

k=l k=l k=l K k=l K

n n
- E F ( x )g (x )  E l/h, (y )  }/2V 

k=l K k=l

I s t o  c o m p l e t a  a d e m o n s t r a ç ã o  do t e o r e m a .

C o r o l á r i o  - Suponhamos  que as c o n d i ç õ e s  do t e o r e m a  ( 2 )  s e ­
j a m m a n t i d a s .  Se V é r a d i a l m e n t e  i l i m i t a d a ,  e n t ã o  as  s o l u ç õ e s  do s i 
tema p e r t u r b a d o :
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x 1 = y
n

y 1 = - I  F. (x )h  ( y ) y  - g(x)  + p ( t , x , y )  (23)
k=l k

são l im ita d a s  para qualquer p contfnua s a t is fa z e n d o :

n  o n n
(2n + 3 ) v2 | p ( t , x , y )  | <- { ( - 3  + n) E f ( x ) h , ( y ) y  + z F ( x ) £ f, ( x ) y  -

k=l k k k=l k=l k

n n n
- nZ F, (x)  Z f, (x )h , ( y ) y / Z  h (y)  

k=l K k=l k=l

n n n n
" Z  H ( y ) g ( x )  £ 1 /h ( y ) + E H ( y ) g ( x ) /  E h (y)

k=l K=1 k=l k=l

n n
~ E F ( x )g (x )  E l /h (y ) }/2 V

k=l k=l

2 2p a r a  x + y M p a r a  a l g u m  M > 0 .

U sa n d o  ( 1 8 ) ,  vamos c a l c u l a r  a d e r i v a d a  de V ao l o n g o  da s  s o l u ç õ e s  

de ( 2 3 ) .  Com e f e i t o ,  d e m o n s t r e m o s  q u e :

V 1 ( x , y ) ^ 0

i s t o  e ,

V 1 ( x , y )  = dV (x , y )  = (3V/3x )x ‘ + ( 8 V / 3 y ) y ' ^  0
^t

De ( 1 8 ) ,  temos
n n

3V/3x = { 3g (x) + [ e ( HL,(y) + F , ( x ) ) ]  E f  (x ) }/2 V
k=l k K k=l

n n
3V/3y = { 3y + [  E (H, (y )  + F. ( x ) ) ]  E l/h. (y)  

k=l k=l

" E H. ( y ) /  z h ( y ) }/2 V  
k=l k=l

▼
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e n t a o ,
n n

V'  ( x , y )  = ( { 3g (x) + [  E (H (y)  + F ( x ) ) ]  Z f. (x)  } y  + { 3y +
k = l  K k = l

n n n n
+ [ £ ( M y )  + F, ( x ) ) ]  Z 1 /h (y)  - Z H ( y ) /  z h (y)  }

k=l _ k=l k k=l k=l

n
. { -  Z f, (x )h , ( y ) y  - g(x)  + p ( t , x , y ) } )/2V 

k = l  k  k

O r a ,  como h ̂  ( y ) :> 1 p a r a  t o d o  y e

n n n „
I  H (y)  i f. ( x ) y ^  n I f  (x) h. ( y ) y
k = l  K k = l  k = l

tambem

n n n
-n + 1) Z H (y )  Z f. (x )h . ( y ) y /  Z h (y)  

k=l K k=l K K k=l k

logo,

n „ n n
V  (x , y )  ^  (-3 + n) Z f . ( x ) h , ( y ) y  + Z F, (x) Z f, ( x ) y  -

k=l k k k=l k=l

n n n n
"  n z F, (x) z f^ (x )h ,  ( y ) y /  z h,. (y ) "  Z H ( y ) g ( x )  .

k=l K k=l k=l k=l

n n n n
. Z l/h. (y)  + Z H (y)  g (x) / Z h (y)  - Z F ( x )g (x )  .

k=l k=l k=l k=l

n n
. Z 1/i'i. (y)  + 3 y p ( t , x , y )  + Z (H (y)  + F ( x ) ) .  

k=l k=l K K

. Z l / h . ( y )  p ( t  , x , y )  - Z  Hk ( y ) p ( t , x , y ) /  Z hk (y)  
k=l k=l k=l

P o r  h i p ó t e s e ,

n n n
- (2n + 3 ) / ?  I p ( t  , x , y )  | <: Í (-3 + n) z  f, (x)h ( y ) y  + >: F (x)  z  f. ( x ) y  -

k=l k=l k=l



2 1

n n n n
n E F (x) I f. (x )h  (y)  y/ £ h (y )  - E H ( y )g ( x )

k=l K k=l k=l k=l

£ l/h (y)  + E H ( y ) g ( x ) /  E h (y)  - E F ( x ) g (x )
k=l k=l k=l K k=l

E 1/h (y)  }/2V 
k=l k

l o g o ,

n
V 1 (x ,y )  4: -(2n + 3J/21 | p ( t , x , y )  I + { p ( t , x , y )  (3y + [e (H (y)  + F ( x ) ) ]

k=l k

n n n
• e 1 /hk ( y) “  z Hk^y ^  E hk (y ) )>/ 2v ^

k=l k=l k=l

n
,< - (2n + 3 ) / ?  I p ( t  , x , y )  ( + { | p ( t , x , y )  | [3 |y |  + n | E (H ( y )  + F, ( x ) )  | +

k=l

+ nI y| ]  } / 2V ^ - ( 2n + 3 ) / ?  | p ( t , x , y ) |  + | p ( t , x , y ) |  [ (n + 3 ) |y| +

n
+n I E ( M y )  + F. ( x ) )  | ] / 2 V  

k=l

O r a ,  como

n
V ( x , y )  5 Iy I/ / ?  e V ( x , y )  5. | E (H^(y )  + F (x)  |//2*

k=l k k

e n t a o ,

n
(n + 3) I y I ^ (n + 3)\f?  V e n| E (H (y )  + F, ( x ) ) | ^ n V

k=l k k

logo,
n

(n + 3) I y I + n I E (H, (y)  + F, ( x ) )  I < (n + 3) V./? V + n \ [ Y  V = (2n+3)v/? V 
k=l

P o r t a n t o ,

i
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V 1 ( x , y )  £ - ( 2 n + 3 ) v / 2  | p ( t , x , y )  | + | p ( t , x , y ) |  [ ( 2n + 3 ) v ^ v ] / 2 V -

= - (2n + 3 ) ^ / 2  • | p (t , x , y) | ^ 0 p/ x2 + y 2  ̂M para algum M>0

Como V é a u t ô n o m a ,  i s t o  i m p l i ca  em que t o d a s  as  s o l u ç õ e s  de 
s e j a m  l i m i t a d a s .

T e o r e m a  3 - C o n s i d e r e m o s  o s i s t e m a

x 1 = y 
n

y 1 z - Z f , (x ) y - g ( x )  
k=l  k

S u po nh amo s  que em ( 1 7 )  f ^ ( 0 ) <  0,  h, ( y ) ^ K > 0  se  y^.M>0, K= 1 , 2 , .
para a l g u m a s  c o n s t a n t e s  K e M. Se

CO
n

/ d s /  l h, ( s ) < ® ° ,  e n t ã o  e x i s t e m  s o l u ç õ e s  
k= 1H k '

( 2 4 )  com f i n i t o  t empo de e s c a p e .

D e m o n s t r a ç ã o

a)  D e m o n s t r a r e m o s  p r i m e i r o  que e x i s t e m  m>M e X j> 0  t a

y^m e o< x< x j  e n t ã o  y ‘ >m. Com e f e i t o ,  como c a d a  f u n ç ã o  f^  é
nua e f .  ( 0 ) < 0 , k= l , 2 , . . , , n ,  e n t ã o  e x i s t e  X j >0 t a l  que f ^ ( x ) '
r a  0̂  x$ x j , k= l , 2 , . . . , n .  E n t ã o  s e ,

n
max g ( x ) / -  K z  f ^ ( x ) |  

m>max <f k= 1
Oí x < X j

e n t ã o  temos  que  y>m i m p l i c a  em que

n
y > g ( x )  / C- K Z f  ( x ) ) ,  

k=l

p a r a  t o d o  0^ x < x . ,  i s t o  ê ,  

n
- K z f  ( x ) y  - g ( x ) ^0 , 0$ x$ x .

k=l

( 2 3 )

( 2 4 )

. . , n ,

d e

i s  que 
c o n t  í -  
< 0 , p â
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P o r t a n t o ,

n n
y 1 = - E f. (x )h. ( y ) y  - g(x)  > - K z  f  ( x ) y  - g ( x ) 5-0 , 

k=l k k k=l k

p a r a  t o d o  y>m, t o d o  x 6.IR com 0$ x^ x  ̂ , j á  que  h k ( y ) 2.K>0 e 
n

