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RESUMO

Neste trabalho, apresentamos um algoritmo iterativo para resolver o problema de in-
clusao na presenca de operadores cocoercivos definidos em espagos de Hilbert com
métodos projetivos de decomposicao. Primeiramente, introduzimos esses métodos no
caso da soma de n operadores em que o problema é o de encontrar um ponto num con-
junto solucao estendido e utilizar projecdes sobre semi-espacos separadores contendo
este conjunto. Estes semi-espacos sdo construidos com pontos no grafico dos opera-
dores e uma operacao de resolvente é necessaria para cada operador. Neste caso,
a convergéncia fraca do algoritmo € obtida através de uma condi¢do de separagao
suficiente. Em seguida, introduzimos um problema de inclusdo envolvendo operadores
cocoercivos e composicdes com operadores lineares limitados. Para este problema,
apresentamos um algoritmo projetivo de decomposicao que explora cocoercividade
de forma que o algoritmo resultante envolve um passo forward por cada operador
cocoercivo, em contraste com algoritmos prévios na familia de métodos projetivos
de decomposicao, que tém usado apenas passos backward ou dois passos forward.
A prova de convergéncia do ultimo algoritmo com um passo forward requer alguns
desvios da estrutura de prova anterior para algoritmos projetivos de decomposicéo.

Palavras-chave: Operadores monétonos maximais. Problema de inclusdo mondétona.
Algoritmos proximais. Algoritmos projetivos de decomposi¢do. Operadores cocoerci-
VOS.



RESUMO EXPANDIDO
Introducao

Existe uma variedade de algoritmos de decomposi¢ao para resolver o problema de

incluséo
0c Az + Bz,

onde A e B sao operadores monétonos maximais. Tais problemas surgem em areas
como equagoes diferenciais parciais, analise funcional, otimizagdo convexa, entre ou-
tras.

Neste trabalho analisamos um esquema recente de algoritmos de decomposicao base-
ado em projecgbes sobre semi-espacos que contem o conjunto de solugdes primal-dual,
primeiramente num contexto geral e logo no contexto mais especifico envolvendo so-
mas de composicoes de operadores lineares limitados e operadores cocoercivos.

Objetivos
Esta dissertacdo de mestrado tem os seguintes objetivos:

1. Estudar e entender os algoritmos de decomposic¢ao projetiva.

2. Analisar os conceitos matematicos relacionados e as referéncias principais para o
problema .

3. Entender a aplicacdo do método para um caso particular que envolve operadores
COCOEercivos.

Metodologia

Estudamos um novo framework de algoritmo de decomposicdo no espaco primal-
dual de solug¢des que apresenta grande flexibilidade na escolha dos parametros. Para
isso fazemos um estudo da bibliografia relevante relacionada, que esta disponivel na
secao de referéncias, entendendo primeiramente os conceitos matematicos basicos
da teoria de operadores monétonos em espacos de Hilbert. Seguidamente, fazemos
revisdo do artigo que apresenta o caso general para entender os fundamentos por tras
deste esquema.

Finalizamos com uma variacao deste esquema para um caso que envolve composigao
com operadores lineares e operadores cocoercivos onde vemos como € aproveitada a
cocoercividade.



Resultados, discussao e consideracoes finais

Acreditamos que o algoritmo de decomposicao projetiva € um poderoso framework
que faz diferenca com métodos ja existentes do tipo decomposicao, devido a seu me-
canismo e a flexibilidade que oferece. Ele tem tido um desenvolvimento para tratar
problemas especificos usando suas propriedades particulares como no caso de opera-
dores Lipschitz continuos que faz dois passos forward ao invés de um passo backwarad,
ou no caso de operadores cocoercivos que faz apenas um passo forward.

Também foram desenvolvidos algoritmos deste esquema que possuem recursos de
bloco iterativo e assincrono que sédo considerados em outros artigos. Mas para o caso
de operadores cocoercivos estes recursos ainda ndo sdo implementados sendo um
topico de pesquisa.

Palavras-chave: Operadores mondtonos maximais. Problema de inclusdo monoétona.
Algoritmos proximais. Algoritmos projetivos de decomposi¢ao. Operadores cocoerci-
VOS.