- E f  ( x ) > 0 , 0< x< x , . 
k= 1

b)  S e j a m  P>0 t a l  que  | g ( x ) | < P  p a r a  0<x^x Y n >m t a ' g ue
+  00

V y 0 <_K E F k ( x i ^/(2P) e t a l  que f d s / h ( s ) <_ E F ( x ) / 2 .  Se-  
K-l k=1 k

+ Y °j a  ( x ( t ) ,  y ( t ) )  uma s o l u ç ã o  em IR x Qn,+ «>) com x ( 0 )  = 0  e
y ( 0 )  = Y q . O r a ,  p e l a  p a r t e  a ) ,  e n q u a n t o  a s o l u ç ã o  ( x ( t ) , y ( t ) ) é
d e f i n i d a  e x ( t ) ^ x j ,  e n t ã o  y ( t )  é c r e s c e n t e ,  de ond e  y ( t ) ^ y g . Ü £  
m o n s t r e m o s  que  t a l  s o l u ç ã o  não é p r o l o n g á v e l ,  de ond e  o t e o r e ­
ma. Com e f e i t o ,  se  é o c a s o ,  e n t ã o  e x i s t e  t j > 0  ( d e p e n d e n d o  de 
y ^ )  t a l  que  x ( t ^ )  = x ^ . O r a ,  como x ' ( t )  = y ( t ) > 0 ,  e n t ã o  x ( t )  é
c r e s c e n t e  em [ 0 , t ^ ] ,  de ond e  0< x ( t )< x ( t  ̂ ) = x^ , p a r a  t £  [O , t ^  .

P o r t a n t o  x ' ( t )  = y ( t ) >.y Q , p a r a  t o d o  t è [ 0 , t j ] ,  l o g o ,  i n t e g r a n ­
do de 0 a t^ , temos que

x^ = x ( t J ^ t ^ y Q ,  de ond e  se  tem que

n
t lí  X l / y 0 < ~ K Z F k ( x i ) / ( 2p)

k= 1

n
P o r t a n t o ,  j á  que e h ( y )>.K ,  e n t ã o  t e m o s , q u e

k= 1

1 1 n n
/ g ( x ( s ) ) /  E h ( y ( s ) )  d s <  t , P ^ > K ) <  - E F k ( x ) ) / 2  (25)

0  k = 1  k = 1

De ( 1 7 )  tem os q u e ,

y 1 ( s ) = - E f  ( x ( s ) ) h ( y ( s ) ) y ( s )  - g ( x ( s ) )
-k= 1 k



2 4

de o n d e ,

y 1 ( s ) /  z h, (y ( s ) ) = - [ e  f. ( x ( s ) ) h  ( y ( s ) ) y ( s )  - g ( x ( s ) J ] / E  h , ( y ( s ) )  =
k=l k=l k=l

= ~ ( [ f  1 ( x ( s ) ) h j ( y ( s ) ) + f 2 ( x ( s ) ) h 2 ( y ( s ) )  + . . .+

+ f n ( x ( s ) ) h n ( y ( s ) ) ] y ( s )  - g ( x ( s ) ) ) / £  hk ( y ( s ) )
k=l

O r a ,  j á  que  - h . ( y ( s ) ) ^ -  E h . ( y ( s ) ) , e n t ã o  t e m - s e  q u e ,
k= 1

y ' ( s ) / E  h (y ( s ) ) >r i f , ( x ( s ) ) y ( s )  - g ( x ( s ) ) / E  h ( y ( s ) )
k=l k=l k=l

P o r t a n t o ,  i n t e g r a n d o  e s t a  e x p r e s s ã o  de 0 a t ^ , e t e n d o  em c o n t a  
que x 1 ( s )  = y ( s ) ,  e n t ã o  tem os que

y ( t l } n n *1 n
/ ds/ E h, ( s )  >, - E f v í x j  - / g ( x ( s ) ) /  E h, ( y ( s ) )  ds >,

Y0

i .  \ ^ » /  •> u  J  ^  " I .

k=l k=l k Q k=l

n
>> "  E F . ( x 1)/2 ,  

k=l

s e n d o  que  a ú l t i m a  d e s i g u a l d a d e  s e g u e - s e  de ( 2 5 ) ,  o que  é uma coji 
t r a d i ç ã o ,  p o i s ,

y ( t , )1 n
+  CO

YO
k=l

Yq
k=l k=l

T e o r e m a  4 - No s i s t e m a :

<

x = y

y = - a ( t )  e  f . ( x ) y - g ( x)
k= 1

(26)
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Supo nh amo s  que  f .  ( x ) > 0 ,  k= x g ( x ) > 0  se  x ^ 0 ,  a ( t ) > 0  ,2
a ( t )  m o n ó t o n a  c r e s c e n t e  e s e j a  a ' ( t ) / a  ( t )  mo nó t on a  d e c r e s c e n t e  .
E n t ã o  p a r a  V d e f i n i d a  p o r : r

xn 9 9 ?
V ( t  , x , y )  = { [Ê F, (x) + y/a ( t )  1 /2 + G (x )/a  ( t )  + a' ( t ) / a  ( t )  f F ( s ) d s  + 

k=lk  i  0

+ [G(x) + y 2/ 2 ]/ a 2 ( t )  } 1 / 2  (27)

tem os q u e :

n n 9
(a)  V'< { -  £ F, ( x )g (x )  - £ f  ( x ) y  } / ( 2 a ( t ) V )  

k=l k k=l

(b) | aV/3y | <: 2/a ( t )

(c )  V'  ( t , x , y )  -> - 00 quando |y| -*-+«>

(d)V é moderadamente i l i m i t a d a  se ( V I )  (Lema 1, Capf t u l o  1) v a l e .

D e m o n s t r a ç ã o

(a) A de r ivada  V 1 de V ao longo das so luções de (26) é dada por:

V ' ( t , x , y )  = ',dV ( t . x . y )  = (3V/3x)x ' +(3V/3 y ) y '  + 3V/3t 
■Ht

De ( 2 6 ) ,  temos

n n „

3V/3x = { f  £ F , ( x ) + y / a ( t )1 £ f . ( x ) + g ( x ) / a  ( t )  +
k = 1 k = 1

+ a ' ( t ) / a 2 ( t )  z F , ( x )  + g ( x ) / a 2 ( t ) } /2V ,
k=l

3 V / 3 y = ( [  £ F, ( x )  + Y / a ( t ) ]  l / a ( t )  + y/a 2 ( t ) ) / 2 V  
k=l

3 V/ 3 t - { [r. F . ( x ) + y / a ( t ) ]  . - y a 1 ( t ) / a 2 ( t ) - 2 G ( x ) a ' ( t ) /
k = l



- 2 [G ( x ) + y 2 / 2]  a' ( t ) / a 3 ( t ) } / 2 V

e n t  ao ,
n n _

V ' = ( { [ E  F i , ( x ) + y /  a ( t  ) 1 E f. ( x )  + g ( x ) /a  ( t )  +
k = 1 k = 1 k

2 n n
+ a- ( t ) / a  ( t )  S = i F k ( x ) + g ( x ) / a 2 ( t ) } y  + { [e F k ( x )  +

k =  1

9 n
+ y / a ( t ) ~ ]  1 / a ( t ) + y / a  ( t ) }  T - a i t )  E f  ( x ) y  - g(x)~|  +

k =  l

n 9 7
+ [  E F k ^ X  ̂ + y /a  ( t ) ]  • “ y 3' ( t ) / 3 ( t )  “  2 G ( x ) a 1 ( t ) / a ( t )  +

x
+ £ a ' ( t ) / a 2 ( t ) J '  / E “  2 ĵ G ( x ) + y 2 / a ' ( t ) / a 3 ( t ) ) / 2  V

0 k=1

= { - E F. ( x )  g ( x ) / a  ( t )  - E f  ( x ) y 2 / a ( t )  - 2 y 2 a' ( t ) / a 3 ( y )  -
k = l  k  k =  1

x
- A G ( x ) a 1 ( t ) / a 3 ( t )  + [ a 1 ( t ) / a 2 ( t ) l  / E F, ( s ) ds }/2V

k = 1
0

2
Ora,  a ( t ) > 0  ë m o n ó to na  c r e s c e n t e ,  G ( x )  >0 s e  x^O e a ‘ ( t ) / a  ( t )  mono

t o n a  d e c r e s c e n t e ,

p o r t a n t o ,

n n y

V'  ^ { - E F, ( x )q (x )  - E f . , ( x ) y  } / 2 a ( t )V  
k = l  k = l

P r o v e m o s  ( b ) .  Com e f e i t o ,

n „
3V/3y = { [  E F (x) + y / a ( t ) ]  l / a ( t )  + y/a ( t ) } /  2V 

k = l
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Ora,

V ( t , x , y )  >, { [  E F . ( x )  + y / a ( t ) ] / 2  } l i /2 = [ e  F,.(x) + y / a ( t ) l / / 2  
k=l k k=l

tam bém ,

V ( t  , x , y )  { ( y 2/ 2 ) / a 2 ( t )  } 1

= |y | / ( / 21 a ( t )  )

P o r t a n t o ,  s e g u e - s e  q u e :

| a V / 3 y | ^ ( | E  F. (x) + y / a ( t )  | / a ( t ) ) / 2 V  + ( |y |/a2 ( t ) ) / 2V .<
k = l

^ (| í  F i . (x ) + y/a ( t )  | / a ( t ) ) / ( 2 |  E F (x) + y/a ( t )  |/v/21 ) + 
k = l  k = l

+ ( | y | / a 2 ( t ) ) /  [2 | y | / ( / 2' a ( t ) ) ] ; < / ? /  ( 2a ( t ) )  +/21 / ( 2a ( t ) )  =

= V ^ / a í t )  ^ 2/ a ( t )

P r o v e m o s  ( c ) .  Com e f e i t o ,

y y V
V ( t , x , y )  ■= / J V  ( t  ,x , s )  ds ^ | / 3V ( t , x , s ) d s | ^  / | 3V ( t , x , y ) | d s . <

0 3V 0 *Y 0 ^
y

^ 2/ a ( t )  / ds = 2y / a ( t )  ^ 2 |y | / a ( t )
0

O r a , a ( t ) >0, 

e n t ã o ,

V ( t , x , y ) í  2 1 y | (28)

De ( a )  t emos  q u e ,
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n — n „

V 1 ( t  ,x ,y)  .< í -  E F, ( x ) g (x )  - e f , , (x )y  } / 2 a ( t )V  
k=l k=l

O r a ,  f .  ( x ) > 0 ,  p a r a  t o d o  x ,  k= l , 2 , . . . , n  e como x g ( x ) > 0  p a r a  x / 0,  
K

s e g u e  que

,V‘ ( t , x , y )  <: - E f, (x )y - /  (2a (tV )<  - E f  (x) |y | 2/ (2a ( t )  V)
k=l k k=l

P o r  ( 2 8 ) ,  t emos

V 1 ( t , x , y )  ^ - E  f. (x) | y | 2/ ( 4 a ( t )  |yl  )=- £ f  (x) | y \/ (Aa ( t ) ) 
k=l k=l

P o r t a n t o ,

V ' ( t , x , y )  -*• - “  quando |y| ■+ + 00

P r o v e m o s  ( d ) .  De ( 2 7 ) , t emos

V ( t , x , y )  ^ | E F (x) + y / a ( t ) | / / ?  + |G(x) + y 2/ 2 f / a ( t )  >
k = l

> | E F, (x) | / v/2* - | y | / ( x/Z' a ( t ) )  + G ( x ) / a ( t )  +
k = l

+ y 2/ ( 2a ( t ) )

C o n s i d e r a n d o ,

b = max a ( t )  e a = max {\/?, b }

0^t$T

en t ao ,

a >s\p? l/ i/ ?  5. l/ a ,  0<t$T

também,

c =  min a ( t )

0< t< T

1
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P o r t a n t o ,

n
V ( t , x , y )  |e F. ( x ) |/a + G (x )/a  + |y |2/ (2a ( t ) ) - |y |/( 2 a ( t ) )  =

k=l

n
- ( U  Fk ( x ) |  + G ( x ) ) / a +  |y| [ |y | / ( 2a ( t ) ) - \ /  W ?  a ( t ) ) ]  >.

5- ( | Z Fk (x) I + G (x)) / a + I y I [ I y 1 / ( 2b) - l/(\/2 c)]

l o g o

V ( t , x , y )  ->• + oo q u an do  || ( x , y )  || -*■ +

O b s e r v a ç ã o  (3 • 1)

C o n s i d e r e m o s  o s i s t e m a ;

x ' = y

y '  = - a ( t )  z f .  ( x ) y  - g ( x ) + p ( t , x , y )  
k = l k

(29)

o n d e  p ê c o n t í n u a .  S uponhamos  que as  h i p ó t e s e s  do T e o r e m a  (b) va  -
1 em e a i n d a ,  n p t e n d e  p a r a  o i n f i n i t o  q ua ndo  |x|  t e n d e  p a r a

k=l  k

o i n f i n i t o  e V d e f i n i d a  em ( 2 7 ) ê  g l o b a l m e n t e  d e c r e s c e n t e .  E n t ã o  a 
d e r i v a d a  de V ao l o n g o  das s o l u ç õ e s  de ( 2 9 )  s a t i s f a z :

n n „
V'  ( t , x , y )  ,<: - £ F. (x )g (x )/  ( 2 a ( t ) V )  - Z f. (x) y / (2a ( t )V )+ 2  | p ( t  ,x ,y ) |/a  ( t )  

k=l k ~ k=l k

(30)
Com e f e i t o .  A derivada V' de V ao longo das so luções de (29) é dada

por:

V ' ( t , x , y )  = d\/ ( t  , x , y )  = (aV/3x)x ' +(3V/ay ) y '  + 3V/ 3t
dt
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De (2 7) t e m o s ,

n n
3V/3x = { [  £ F (x) + y/a ( t ) ]  E f v ( x )  + g (x )/ a  ( t )  +

k=l k k=l k

+ a ' ( t ) / a 2 ( t )  e F", (x) + g (x ) / a 2 ( t )  } / (  2V) 
k=l

n ?
3V/3y = { {” e F. (x) + y/a ( t ) ]  1 /a ( t )  + y/a ( t )  } / (2V)

k=l k

e n ta o ,

n ,  o

3V/31 = î [ e  F, (x) + y / a ( t ) ] . -  y a ' ( t ) / a  ( t )  - 2G(x)a ' ( t ) / a  ( t )  +
k=l

x
+ [a 1 ( t )  / a 2 ( t ) ]  ' / E F. ( s ) ds  - 2 [g (x )  + y 2/2] .

k=l0 K

. a' ( t ) / a 3 ( t )  }/  (2V)

n n
V'= ( {  F . ( x )  + y / a ( t ) l  E f . (x) + g (x) / a ( t )  +

k=l K k=l K

9 n ? n
+ a 1( t ) / a  ( t )  E F, (x) + g (x )/ a  ( t ) } y  + { [  E F (x)  + y/a ( t ) ]  . 

k=l k=l 

? n 
. l / & ( t )  + y/a ( t ) } [  - a ( t )  E f , ( x ) y  “  g (* )  + p ( t , x , y ) l  +

k=l k

+ [  E F. (x) + y / a ( t ) ] . -  y a ' ( t ) / a 2 ( t )  - 2G(x)a ' ( t ) / a ^ ( t )  + 
k=l

x
+ Ta' ( t ) / a 2 ( t ) ] ' / E F (s)  ds - 2 [g (x )  + y 2/ 2 ] .a '  ( t ) / a 3 ( t )  ) /(2V)

k=l
0

= { - E F. (x) g (x) /a ( t )  - e f, ( x ) y 2/a ( t )  - 2y2a ' ( t )  /s?  ( t )
k=l • k=l k



x n
- J í G W a '  ( t ) / a ^ ( t )  + [a* ( t ) / a 2 ( t ) ] ' / £ F^ i s j ds  +

31

n

+ t 1 F. (x) + y / a ( t ) ] p ( t , x , y ) / a 2 ( t )  + y p ( t , x , y ) / a 2 ( t ) }/ (2V) 
k=l K

Ora, como,

2
a ( t ) >0  é monótona c re s c e n te ,  G(x)>0 se x ^ o e a 1 ( t ) / a  ( t )  monótona 

de cre scen te ,  então temos

n n ?
\l' $  ( “  E F, (x) g (x )/a  ( t )  - E f i , ( x )y  / a ( t )  +

k=l k k=l

+ E F. ( x ) p ( t , x , y ) / a ( t )  + 2 y p ( t , x , y ) / a 2 ( t ) } /  (2V) =
k=l

n n „
= (- E F, (x) g (x) - E f, ( x ) y  ) / ( 2 a ( t ) V )  + 

k=l k=l

+ { E F ( x ) p ( t , x , y ) / a ( t )  + 2 y p ( t , x , y ) / a 2 ( t ) } /  (2V)
k=l

D e mo ns t r e mo s  a g o r a  q u e : -

{ i F. (x) p ( t , x , y ) / a ( t )  + 2yp ( t  , x , y ) / a 2 ( t )  } / (2V) ̂  2 | p ( t ,x ,y )| /a ( t )  , de
k=l •

onde  a a f i r m a ç ã o  ( 3 0 ) .  Com e f e i t o ,

+ y / (V a 2 ( t )  ) |p ( t , x , y )  

n
«  [ I e F (x) | / ( 2 a ( t ) V )  + 

k=l

+ | y | / ( Va 2 ( t ) ) ] | p ( t , x , y )  )