ABSTRACT

We present in this work an iterative algorithm to solve the inclusion problem with the
presence of cocoercive operators defined in Hilbert spaces under the projective splitting
scheme. First, we introduce the projective splitting scheme in the case of the sum of
n operators where the problem is posed as the one of finding a point in an extended
solution set and make use of projections over separator half-spaces containing this
set. These half-spaces are constructed with points in the graph of the operators and a
resolvent operation is needed for each operator. In this case, the weak convergence of
the algorithm is obtained via a condition of sufficient separation. Next, we introduce an
inclusion problem involving cocoercive operators and compositions with bounded linear
operators. For this problem is presented a projective splitting algorithm that exploits
cocoercivity in such a manner that the resulting algorithm involves one forward step
applied to each cocoercive operator, in contrast with prior algorithms in the projective
splitting family, which have used only backward steps or two forward steps. The con-
vergence proof of the algorithm with one forward step requires some detours from the
previous proof framework for projective splitting.

Keywords: Maximal monotone operators. Monotone inclusion problem. Proximal algo-
rithms. Projective splitting algorithms. Cocoercive operators.
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1 INTRODUCTION

The theory of monotone and maximal monotone operators plays a central role
in nonlinear analysis. It has impacted areas such as partial differential equations, func-
tional analysis, variational inequalities, and convex optimization. Many problems arising
in these areas can be studied under the unified and general framework of monotone
operator theory. Moreover, many of these problems can be reduced to the one of finding
a z such that

0c Tz, (1)

where T is a maximal monotone operator defined on a real Hilbert space #. Problem
(1) is known as the Monotone Inclusion Problem (MIP).

An example of such reduction in convex optimization is obtained via the subdif-
ferential Of of the convex function f : H —] — oco,0¢], since when certain conditions are
met, the problem

min f(z
zeH ()

is equivalent to (1), where T is the subdifferential of f. When f is a proper, convex, and
closed function, the subdifferential constitutes an example of a maximal monotone op-
erator; and it is a fundamental tool in the analysis of non-differentiable convex functions.
This relation makes a connection between these two seemingly unrelated fields.

The inclusion problem (1) is an important problem in the theory of monotone
operators. It turns out that this problem can be related to one of finding a fixed point
of certain associated non-expansive operator called the resolvent which is denoted
by Jr. Moreover, since the set of zeros of the operator yT with y > 0 is equal to the
set of fixed points of the operator JYT, a zero of T can be approximated iteratively by
suitable resolvent iterations. Such algorithms are known as proximal-point algorithms.
They consider iterations of the form

ZKt 2 JYTzk.
The proximal-point algorithm in the context of maximal monotone operators can be
traced back to (ROCKAFELLAR, 1976).

When considering an extension of this problem to the one of finding the zeros of

a sum of two monotone operators, that is

0e T1Z+ T2Z, (2)

instead of using the resolvent of the operator T1 + T», a widely applicable alternative
is to devise an operator splitting algorithm. In this case, the approach is to employ the
operators Ty and T» in separate steps, so instead of considering the resolvent of the
sum, it is considered the resolvent of each operator separately, which it is assumed to
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be “available”. With this approach, several iterative algorithms have been proposed. The
three most popular classes of operator splitting algorithms are the Douglas/Peaceman-
Rachford class, the forward-backward class, and the double-backward class. Indeed,
many algorithms in convex optimization and monotone inclusions are, in fact, appli-
cations of one of these underlying techniques to a reduced monotone inclusion in an
appropriately defined product space.

These three operator splitting techniques are, in turn, a special case of the
Krasnoselskii-Mann (KM) iteration for finding a fixed point of a nonexpansive operator
(KRASNOSELSKII, 1955; MANN, 1953).

Splitting algorithms have been studied since 1970, where the case n = 2 pre-
dominates. Even when considering the sum of n > 2 operators, many of the existing
algorithms reduce it to the case of the sum of two operators, by posing the problem in
the product space #".

A different class of operator splitting algorithms was introduced in (ECKSTEIN;
SVAITER, 2007), the projective splitting class. This class has a different convergence
mechanism based on projection onto separating sets and, in general, does not reduce
to the KM iteration. The proposed scheme shows a relation between the solutions to the
inclusion problem and the problem of finding a point belonging to a certain “extended
solution set.”