O r a ,  de ( 27 )  tem os ,

n
£



V ( t , x , y )  [ % F. (x) + y/a ( t )  | / / ?  + |y |/ ( / ?  a ( t ) )
k = l  k

| E F, (x) I//21 - |y |/ W 2 1 a ( t ) ) + | y | / (/2* a 1 t ) ) =
k = l

' = I I  F (x) l / V ?  *  | "  F (x) |/2
k = l  k = l

1 o g c  ,

| £ F. (x ) | í  2V (31)
k = l

n
também,  como £ F, ( x )  >.0 , 

k =  1

e n t ã o  ,

V ( t  , x , y )  5. | £ F. (x) + y/a ( t )  |//2' + |y |/  (n/21 a ( t ) )
k = l

5- | í  F. (x) + y/a ( t )  |/2 + | y | /  ( 2 a ( t ) )  ^
k = l

5. | y | / (2 a ( t ) )  + | y | / (2 a ( t ) )  =

= | y | / a ( t )

1 ogo ,

| y | «  a ( t ) V 5 (32)

P o r t a n t o  p o r  ( 3 1 )  e ( 3 2 ) ,  tem os que

£ F. (x) p ( t  , x , y )  / (2a ( t ) V )  + yp ( t  ,x , y )  / (Va2 ( t ) ) [  2V/(2a ( t ) V )  +
k = l

+ a ( t )V / V a 2 ( t ) ] | p ( t , x , y ) | í

32

2 | p ( t  , x , y )  | / a ( t )
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T e o r e m a  5 - C o n s i d e r e m o s  a f u n ç ã o !

IF k ( x ) p a r a  |x|  >. a

‘ F  ̂ ( a ) + ( x  - a )  [ ( F k (a)-Fk C-a) )/2a ] p a r a  | x | <: a (33)
R, ( x )  =

Su po nh amo s  que a ( t ) > 0 , a ( t )  c r e s c e n t e ,  x g ( x ) > 0 ,  s e  x / 0,  f  ( x ) > 0 
k= l , 2 , . . . , n  se  |x|  b p a r a  a l g u m b$.0 e ( s g x ) F  ( x )  >1 se  |x|  ^ b .
S e j a  r ^ ( x )  a d e r i v a d a  de R k ( x ) ,  k= l , 2 , . . . , n  e s e j a  V d e f i n i d a  1 

po r :

V ( t  , x , y )  = ( C E "  F. (x) - e R. (x) + y / a ( t ) ] 2/2 + K + 2 G (x )/ a 2 ( t )  +
k=l k=l

Xn  ̂ n
+ [  E F, (x) + y / a ( t ) ]  /2 + a ' ( t ) / a  ( t )  / e F ( s ) ds  +

k=l k 0 k=1

x
+ / E r. (s)  [  E F, (s)  - e R , ( s ) ]  ds } 1 ̂ 2 (34)

0 k=l K k=l k=l

onde  a ( t ) / a  ( t )  é d e c r e s c e n t e  e K>0 t o r n a  V r e a l .  E n t ã o  e x i s t e  1

c>0 e M>0 t a l  que a d e r i v a d a  de V ao l o n g o  das  s o l u ç õ e s  de ( 26 )
s a t i s f a z :

o

-My / a ( t )  se | x j b e  |y| 2 c

S n ? n
- [ e  f. ( x ) y  + E F, ( x ) g ( x ) ] / a ( t )  se |x| ^ b  

k = l  k  k = l

Demons t r a ç ã o

A d e r i v a d a  V 1 de V ao l o n g o  das  s o l u ç õ e s  de ( 2 6 )  ê dada  1

por

V ' ( t , x , y )  = dV ( t , x , y )  =(9V/9x)x ' + (9V/3y)y '  + 3V/at
dt

a )  P a r a  |x|  í  a e | y |  ^b ,  de .(34) t e m o s :

n n n n
3\//9x = { [  £ F, (x) - E R (x) + y/a ( t ) l  [  E f. (x) - E r . ( x ) ]  +

k=l k k=l k k=l K k=l



+ 2 g (x )/ a 2 ( t )  + [ E  F , ( x )  + y / a ( t ) l  £ f  (x) +
k=l k=l

n n n n
+ a ' ( t ) / a  ( t )  £ F (x) + £ r (x) [ £ F (x) - £ R (x ) ] } / 2 V ,

k=1 k k=l k k=l K k=l

n n

3^

n n n
d\//dy = { [e Fk (x) "  E + V/ a ( t ) ]  + 0  F k ^  +

k=l k=l k=l

+ y / a ( t ) ]  l/a  ( t ) } / 2V

e ,
n n 2

3V/3t = { [£ F, (x) - £  R. (x) + y / a ( t ) ]  .-ya' ( t ) / a  ( t )  
k=l k k=l

- ^G(x)a ' ( t ) / a 3 ( t )  + [ E  F ( x ) + y / a ( t ) ] . - y a ‘ ( t ) / a 2 ( t )  +
k=l

x
o n

+ [ a ' ( t ) / a  ( t ) ] 1 / E F (s)  ds }/2V
k=l

0

e n t a o ,

n n n n 2
V 1 = ( {  [  E F, (x) - E R (x) + y / a ( t ) ] [  E f  (x) - E r ( x ) ]  + 2 g ( x ) / a  ( t )  + 

k=l k=l k k=l k=l

n n „ n
+ [ E  F (x) + y/a ( t ) ]  E f k (x) + a ' ( t ) / a * ( t )  E Fk (x) +

k=l k=l k=l

+ ï , r k (x) A 0 0  - 1 , Rk <x> ] > » + A (x) A (x)  + k=l k=l k=l k=l k=l

n n
+ y/a ( t ) l  1 /a ( t )  + [  E F. (x) + y / a ( t ) J  l / a ( t ) }  [ - a ( t ) z  f, ( x ) y  -

k=l k k=l

- g ( x ) l  + [  E F (x) - E R. (x) + y/a ( t ) ]  . - ya ' ( t ) / a 2 ( t )  -
k=l k k=l

,  n ?
- AG(x)a '  ( t ) A = r ( t )  + [ E  F. (x) + y / a ( t ) ] . - y a 1 ( t ) / a  ( t )

k=l

2 , . . +



x p n
+ [a'  ( t ) / a 2 ( t ) l  1 / E F, ( s )d s )/ 2 V  = {  - E r, ( x ) y 2/ a ( t )

Q k=l k k=l

n n n
- 2 Z F. ( x ) g ( x ) / a ( t )  + E R ( x ) g ( x ) / a ( t )  - E F . ( x ) y a ' ( t ) /

k=l k=l k k=l

/ a 2( t )  + E R, ( x ) y a ' ( t ) / a 2 ( t )  - 2y2a'  ( t ) / a 3 ( t )
k=l k

x
í ? n

- í »G(x)a‘ ( t j / a ^ í t )  + fa1 ( t ) / a ( t ) ] '  / E F (s )d s }/2 V
k=l

0

2
O r a ,  a ( t ) > O é m o n ó t o n a  c r e s c e n t e ,  G ( x ) > 0  s e  x /  0 e a1 ( t ) / a  ( t )  1

m o n ó t o n a  d e c r e s c e n t e ,

35

p o r t a n t o  ,

n „ n
V - S  í “ E r . ( x ) y / a ( t )  - 2 E F. (x) g (x )/ a  ( t )  +

k = l  k = l

. n - n „
+ E R. ( x ) g ( x ) / a ( t )  + e R, (x) a 1 ( t )  y/a ( t )

k = l  k = l

- e F ( x ) a 1 ( t ) y / a 2 ( t ) } / 2 V  
k = l

E n t ã o ,  como a ( t )  é c r e s c e n t e  e p a r a  |x|  í  b ê p o s s í v e l  l i m i t a r  as
f u n ç õ e s  r k ( x ) ,  F k ( x ) ,  g ( x )  e R k ( x ) .  E n t ã o ,  e x i s t e m  c>0 e M>0 t a l

que p a r a  |x|  <: b e | y |  >.c , t e m o s ,

V 1 - My2/ 2 a ( t ) V  (35)

b)  P a r a  |x|  £b e |x |  ̂ a , tem os q u e ,  R | , ( x )  = F k ( x ) , 1

k= 1 , 2 , , . . , n , e de ( 3*0 tem os q u e :

o o n
V ( t , x , y) = { [ y / a ( t ) l 7 2  + K + 2G (x )/az ( t )  + [  I  F (x) +

k=l K
X  n

+ y / a ( t ) 1 2/2 + a' ( t ) / a 2 ( t )  / E F ( s ) d s } 1 / 2
n k=l

9
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Com e f e i t o ,

9V/3x = { 2 g (x ) / a 2 ( t )  + [  e F, (x) + y / a ( t ) ]  E f. (x)  +
k = l  k =1

+ a ' ( t ) / a 2 ( t )  £ F. (x) } / 2V ,
k = l

aV/8y = { y / a 2 ( t )  + [ I  F, (x) + y / a ( t ) ]  l / a ( t ) } / 2 V
k = l  k

a v / a t  =  { [ y / a ( t ) ] . - y a 1 ( t ) / a 2 ( t )  -  ^ G ( x ) a  1 ( t ) / a }  ( t )  +

+ [  E F (x) + y / a ( t ) ] . - y a 1 ( t ) / a 2 ( t )  +
k=l k

+ [a ' ( t ) / a 2 ( t ) ]  1 f e F^ (s)  ds}/2V

E n t ã o  ,

V'  = ( { 2g (x) / a 2 ( t )  + [  E F. (x) + y / a ( t ) ]  I  f. (x) +
k=l k=l

+ a ' ( t ) / a  ( t )  E F, (x) }y + { y / a  ( t )  +  [  E F, (x)  +
k = l  k = l

+ y / a ( t ) ]  l / a ( t )  } [ - a ( t )  e f k ( x ) y  "  g W ]  +
k = l

+ [ y / a ( t ) J . - y a ' ( t ) / a 2 ( t )  - 4G(x)a ' ( t ) / a ^ ( t )  +

+  [ e  F, ( x ) +  y / a ( t ) ] . - y a ' ( t ) / a 2 ( t )  +

k=l
x

? n 
+ [a 1 ( t )  / a  ( t ) ]  ' / E F (s )d s )/ 2 V  =

0  k = 1

= { "  E f. ( x ) y 2/ a ( t )  - E F. (x) g (x )/ a  ( t )  +
k=1 k k=l k
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- 2y 2a'  ( t ) / a 3 ( t )  - i»£(x) a 1 ( t )  /a 3 ( t ) +
x

+ [ a 1 ( t ) / a 2 ( t ) ]  ' / Fk (s )d s }/ 2 V
0

2O r a ,  a ( t ) > 0  é m o n ó to na  c r e s c e n t e ,  G ( x ) > 0  se  x ^ 0 e a1 ( t ) / a  ( t )  mo
n ó t o n a  d e c r e s c e n t e ,

p o r t a n t o ,

n „ n
V ^ - í + E  + E F. (x) g (x) } /  (2a ( t ) V )  (36)

k=l k=l k

De ( 3 5 )  e ( 3 6 ) ,  o t e o r e m a .

T e o r e m a  6 - C o n s i d e r e m o s  a e q u a ç ã o :  

n
x "  + E f. (x )h  ( y ) y  + g ( x ( t  ~ ç( t ) ) )  = 0 ( 3 7 )

k=l

com y x ) > 0  p a r a  t o d o  x ,  h  ̂ ( y ) ^1 p a r a  t o d o  y ,  K= 1 , 2 , . . . , n , x g ( x ) >  
0 se  x /  0 , o nd e  f ^ ,  h ^ ,  d g ( x ) / d x  e ç s ã o  c o n t í n u a s ,  

e o s i s t e m a  e q u i v a l e n t e ,

x 1 = y
0 (33)

n
y ‘ = - E f k ( x ) h k ( y ) y  - g (x )  + / g 1 ( x ( t + s ) ) y ( t+ s )d s  

k=1 - ç ( t )

Agora se ç ( t )  ê d i f  e r e n c i ã v e  1 e ç ' ( t ) ^ c , ^ l  p a r a  a l g u m c ^>0 ,  a s e g u i n  
t e  f u n ç ã o  n ( t )  pode s e r  s u b s t i t u í d a  po r  ç ( t ) .

n: [O,“ ) (O ,«)

com,

Qj C( t).<n(t)< B para,algum B>0 

n ' ( t )<: a$ 1 p a r a  a l g um a  ̂0
(39)



Suponhamos  c t , B e n  d e f i n i d a s  como em ( 3 9 )  e s e j a m  as c o n d i Õ e s  e s t a ­
b e l e c i d a s  em ( 3 7 )  v á l i d a s .  Se  e x i s t e  uma c o n s t a n t e  C>0 p a r a  a

q u a l
+  CO
— n

I )  / [  c z  f. (x)  + |g(x) |]dx = + °° e
k=l0

n  ̂ n n
i i )  ( { (1 + c ) Z f k ( x )h k ( y ) y  +nc Z Fk (x )g (x )/  z hk ( y ) } l / n ( t )  -

k=l k=l k=l

„ n n n n
- K [ g 1 ( x ( s ) ) y ( s ) ]  - c / n ( t )  [ j  Hk ( y ) g ( x ) / I  hk (y)  - Z Hk ( y ) g ( x ) z  iy h k(y ) (}-

k=l k=l k=l k=L

n n n n n
- c / n ( t ) {  E F. (x) Z f. ( x ) y  - Z F. (x)  Z f ( x ) h ( y ) y Z  l / h ( y ) } -

k=l k=l k=l k k=l k=l

n n n n
- c / n ( t )  {  Z H (y )  Z l/h, (y)  - Z H ( y ) /  Z h (y)  } [ g ‘ ( x ( t  +

k=l k=l k=l K k=l

+ s ) y  ( t  + s ) ) ] ) 1 / 2  5- |{ (1 + 2c) y + c Z F. (x) Z l/h ( y ) } / 2 |
k=l k=l

s ão  v á l i d a s ,  e n t ã o  t o d a  s o l u ç ã o  de ( 3 8 ) com f u n ç ã o  i n i c i a l  c o n t í ­

nua é l i m i t a d a .
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Demons t r a ç ã o  

S e j a  a f u n c i o n a l

V ( x , y , t )  - (1 + 2c ) ( G ( x )  + y 2/2) + [ z  (H. (y)  + F ( x ) ) ] 2 . c/2 -
k=l

y
' n n

- c / Z H (u )/  Z h (u) du + 
k=l k k=l

y t
+ K / ( / [g ‘ (x (u )  ) y  ( u ) ] 2) ds (40)

-n ( t )  s+t

onde  , K= 1/(1 '  a ) yn n n 2
Ora,  | Z H , ( y ) | ^ n | y [  logo \f Z H . ( u ) /  Z hR ( u) | du,< y 

k=l • 0 k=l



E n t ã o ,

V ( x , y , t )  5. (1 + 2) (G (x) + y 2/2) + [ e  (H, . (y )  + Fi, ( x ) ) ] 2 ° / 2 "
k = l  k

0 t

- c y 2 + K f ( / [  g * ( x ( u ) ) y ( u ) ] 2du)ds =

— Tl ( t ) S + t

= (1 + 2c )G (x ) + y 2/2 + [  £ (H. (y )  + F, (x ) ) ] 2 c/2 +
k=l k k

0 t
2

+ K / (  / [ g 1 (x (u )  ) y  (u ) J  du)ds, l o g o  V é p o s i t i v a

- n ( t )  s+t

d e f i n i d a  q u a nd o  ( x , y )  é ( 0 , 0 )

Com e f e i t o ,  a d e r i v a d a  V '  de V ao l o n g o  das s o l u ç õ e s  de

( 3 8 ) ê dada  p o r :

V ' ( t  , x , y )  = dV ( t , x , y )  = 3V/3t + (3V/3x )x ‘ + (3 V /3 y )y ‘
d t

De ( 0  ) , t emos  :

n n
3V/3x = (1 + 2c) g (x) + c [ z  (H, (y)  + F, ( x ) ) ]  z f.  ( x )

k=l k k k=l k

n n
• 3V/3y = (1 + 2c )y  + c [ e (H. (y)  + F. ( x ) ) l  Z l/h. (y)  -

k=l k=l

n n
- c E H ( y ) /  I  h (y)  

k=l k=l

S e j a  E = ( X ( I R >IR) o e s p a ç o  v e t o r i a l  das f u n ç õ e s  r e a i s  i n t e

g r a v e i s  s e g u n d o  R i e m a n n .  S e j a
0 t

U ( t )  = / ( / [  g' (x (u ) ) y  ( u ) ] 2du)ds , t IR

-n ( t )  s+t

Se  d e f i n i m o s  as  a p l i c a ç õ e s

' f (u )  = [g 1 ( x ( u ) ) y ( u ) ] 2 , uélR

39



t

Y ( t , s )  - / ^ ( u j d u ,  t ,  s e lR
s+t

e 0

T : (a ,h )  £  IR x E -*■ / h ( s ) d s ,
a

e n t ã o  tem os que

U ( t )  = T ( - n ( t ) , Ÿ Î t ,  . ) )

O r a , j á  que  T é l i n e a r  na s e g u n d a  v a r i á v e l ,  e n t i o  tem os que

u 1 ( t )  = D . ï i - n i t ) ,  ^ ( t , . ) )  _d_ ( - n ( t ) )  + D T ( - n ( t ) ,  y ( t ,  . ) ) o  d
1 d t  dt