In each iteration, the operation applied to each operator T{ and T», was a resol-
vent operation, which consists of evaluating the resolvent operator (/ + pT,-)‘1 for some
p > 0. This is known as a “backward step.” The proximal parameter p is allowed to vary
from iteration to iteration, and even from operator to operator.

This method was generalized later to the case n > 2 of (2) in (ECKSTEIN;
SVAITER, 2009), that is, it was considered the problem

0cTiz+Toz+---+ Tpz, (3)

where an error criterion in the evaluation of resolvent was included. In those formulations
was applied the resolvent to each operator T; separately, obtaining in this way a splitting
algorithm. As explained in (JOHNSTONE; ECKSTEIN, 2020) the root ideas of the
projective splitting scheme can be found in the references (IUSEM; SVAITER, 1997),
(SOLODOV; SVAITER, 1999b) and (SOLODOV; SVAITER, 1999c).

Projective splitting algorithms work by performing separate calculations on each
individual operator to construct a separating hyperplane between the current iterate
and the problem’s Kuhn—Tucker set S (essentially the set of primal and dual solutions),
and then projecting onto this hyperplane. In each iteration k;, it is constructed an affine
“separator” function ¢y for which ¢, (p) < 0 for every p € S. The next iterate pk+1
is then obtained by projecting the current iterate pk onto the half-space defined by
vk(p) < 0, possibly with some over-relaxation or under-relaxation. The crucial part of
the projective splitting scheme is how ¢ is obtained, its calculation relies on getting
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points in the graph of each operator. Since some calculations are performed on each
operator T; separately, the procedures are indeed operator splitting algorithms.

Convergence in this algorithm is achieved via a “sufficient separation” condition.
Since it may be that the separator ¢, might separate the current iterate pk from the S
in a shallow way or even in a way that does not separate at all.

Projective splitting methods were generalized to cover compositions of maximal
monotone operators with bounded linear maps in (ALOTAIBI; COMBETTES; SHAHZAD,
2014), that is, problems of the form

0c Az+ L*BLz.

In prior projective splitting algorithms, the only operation performed on the in-
dividual operators T; is a proximal step or a backward step. Resolvent operations
remained the only way to process individual operators. The algorithm in (JOHNSTONE;
ECKSTEIN, 2020) was the first to construct projective splitting separators by applying
calculations other than resolvent steps to the operators T;. This paper considers the
inclusion problem

n
0€> GiTiGiz, (4)
i=1
where a subset of the operators {T4, ..., Tp} is Lipschitz continuous and G; : Ho — H,
is a bounded linear operator foreach i=1,...,n.

In the context of convex optimization, problem (4) under appropriate constraint
qualification is equivalent to the minimization problem

n

min f(G;2),
mp, > (Gi2)

where the functions f; are convex and some of them are also differentiable with Lipschitz-
continuous gradients, and the G; are linear and bounded operators in an appropriate
Hilbert space. Minimization problems like this arise in a host of applications such as
machine learning, signal and image processing, inverse problems, and computer vision,
some examples can be found in (BOYD et al., 2011; COMBETTES; PESQUET, 2009;
COMBETTES; WAJS, 2005).

When considering problem (4) under the projective splitting scheme, it was de-
veloped a procedure that could instead use two “forward” (explicit or gradient) steps
for operators T; that are Lipschitz continuous equivalent to applying /—pT;, which are
computationally easier than backward steps. Each step size must be bounded by the
inverse of the Lipschitz constant of T;. The algorithm developed in (JOHNSTONE; ECK-
STEIN, 2020) also presented a block-iterative operation, meaning that only a subset of
the operators making up the problem need to be considered at each iteration.
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As mentioned, the projective splitting scheme exploited the presence of Lipschitz
continuous operators to perform two forward steps on them. This result raised the
question: can projective splitting further exploit the presence of cocoercive operators?