= ¥ ( t , - n ( t ) )  n 1 ( t )  + T ( - n ( t ) , ^  ( t )  - ' f ( t  + s ) )  = 
t  0 

= n ' ( t )  f + f "  ' f i t  + s ) ]d s  =
t - n ( t )  • -n ( t )
t  0

1 ogo

E n t a o

= T i ' ( t )  f [  g 1 ( x ( s )  ) y  ( s ) ]  ds + / [g 1 ( x ( t )  ) y  ( t ) ]  ds
t - n ( t )  -n ( t )

0
- / [ g 1 ( x ( t  + s) ) y ( t  + s ) J 2ds

-n(t)

t  0

9V / 3 t = n ' ( t )  / [  g ' ( x ( s ) ) y ( s ) ] 2ds + / [  g ' ( x ( t ) ) y ( t ) J
t-n(t) -n(t)

o
- / [ g ' ( x ( t  + s)  ) y ( t  + s ) ]d s

- n ( t )

n n
V' = { (1 + 2c) g (x) + c [ E  (H (y )  + F, (x) ) ]  ï. f  (x) } y +

k=l k=l

^ 0



Ora,

n n
+ { (1 + 2c) y + c [ e (H (y )  + F, ( x ) ) ]  £ l / h . ( y )  -

k=l k k k=l

n n n
- c i  Hk ( y ) /  I  l \ ( y ) }  Í -  e i k (x )h k ( y ) y  "  g (x ) + 

k=l k=l k=l
0 t

+ / g ' ( x ( t  + s ) ) y ( t  + s ) d s }  + n ' ( t )  / [g 1 ( x ( s ) ) y ( s ) ] 2ds +

- ç ( t ) t - n ( t )
0 0

+ f [g 1 ( x ( t )  ) y  ( t ) ] 2ds - f [ g ' ( x ( t  + s ) )y ( t  + s ) ] 2ds =

- n ( t )  -n ( t )

n n n
= -(1 + 2c) £ f, (x )h  ( y ) y  + c E H (y)  Z f k (x ) y  " 

k=l k k k=l k=l k

k  1

- c E F, (x )g (x )  E 1/h (y )  + / { (1
k==1 k=l - ç ( t )

n n
+ c E F (x)  E 1/h. ( y ) } g 1 ( x ( t  ■4- s ) ) y ( t

k== 1 k=l

n n n
+ c { E H ( y ) g ( x ) /  e hk (y) Z , Hkk=l k k=l k=l

n n n n
+ c { E F (x) E f k (x) y  " 2 Fk (x)  E f

k=l k=l k=l k=l

n n n n

E 1/hk ( 
k=l

k k k=l k 
0

+ c { E H. (y )  E l/h (y)  - E H ( y ) / E  h ( y )  / g ' ( x ( t +
k=l k k=l k k=l k k=l _ ç ( t )

t

+ s ) ) y ( t  + s )ds  + K n ' ( t )  ;  [ g 1 ( x ( s ) ) y ( s ) ] 2ds +
t-n ( t )

0 0
+ K / [ g ' ( x ( t ) ) y ( t ) ] 2ds - K f [ g ' ( x ( t  + s ) ) y ( t  + s ) J 2ds +

- n ( t )  -n ( t )

n n n
+ (-n + 1) cE H (y)  E f . ( x ) h . ( y ) y /  E h (y)

k=l k k=l k k=l

n n n 2
c E (y)  E c e (x )h  ( y ) y  , n ' ( t )  ^ a ,

k=l k k=l k k=l



hl

t  0

n ( t )  » ç ( t )  , / [ g 1 (xXs )y  ( s ) ] 2ds = S [ g ' ( x ( t  + s ) ) y ( t  +
t - n ( t )  -n ( t )

+ s ) ] 2ds e

(-n + 1 ) c (e H, (y)  z fv U ) h  ( y ) y /  z hi , (y ) )  *  °»  
k=l k k=l k=l K

e n t a o ,

n 2 n n
V* -(1 + c)  z f. (x)h, ( y ) y  - ne z F. ( x ) g ( x ) /  E h (y)  +

k=l k k k=l k=1

0
+ / {-(1 + 2c )y  + c z F, (x) E l/h  ( y ) }  g ' ( x ( t  + s ) )y ( t  +

- « o  k=' k"
0 0 

+ s)ds  + K / [  g ' ( x ( t ) ) y ( t ) ] 2 - K / [ g ' ( x ( t + s ) ) y ( t +
-r\( t )  -n ( t )

o
*? 2 + s ) ]  ds + ka / [ g 1 ( x ( t  + s),)y(t + s ) ]  ds +

- n ( t )

n n n n
+ c {  E H (y )  g (x )/  E h (y)  - E H, ( y ) g ( x )  Z l/h, ( y ) }  +

k=l k k=l k k=l K k=l

n n n n n
+ c{  Z Fk (x) E f k (x ) y  - Z Fk (x) Z f k ( x )h k ( y ) y  Z 1/hk ( y ) ) +

k=l k=l k=l k=l k=l
0n n n n

+ c{ e h. (y )  e i / M y )  - z M y ) /  z M y ) >  f g ' ( x ( t  + 
k=l K k=l K k=l K k=l k _ n ( t )

+ s ) ) y ( t  + s)ds

0 n 2 n
V 1 ,< / { - [ ( 1  + c) Z f k ( x )hk ( y ) y  / n ( t ) ]  - ne Z Fk ( x ) g ( x ) /

- n ( t )  k=1 k=l

/ (n ( t )  Z h ( y ) ) +  K [g* ( x ( s ) ) y ( s ) ] 2 + { ( 1 + 2c ) y  
k=l

n n
+ c z F (x) z l/h, ( y ) )  g ' ( x ( t  + s ) ) y ( t  + s) ds - [ g ' ( x ( t  + 

k=l k=l



? n n
+ s ) ) y ( t  + s ) ]  + c / n ( t )  { E H ( y ) g ( x ) /  E h (y)

k=l k k=l k

3

n n n n
" E H ( y ) g ( x )  E 1/h, (y )  } + c / n ( t )  { E F, (x) E f  ( x ) y  -

k=l K k=l k=1 K k=l

n n n
- E M x )  l f, (x )h  ( y ) y  z 1/h. ( y ) }  + 

k=l k k=l k k=l

n n n n
+ c / n ( t )  { z H. (y )  i  1/h (y )  - z H, ( y )/ E  h (y)  } [ g ' ( x ( t  +

k=l k=l k=l k=l

+ s ) ) y ( t  + s ) ] } d s

P o r  ( i i )  t emos  que

n „ n n
( { ( 1  + c) z f., W h , ,  ( y ) y  + nc £ F ( x ) g ( x ) /  z h (y)  } l / n ( t )  - 

k=l k k=l k=l k

- K [ g 1 (x (s ))y  ( s ) ] 2 - c / n ( t ) [ z  H ( y ) g ( x ) /  z hk (y)
k=l k=l

n n n n
_ E H, ( y ) g ( x )  z 1/h, (y ) l  - c / n ( t ) {  Z F (x) Z f . . ( x ) y  -

k=l k k=l k k=l k k=l

n n n n n
~ E M x ) E f u (x )h , ( y ) y  E 1/h. (y)  } - c / n ( t )  {z  H. (y ) z 1/h (y )

k=l k k=l k=l k=l k=l
0n n , /«

_ E M y ) /  E M y )  f g ' ( x ( t  + s ) ) y ( t  + s) d s } ^
k=1 k=1 -n ( t )

n n
.̂ |{ (1 + 2c )y  + c z M x ) E 1/h ( y ) } / 2 |

k=l K k=l k

E l e v a n d o  ao  q u a d r a d o  e m u l t i p l i c a n d o  po r  - 1 ,  temo s ,

n _ n n
-{ (1  + c) z  f |  ( * ) M y ) y  + nc E F (x) g (x) /  Z h ( y ) }  l / n ( t )  + 

k=l k=l k=l

+ K [g 1 (x ( s ) )  y ( s ) ] 2 + c / n ( t )  [  Z H ( y ) g ( x ) / E  h (y)
k=l k=l



n n n n n
"  E H ( y ) g ( x )  i l /h ( y ) }  + c / r i ( t )  {  z F, (x) Z f . ( x ) y  - l Fk ^ '

k=l k=l k=l k=l k=l

n n n n
. Z f . (x )h  ( y ) y  z  l/h. ( y ) }  + c / n ( t )  { z  H. (y )  z  l/h. (y )  -
k=l k=l k=l k=l

n n
“  E H (y )/ j ;  h (y)  } [ g ' ( x ( t  + s ) ) y ( t  + s )d s ]  «  -1/4 |(1 + 2 c )y  + 

k=l K k=l K

kk

+ cz F. (x) z l/h. (y )  | 2 
k=l k k=l k

E n t ã o ,
0 n n 2

V ‘£ / {-1/4 | (1 + 2 c )y  + c I  F. (x) Z l/h  (y )  | +

-n(t> k* '  k"

n n
+ { ( 1  + 2c ) y  + c E F, (x)  E l/h ( y ) }  g ' ( x ( t  + s ) ) y ( t  + s)  - 

k=l K k=l K

- [ g 1 ( x ( t  + s ) ) y ( t  + s ) ] 2 }ds^<
0 n n

í  I  - {1/4[ (1  + 2 c )y  + c E F (x) E l/h ( y ) |  - | (1 + 2c )y  +

- n ( t )  k=l k"

n n
+ c E F (x) E l/h. (y)  | | g ' ( x ( t  + s ) ) y ( t  + s ) | + | g ' ( x ( t  + s ) ) y ( t  + 

k=l k=l
0~ n n

+ s) | }ds = / - { | / 2  |(1 + 2c )y  + c e F ( x ) z 1/h (y)  |] -
-n ( t )  k=1 k=1

- |g 1 ( x ( t  + s ) ) y ( t + s ) | } 2ds

P o r t a n t o ,

V 0

A i n t e g r a l  ê não p o s i t i v a .  P o r t a n t o  V é não c r e s c e n t e  ao l o n g o  das 
s o l u ç õ e s  e como também,  po r  i ) ,  é r a d i a l m e n t e  i l i m i t a d o ,  e n t ã o  co ji 
c l u i m o s  que t o d a . s o l u ç ã o  de ( 3 8 )  é l i m i t a d a .  P o r t a n t o ,  o t e o r e m a .
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T e o r e m a  7 - C o n s i d e r e m o s  a e q u a ç ã o  p e r t u r b a d a :  

n
x "  + f  (x )h  ( x ' ) x *  + g ( x ( t  -ç ) )  = p ( t , x , x ' )  

k=l k k

e o s is tem a e q u iv a le n te :

x 1 = y
0n

x "  = - E f. (x )h . ( y ) y  - g (x ) + / g ' ( x ( t  + s ) ) y ( t  + s )ds  +
•k=l k k

- ç

+ p ( t , x , y )  (41)

onde  f k ( x ) >0 p a r a  t o d o  s ,  h ^ ( y ) ^ l  p a r a  t o d o  y , K= 1 , 2 , . . . , n ,
x g ( x ) > 0  se  x 0 e ç>0 com d g ( x ) / d x  e p s ão  c o n t f n u a s .

S e j a m  x>0 , g>0 com x + g = 1. S u p o n h a m o s ,

n n n
{ (n - 3) E f u (x) h, ( y ) y  + n E F ( x ) g ( x ) /  E h (y)  -

k=l k k k=l k k=l k

n n n n
- E H ( y ) g ( x ) /  E h (y)  + E H. ( y ) g ( x )  E

k=l k=l K k=l k=l

n n
• l / h L,(y) - Z F (x) E f  ( x ) y  + 

k k=l k=l •

n n n
+ E F (x) E f , ( x ) h  ( y ) y  E l /h ( y ) } / 2 V  5.

k=l k k=l k=l k

L |y g 1 (x) | (42)

p a r a  a l g u m L>0,  e ,

aL/ç^ ,  K (43)

onde, '

n n n n
R = max { | 3y + E F. (x) E l/h (y )  + E H (y ) E l/h (y )  - 

k=l k k=l k=l k k=l

I
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n n
- E H. ( y ) /  E h. (y)  |/2V (44)

k=l K k=l

Suponham os também que ( V I )  ( Lema 1,  Cap l ) ,  ( 1 8 )  , ( 4 2 )  e ( 4 3 )  s e j a m

v á l i d a s .  Se

n
K | p ( t , x , y ) | ^ g [ ( n  - 3 )  E f . ( x ) h  . ( y ) y  +

k = l k

n n
+ n £ F, ( x ) g ( x ) /  z h ( y ) ] / 2 V  ( 4 5 )

k=l  K k = 1 K

Então todas as so luções  de ( 4 l )  com condições i n i c i a i s  contfnuas são (un ifo rm e­
mente) 1 imi t a d a s ,

Demonstração

A demonstração do teorema base ia-se  na construção  de uma func iona l de 

Lyapunov W rad ia lm ente  i l i m i t a d a ,  i s t o ,  é,

i )  W é p o s i t i v a  d e f in id a .

i i )  A de rivada  W1 de W ao longo das so luções  de (41) é menor ou igual 

a zero ; W  ( x , y ) í  0 .
i i i )  W ê rad ia lm ente  i l i m i t a d a .

T e n d o  i s t o ,  c o n c l u f m o s  que  as  s o l u ç õ e s  s ã o  l i m i t a d a s ,  p o i s  se  e x i s ­

t i r  uma s o l u ç ã o  ( x ( t ) , y ( t ) ) não  l i m i t a d a  3  í  ^  ) n > 11 ( x ( t n) ,
V ^ n )  II - » - + « .  O r a ,  W é l i m i t a d a  ao l o n g o  das s o l u ç õ e s ,  de ond e  1

W ( x ( t n ) , y  ( t n ) ) ^ a ,  p a r a  t o d o  n.

C a l c u l e m o s  a d e r i v a d a  V 1 de V ao l o n g o  das  s o l u ç õ e s  de ( 4 l )

V ' ( x ,y)  = dV ( x ,y)  = (3V/3x)x ' + (3V/3y )y ' 
dt

De ( 1 8 )  t e m o s ,

n n
3V/9x = { 3 q ( x )  + [  E (H ( y ) + F , ( x ) ) ]  £ f  (x) }/2V

k=l k=l



e

E n t a o

4 7

n n
3 V / a y  = { 3y + [  Z (H. ( y )  + F, ( x ) ) ]  Z 1/h. ( y )  -

k = 1 K K k =1

n n
- Z H, ( y ) / Z h , ( y ) } / 2 V , 

k = 1 K k=l

n n
V'  ( x , y )  = (O g ( x )  + [ z  (H (y)  + F (x) ) ]  Z f  (x) } y  +

k = l  K K k = l

n n
+ { 3y + [  Z (H (y)  + F ( x ) ) ]  Z 1/h (y)  -

k = l  K K k = l  K

n • n n
- Z h ( y ) /  Z h (y)  } [- Z f, (x)h ( y ) y  - g (x) +

k = l  k = l  K k = l  K

0
+ / g ' ( x ( t  + s ) ) y ( t + s ) ds + p ( t , x , y ) ] ) /2V =

-Ç
n n n n

= ( Z H (y )  Z f  ( x ) y  + Z F (x) Z f  ( x ) y  -
k = l  k = l  k = l  k = l

0n 2
- 3 T. f. (x)h, ( y ) y  + 3y / g ' ( x ( t  + s ) ) y ( t  + s )ds +

k = l  k k _ç

n n n n n
+ 3 y p ( t , x , y )  - I H (y)  Z f  (x )h , ( y ) y  Z 1/h. (y)  - l H, ( y ) g ( x )  Z 1/

k = l  k k = l  k = l  k = l  k = l

0n n
/h (y)  + Z H (y)  Z 1/h (y)  / g ' ( x ( t  + s ) ) y ( t  + s )ds  +

k k = l  k = l  _ ç

n n n n
+ Z H ( y ) p ( t , x , y )  Z 1/h (y)  - Z F (x)  Z f  (x)h ( y ) y  .