The answer to this question is “yes”, and it is developed in (JOHNSTONE; ECK-
STEIN, 2021). This paper considers the problem

n
0€) Gj(Ai+B)Giz (5)

i=1

where A; and B; are maximal monotone for i =1,...,n, each B;is L,-‘1 —cocoercive, and
Gj : Ho — H;is linear and bounded. Problem (5) could be derived from the optimization

problem
n

min » (fi(G;2) + hj(Gjz)),
zeH,y 1
where the functions f; : ‘H; —]—o00,00] and h; : H; —] — oo, ] are closed, proper
and convex and every h; is also differentiable with L;-Lipschitz continuous gradients.
Taking A; as the subdifferential of f;, B; as the gradient of h;, and under some constraint
qualification conditions, this optimization problem is equivalent to (5).

Just as in (JOHNSTONE; ECKSTEIN, 2020), the presence of cocoercive oper-
ators was exploited to obtain a projective splitting algorithm that performs one forward
step while processing each cocoercive operator. Hence, the algorithm presented in
(JOHNSTONE; ECKSTEIN, 2021) requires one forward step on B;, and one resolvent
for A; at each iteration.

Cocoercivity is in general a stronger property than Lipschitz continuity. However,
in the case B; = Vh; above, the Baillon-Haddad theorem (BAILLON; HADDAD, 1977)
establishes that Vh; is L;-Lipschitz continuous if and only if it is L,-‘1 —cocoercive, so the
two properties are equivalent.

This algorithm has a different mechanism of convergence than that in (ECK-
STEIN; SVAITER, 2009). Instead of having a condition of sufficient separation, the
convergence is obtained via an “ascent lemma” that relates the values gok(pk) and
VK1 (pk‘1) in such a way that overall convergence may still be proved.

STRUCTURE OF THIS WORK

This work is based mainly on the papers (ECKSTEIN; SVAITER, 2009) and
(JOHNSTONE; ECKSTEIN, 2021).

Chapter 2 introduces all necessary background, notations, definitions, and re-
sults that will be necessary for the work developed in the following chapters. An impor-
tant result is that contained in Theorem 2.3, together with Lemma 2.2, since they give
the tools to prove the convergence of the algorithms presented in this work.
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Chapter 3 is based on (ECKSTEIN; SVAITER, 2009), it begins with a generic
linear separator-projection method in Algorithm 1 for finding a point in a closed and
convex set that produces a Fejér monotone sequence. Then we show how to frame
the inclusion problem (3) into this generic method. Proposition 3.4 shows a condition
of “sufficient separation” to guarantee weak convergence for the generated sequence.
Algorithm 3 gathers the analysis previously presented, together with a relative error
criterion. Finally, Theorem 3.1 shows that the resulting algorithm produces a weakly
convergent sequence.

Chapter 4 is based on (JOHNSTONE; ECKSTEIN, 2021), it deals with the inclu-
sion problem (5). As in the previous chapter, it begins framing the inclusion problem into
the generic linear separator-projection method. Then it is presented how to exploit the
presence of cocoercive operators to perform one forward step for those operators. The
convergence analysis diverges from that in Chapter 3, it relies on an “ascent” lemma
(Lemma 4.13) regarding the separators generated by the algorithm. Finally, Theorem
4.1 condenses the convergence results obtained for Algorithm 4.
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2 PRELIMINARIES

This chapter contains a small portion of the theory of maximal monotone oper-
ators, projections, and convex optimization. We aim to establish all needed concepts
and results on which the development of Chapters 3 and 4 relies. Moreover, this also
serves to settle the notation that will be used. The main reference for the content of this
chapter is (BAUSCHKE; COMBETTES, 2017), unless otherwise specified.

Let H be a real Hilbert space with inner product (-, -), the associated norm is
denoted as || - ||, where ||x|| = \/(x, x), and the associated distance d is defined as
d(x.,y) = ||x—y/||- The distance from a point x to a set C is denoted by ds(x). Throughout
this chapter, K is a real Hilbert space. We denote the Hilbert direct sum of the two Hilbert
spaces H and K as ‘H & K. Given subsets C, D of ‘H we define

CtD={x+y|xeC,yeD}.

In particular for z € H we have
Ctz=C+t{z}andzL+ C={z} £ C.
For A € R we define
AC ={Ax | x € C}.
More generally, given a non-empty subset A of R we define
AC=]JAcC.
AeA

In particular, we say that a subset Cis a cone if C = R, C, where R,y ={A e R| A > 0}.
The conical hull of C is the intersection of all the cones in H containing C, i.e., the
smallest cone in H containing C. It is denoted by cone C, and we have that

coneC=R,,;C.

The intersection of all the linear subspaces of H containing C, i.e., the smallest linear
subspace of H containing C, is called the span of C and is denoted by span C; its
closure is the smallest closed linear subspace of # containing C and it is denoted by
spanC. The interior of a set is denoted by int C. Now we introduce the fundamental
notion of the convexity of a set.

Definition 2.1. A subset C of H is convex if for all a € [0,1] we have C=aC + (1 —a)C
or, equivalently
ax+(1-a)ye C,vx,y € C.

With these definitions stated, we now define several weaker notions of interiority
for convex sets.
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Definition 2.2. Let C C H be convex. The core of C is
coreC={x e C| cone(C—x)=H};
the strong relative interior of C is
sriC ={x € C| cone(C—x) =span(C - x)};
the relative interior of C is
rC={x e C| cone(C-x)=span(C — x)}
We have the inclusions
intCccoreCcsriCcriCcC.

The following example makes a distinction between the concepts of core and strong
relative interior of a set.

Example 2.1. Let C be a proper closed linear subspace of . Then core C = () and
sriC = C.

The orthogonal complement of a subset C C 7, denoted by C is
Ct={ueH|(x,u)=0,Vxe C}. (6)

The orthogonal complement is always a closed subspace of #.

Now that we have established some notions relative to subsets oh Hilbert space,
we focus our attention on an important class of extended real-valued functions. We
begin with some definitions before introducing them. Let f : H — [-o0, oc], the domain
of fis

domf ={x € H | f(x) < oo}

The function f is proper if —co ¢ f(H) and dom f # (). The function f is convex if
flax +(1=a)y) < af(x) + (1 —a)f(y), Va € [0,1]and V x,y € H.

A function f : H — [-o0, o] is said to be (sequentially) lower semicontinuous (or closed)
if, for every sequence (xk)keN we have

xK = x = f(x) < liminf f(x¥).

k—o0
The set of proper lower semicontinuous convex functions from H to ]—oo, oc] is denoted
by I'o(H).

Definition 2.3. Let f : H —]—o00, oc] be a proper function. The subdifferential of f is the
set-valued operator

Of T H=H:x—={ueH|(y—x,u)+f(x) <f(y) Vy € H}.
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We say that f is subdifferentiable at x € H if 0f(x) # (. In the case of f being
differentiable a x we obtain that 0f(x) = {Vf(x)}.

Definition 2.4. Let f € Io(H), lety > 0. Then Prox, is the unique point that satisfies

1
Prox, ¢(x) = argmin (f(y) + —|]x—y||2> )
Y yeH 2y

The operator Prox,s : H — H is the proximal operator of yf. This operator is
related to an important concept that will be explored in Section 2.3.

2.1 OPERATORS

Definition 2.5. A set-valued operator denoted by T : H = K maps every point x € ‘H
to aset Tx C K. Then T is characterized by its graph

graT ={(x,u) e Hx K| ue Tx}.

The domain and the range of T are
domT={xecH|Tx#0},and ranT ={y € K | y € Tx for some x € H},
respectively. The inverse of T, denoted by T, is defined through its graph
gra(T‘1) ={(ux) e K xH|(x,u) egraT}.

The set of zeros of T is

zerT=T10)={xeH|0e Tx.
We say that the operator T is affine if

TAx+(1=A)y)=ATx+(1=A)Ty Vx,y € H, VA € R.

If A:H = K and B : H = K are set-valued operators, then for A € R the set-valued
operator A + AB has the graph

gra(A+AB) ={(x,u+Av) | u € Ax, v € Bx}.

If an operator T : H = H with a non-empty domain is such that Tx is a singleton
for all x € dom T, then we say that T is at most single-valued, and we instead write
T:domT — H.

An important class of single-valued operators is the set of linear operators be-
tween the Hilbert spaces H and K. The set of linear and bounded (continuous) oper-
ators T : H — K is denoted by B(H, K). In particular, the identity operator is denoted
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by I. When K = R those operators are called functionals. The kernel of an operator
T € B(H, K), denoted by ker T is the closed subspace ker T = {x € H | Tx = 0}.