k = l  k = l  k = l  k = l

n n n
. Z 1/h (y)  - Z F ( x )g (x )  Z 1/h (y)  +

k = l  k = l  : k = l

0n n
+ Z F. (x) Z 1/h (y)  / g 1 ( x ( t + s ) ) y ( t  + s )ds  +

k = l  k = l  r- ~ L,

s
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n n

+ E F. ( x ) p ( t  ,x ,y )  £ 1 /h (y)  +
k=l k=l

+ E H (y)  £ f . ( x ) h  ( y ) y /  E h (y)  +
k=l k k=l k k=i K

0n n n n
+ E H (y)  g (x) / Z h (y)  - Z H ( y ) /  Z h (y)  / g ' (x ( t +

k=l K K.= l k=l K k=l

n n
+ s ) ) y ( t + s )ds  - Z H ( y ) p ( t , x , y ) / I  h ( y ) ) / 2 V  <

k=l K k=l k

n 7 n n
.< - [ (3  - n) Z f , ( x ) h  ( y ) y  + n Z F ( x ) g ( x ) /  Z h ( y ) ] / 2 V  +

k=l K k k=l K k=l K

n n n n
+ { | 3 y +  Z F, (x) Z l /h (y)  + Z H (y)  E l /h ( y )  -

k=l k=l K k=l k=l K
0n n

- E H ( y ) /  E h (y)  | f | g 1 ( x ( t  + s ) ) y ( t  + s) |ds}/2V +
k=l K k=l K

n n n n
+ ( 13y + E f v ( x )  E l/h, (y )  + E H (y )  z l/h, (y)  -

k=l k=l k=l k=l

n n
- E Hk ( y ) /  E ( y ) ( | p ( t , x , y )  I }/2V  + 

k=l k k=l

n n n
+ {(1  - n) Z H (y )  E f, (x )h  ( y ) y /  Z h (y)  +

k=l K k=l k k=l

n n n n
+ E H, ( y ) g ( x ) /  £ h (y )  - £ H (y)  g (x)  £ l/h ( y )  +

k=l k=l k=1 k=l

n n n n n
+ E M * )  E f k ( x) y  "  E Fk (x ) E f k (x )h k ( y ) y  £ l/hk ( y ) } / 2 V

k=l k=l k=l k=l k=l

0 r a ,

{ I 3y
k =  k

F k ( x ) E 1 / h ,  ( y )  
k = 1 k

"e H ( y )  
k = 1 k

n
E 1 / h , ( y ) 

k =  1 k

n n
- E H , ( y ) /  T h ( y ) | } / 2 V ^

k =  l' k =  1



t a mb ém,

e n t ã o

S e l a  K —

P o r  ( 4 4 )

n n n n
«  { 13 y + Z F ( x )  Z l / h  ( y )  + Z H ( y )  Z l/h (y )  +

k = 1 K k=l K k = 1 K k=l K

n n
+ Z H (y)  / Z h ( y )  | }/2V £ 

k=l K k=l K

n
*  (3 |y | + n | Z (F  (x) + H ( y )) | + n | y | ) /  2 V * 

k=l K -  k

n
í  ( ( n  + 3) | y | + n| Z (F (x)  + H ( y ) ) |/2V

k=l k k

V ( x , y )  * M / / ?  

n
V ( x , y )  |i  ( H , ( y )  + F . ( x ) ) | / / ?  

k=l k K

n n n n
{ |3y + Z F (x) £ l/h (y)  + z Hb (y)  Z l/h (y)  - 

k=l K k=l K k=l K k=l k

n n
- Z H (y)  / z h (y)  | }/2V <: (n + 3) |y | / ( I y | x/? ) + 

k=l K k=l k

+ n| z  (F (x) + H ( y ) )  |/( | z ( Hk (y)  + F. ( x ) ) \/\/T ) = 
k=l k k k=l k

= ( 2n + 3)v/21 p/ x2 + y 2 > 0

n n n n
mãx { | 3 y + Z F ( x ) z l / h  ( y )  + z H ( y )  z l / h .  ( y )  - 

k=l  k = 1 k = 1 k = 1 k

Z H ( y ) / z h ( y )  | >/2V 
k=l  k k=k

e como ,

(1 - n) z  H . ( y )  z f, (x )h , ( y ) y /  z M y ) ^  0 
k=l K ' k=l k k=l
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T e m o s ,

V '  í  - [ (3  - n) E f, (x )h  ( y ) y 2 + n E F, ( x ) g ( x ) /  Z h ( y ) ] / 2 V  + 
k=l k k k=l k k=l k

0
+ K / |g 1 ( x ( t + s ) ) y ( t + s ) | d s  + K | p ( t , x , y ) |  +

n

n n n n
+ { E H ( y ) g ( x ) /  E h (y)  - E H ( y ) g ( x )  Z l/h (y)  +

k=l K k=l K k=l k=l

+ E F (x)  E f  ( x ) y  - E F (x) E f  (x )h . ( y ) y  E l /h ( y ) } / 2 V  
k=l K k=l k=l K k=l k=l

U s a r e m o s  p a r t e  de um t e r m o  d e f i n i d o  n e g a t i v o  na p e r t u r b a ç ã o  e p a r t e  

no r e t a r d a m e n t o .  O r a ,  a+3 = 1> e n t ã o

n „ n n
V'  ^ - [ ( 3 - n ) ( a + B )  E f, (x )h  ( y ) y + n E F, (x) g (x) / Z h . ( y ) ] / 2 V  +

k=l K k k=l k=l
0

+ K / |g ' ( x ( t + s ) ) y ( t  + s ) | d s  + K | p ( t , x , y ) |  +

- ç
n n n n

+ { z Hl, ( y ) g ( x ) /  Z h (y)  - E H ( y ) g ( x )  E l /h (y)  +
k=l K k=l K k=l k=l

n n n n n
+ E F (x) E f . ( x ) y  - E F (x) E f  (x )h  (y )  E l/h ( y ) } / 2 V  =

k=l k k=l K k=l k=l K k=l

n „  n n
= - a [ ( n  - 3) E f k ( x )h k ( y ) y  + n E Fk ( x ) g ( x ) /  E hk (y ) } / 2 V  -

k=l k=l k=l

n 0 n n
3 [ (n  - 3) E f k ( x )h k ( y ) y  + n E Fk ( x ) g ( x ) /  E hk (y ) }/ 2 V  +

k=l k=l k=l
0

+ K f | g ' ( x ( t  + s ) ) y ( t  + s ) | d s  +K | p ( t , x , y ) |  +

-ç
n n n n

+ í Z H, ( y ) g ( x ) /  E h (y)  - E H, ( y )g ( x )  E l/h (y)  +
k=l K k=l k=l k=l

1
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n n n n n

+ E F. (x)  E f b ( x ) y  - E - F , ( x )  E f  (x )h , ( y ) y  E l /h (y ) }/ 2 V  
k=l k=l k=l K k=l K k=l

P o r  ( 4 2 ) ,  tem os

n _ n n
{ - ( n  - 3) £ f. (x )h  ( y ) y - n E F ( x ) g ( x ) /  E h (y)  + 

k=l K K k=l k=l

n n n n
+ E H ( y ) g ( x ) /  E h (y)  - E H ( y ) g ( x )  E l/h (y)  +

k=l K k=l k=l k=l

n n n n n
+ E F. (x)  E f. ( x ) y  - E F (x) E f, (x )h , ( y ) y  E 1 /h, (y)  }/2V^  

k=l k=l k=l k=l k=l

^ - L | g ' ( x ) y |

E n t ã o ,
0

V'  - a L | g ' (x) y | + K / | g ' ( x ( t  + s ) ) y ( t + s ) | d s  +

-ç

K | p ( t  ,x ,y )  | - g [ (n  - 3 ) E f  ( x ) h , ( y ) y 2 +
k=l k k

n n
+ n E F ( x ) g ( x ) /  E h ( y ) ] / 2 V  = 

k=l K k=l
0

= / { - a L  | g ' ( x ) y | / ç  + K | g ' ( x ( t + s ) ) y ( t + s ) | } d s  +

-  C

n 2 n n
+ K |p ( t , x , y )  | - B | (n  - 3) £ f k ( x )h k ( y ) y  + n E Fk ( x ) g ( x ) / E hk (y)  |/2V

k=l k=l k=l

O r a ,

/ { -a L |g' ( x ) y | / ç + k | g ' ( x ( t  + s ) ) y ( t  + s ) | } d s  =

-  ç

= / { -aL/ ç |g ' ( x ) y |  + K | g ' ( x ( t  + s ) ) y ( t  + s ) |  } d s ^

- ç

1



0
/ K { - I g ' (x) y I + I g 1 ( x ( t  + s) ) y ( t  + s)  | }ds

- Ç
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onde a ú l t i m a  d e s i g u a l d a d e  d e c o r r e  de ( 4 3 ) .  E s t a  e x p r e s s ã o  
a d e r i v a d a  em r e l a ç ã o  a t ,  da f u n c i o n a l  n e g a t i v a ,

0 0
- f  ( / K|g ' (x (u )  ) y  (u) |du) ds

- ç t+s

D e s t a  f o r m a ,  s e  f i z e r m o s  a f u n c i o n a l
0 0

W( x , y )  = V ( x , y )  + K/ ( / . | g 1 ( x ( t  + s ) ) y ( t  + s) |du)ds
- ç t+s

e n c o n t  r a  rem os
n

W  ( x , y )  ^ K | p ( t , x , y )  | - B [ ( n  - 3) E f. ( x )h . ( y ) y 2 +
k=l

n n
+ n E F. ( x ) g ( x ) /  E h, ( y ) ] / 2 V  

k=l K k=l

L o g o ,  po r  ( 4 5 )

W 1 ( x , y ) ^ 0

Como W é r a d i a l m e n t e  i l i m i t a d a ,  e n t ã o  t o d a  s o l u ç ã o  de ( 4 l )  
d i ç õ e s  i n i c i a i s  c o n t í n u a s  s ã o  ( u n i f o r m e m e n t e )  l i m i t a d a s .

f i n a l  é

com con-

1
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