Let L € B(H, K), then the adjoint of L is the unique operator L* € B(K, H) that
satisfies

(Lx,y) = (x, L*y).

The following example computes the adjoint of an operator that will be important in the
following chapters.

Example 2.2. Let 7{; be a real Hilbert space for i = 0,...,n. Let L; € B(Hq,H,) for
i=1,...,n.Define T :Hyg— Hqyx---xHnp:X— (LyX,...,Lpx). Then T*(yq,...,yn) =
> LY

Proof. Take x € Hg, then

<TX:(y1""!yn)> = <(L1X,...,LnX),(y1,...,yn)>

n n
Z (Lix, i) Z x, Ljyi)
i=1 i=1
= (X, Z Liyi)
i=1

=X, T*(V1,---»¥n))-

]

The following example computes the orthogonal complement of a linear sub-
space that we will appear later.

Example 2.3. Let L € B(H,K). SetG =H ® K and V = {(x,y) € G | Lx = y}. Then
VE={(zw) e G| z=-L*w}.

Proof. Let (z,w) € G. According to the definition of the orthogonal complement in (6),
(z,w) € VX ifforall (x,y) € V we have

((x.y), (z,w))
(x,z) + (Lx,w) =
(x,2) + (x,L*w) =
)

Hence, (z,w) € V+ must satisfy z + L*w = 0. O

The following propositions contain useful and interesting properties about a
bounded linear operator and its adjoint.
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Proposition 2.1. Let KC a Hilbert space, let T € B(H,K), and letker T = {x € H | Tx = 0}.
Then the following hold:

1. T"*=T.

2. (ker T)+ =ranT*.

3. (ran T)* = ker T*.

4. kerT*T = kerT andranTT* = ranT.

Proposition 2.2. Let K be a real Hilbert space and let T € B(H,K). Thenran T is
closed < ran T* is closed < ran TT* is closed < ran T*T is closed.

2.2 WEAK CONVERGENCE AND FEJER MONOTONE SEQUENCES

Given that we have defined a distance d in the Hilbert space H, we say that
a sequence (x¥),cn in H converges strongly to point x if | xX — x| — 0; in symbols,
k s x. In addition to strong convergence, the weak convergence of sequences can
be introduced. Before formally defining it, we recall some concepts.

Let u € H\{0} and n € R. A closed hyperplane in H is a set of the form

X

xet|xu=n}

Moreover, a closed half-space with outer normal u is a set of the form
{xeH|{x,u)<n}

and an open half-space with outer normal u is a set of the form
{x e H|(x,u) <n}.

A sequence (xk)keN converges weakly to x € H if for every u € ‘H we have
(xk, u) — (x, u).

We denote this weak convergence by xk — x. Geometrically this means that the

distance between the sequence (xk)keN and any closed hyperplane containing x con-

verges to zero. We say that an operator T : D ¢ H — K is weakly continuous if for

every sequence (xX),cy such that X< — x € D we have TxK — Tx. The following

lemmas establish some conditions regarding the weak convergence of sequences.

Lemma 2.1. Let (xk Jken be a bounded sequence in H. Then (xk )keN POSSesses a
weakly convergent subsequence.

Lemma 2.2 (Opial). Let (x¥ Jken be a sequence in H and let C be a nonempty subset
of H. Suppose that, for every x € C, (||x* — x||)ken converges and that every weak
sequential cluster point of (xk Jken belongs to C. Then (xk )keN converges weakly to a
point in C.
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Now we define Fejér monotone sequences. We will see that the algorithms
presented in the following chapters generate Fejér sequences. Their convergence relies
heavily upon Lemma 2.2, as we shall see.

Definition 2.6. Let S be a nonempty closed and convex set in a real Hilbert space ‘H
with norm || - ||. A sequence (xk)kzo of points in H is said to be Fejér monotone with
respect to S if

Ix¥1— x| < |x¥=x]||, vx € S, Vk > 0.

In words, each point in the sequence is not further from any point in S than its
predecessor. Basic properties of these sequences are stated in the following proposi-
tion.

Proposition 2.3. Let (xk )k>0 @ Fejer monotone sequence with respect to S, then the
following hold:
1. The sequence (x¥)x=q is bounded.

2. Forall x € S the sequence (|| x* — x||) k>0 converges.
3. The sequence (ds(x¥))k=q is nonincreasing.
In general, Fejér monotone sequences do not converge, not even weakly. How-
ever, by Proposition 2.3(1) and Lemma 2.1, the set of weak limit points of a Fejér
monotone sequence is non-empty. Additionally, from Proposition 2.3(2) and Lemma

2.2, we conclude that it is sufficient for the weak convergence of the Fejér monotone
sequence (xk)kzo that their weak limit points belong to S.

2.3 MAXIMAL MONOTONE OPERATORS AND THE RESOLVENT
A set-valued operator T : H = H is monotone if
(Uu—v,x—y)>0Vue TxandVv e Ty.

Example 2.4. The following are examples of monotone operators.
1. Let A: H = H and B : K = K be monotone operators, let L € B(H, K) and let
y > 0. Then the operators A YA and A + L*BL are monotone.

2. Let f: H —]— o0, <] proper, then df is monotone.
Definition 2.7. The monotone operator T is called maximal monotone (or maximally

monotone) if its graph is not contained properly in the graph of any other monotone
operator S: H = H.

For every monotone operator there exists a maximally monotone extension con-
taining its graph.
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Example 2.5. The following are examples of maximal monotone operators.
1. Let A: H = H and B : K = K be maximal monotone operators. Then A~ and
the operator T: HO K = H @& K : (x,y) — Ax x By are maximal monotone.

2. Let f € Ih(#H), then Of is maximal monotone.
3. Let A:H — H be monotone and continuous. Then A is maximal monotone.

4. Let A € B(H) be such that A* = —A. Then A is maximal monotone.
One important property of maximal monotone operators is the following:

Proposition 2.4. Let T : H = H maximal monotone, and let x € ‘H. Then Tx is closed
and convex.

A notable consequence of this proposition is that for a maximal monotone oper-
ator T we have that the set
zer T =T1(0)

is closed and convex, since as seen in Example 2.5(1) the operator T~ is maximal
monotone as well.

Notice that as seen in Example 2.4(1) by taking L = /, the sum of two mono-
tone operators is monotone. However, it remains the question of whether this sum is
additionally maximal. It turns out that some algebraic conditions are needed to ensure
this.

Proposition 2.5. Let A: H = H and B : K = K maximal monotone, let L € B(H, K),
and suppose that

cone(dom B — L(dom A)) = span(dom B — L(dom A)). (7)
Then A + L*BL is maximal monotone. In the case of L = I, condition in (7) reduces to
cone(dom B—dom A) = span(dom B—dom A), (8)
from where A + B is maximal monotone.

The following proposition, which a proof is found in (BRICENO-ARIAS; COM-
BETTES, 2011) shows an example of a maximal monotone operator constructed via
the operations in Example 2.5.

Proposition 2.6. Let A:'H = H and B : K = K be maximal monotone operators. Let
L :H — K alinear bounded operator. Define on G = H & K the operators

M:G=G:(x,v)— Axx B 'vandS:G — G:(x,v) — (L'v,- Lx).

Then the following hold:
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1. M is maximal monotone;
2. Sc B(G) and §* =-8;

3. M + S is maximal monotone.
Proof. 1. Follows from the definition of M and Example 2.5(1).
2. Clearly Sis linear and
(S(x.V),(y,w)) = ((L"v, = Lx),(y,w)) = (L"v.y) + (-Lx,w)
= (v.Ly) + (x, - L'w) = ((x,v),(-L"w,Ly))
= ((x,v), = S(y,w)),

that is, S* = —S. Additionally, we have

1S(x,V)||? = [[(L¥v, = Lx)||? = |L*v|? + || Lx]||?
< LIV + [Ix]%)

= |ILJI2(x,v)||.

Thus, S € B(G).

3. From item 4 of Example 2.5 it follows that S is maximal monotone. In addition,
since dom S = G we conclude from Proposition 2.5 that the sum M + S is maximal
monotone.

0

The importance of this proposition is that since M + S is maximal monotone we
can conclude following Proposition 2.4 that zer(M + S) is closed and convex. We will
express a certain important set as the zeros of an operator of the form M + S.

In (MINTY, 1962) we see an important characterization of a maximal monotone
operator.

Theorem 2.1 (Minty’s Theorem). Let T : H = H be monotone. Then T is maximally
monotone if and only ifran(l+ T) = H.

An implication of this Theorem is that for a maximal monotone operator T and
for z € H there is a unique (x,y) € gra(T) such that

x+y=z=ze(l+Tx=xe(+T) 'z

Therefore, we can define the resolvent, proximal mapping, or proximal operator of T,
denoted by J as
Jr=(+T)",
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Notice that if p > 0, then the resolvent of p T satisfies
x=JpT(t)<:>x+pu=tandue Tx, (9)

with the x and u satisfying this relation being unique. In view of Minty’s Theorem, the
proximal mapping (of a maximal monotone operator) is a function whose domain is the
whole underlying Hilbert space.

As we saw in Example 2.5(2) the subdifferential of a function f € I'y(#) is maximal
monotone, and accordingly its resolvent is well defined. It is interesting that in addition
to this we have the following relation

Jos = (I +0f)™" = Prox;.

2.4 PROJECTIONS

This section defines projections over closed and convex subsets. More specifi-
cally, it deals with projections over affine subspaces. We begin with the concept of best
approximation. Let C be a nonempty subset of H, let x € H,andletp e C. Thenpis a
best approximation to x from C (or a projection of x onto C) if || x — p|| = d(x). In other
words,

Ix=pl <llx=qllVageC.

As it is, the best approximation to x from C could not even exist, or it could be more
than two approximations. The following theorem gives conditions over C to ensure
a well-defined projection. Additionally, it provides a characterization of the projection

mapping.

Theorem 2.2 (Projection Theorem). Let C be a nonempty closed convex subset of H.
Then for every x € H and every p in H,

p=PcxepeCand(y—px—-p)<0,VyeC. (10)

Therefore, closed and convex sets allow us to define a projection operator with
no ambiguity. In this case, the projector onto C is the operator, denoted by P, that
maps every point in H to its unique projection onto C. The projector P is an example
of a maximal monotone operator.

The following example details the projection over a hyperplane.

Example 2.6. Suppose that u € H\{0}, letn € R, and set C = {x € H | (x,u) = n}.
Thenfor x ¢ H

n—(x,u)
PC(X)=X+WU. (11)
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Proof. To prove it, we apply (10) in Theorem 2.2. Set

RG] x.u) u.

p:
lull

Then
(p,u) = <x + WU,U>

U2
_ L (N xu)
- tcai+ u]? ) o

=I’],

that is, p € C. Next, take arbitrary y,z € C and compute

(y—2zx-p) = <y—z,X—X— (%) u>

\uuz 2) Wy - (2)

SrE
O( ) -

Therefore, Pox = p. O

In what follows, we will focus on projections over linear subspaces. We begin
with some general properties.

Proposition 2.7. Let V be a closed linear subspace of H and let x € H. Then the
following hold:
1. Letp € H, then p = Pyx ifand only if (p,x —p) € V x V-,

2. Py € BH), ||Py| =1if V #{0}, and |Py|| = 0 if V = {0}.
3. Py.=1-Py.

Now we study the projection over the range of an operator T € B(H, K). We say
that x is a least square solution to the problem Tz = y if

[ Tx =yl = min || Tu—y||.
ueH

Notice that the right-hand side is the best approximation problem over the set ran T,
which is convex. Furthermore, it is a linear subspace. Provided that ran T is closed we
have according to Theorem 2.2 that the projection over ran T is well-defined and for

XEH
[Tx=yl <|[Tu-y||VueH

<|Ir-y||VYreranT,
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that is,
Ix=Panrty. (12)

Additionally, since ran T is a linear subspace we deduce from Proposition 2.7(1) that
y—Tx € (ran T)*, hence

(viy=Tx) =0 VveranT
(Tu,y—Tx) =0 YueH
(U, T"(y=Tx)) =0

which yields that T*y = T*Tx. Hence, we had proven that the set of least square
solutions is
{xeH|T'y=T"Tx}.

If T € B(H,K) is such that T*T is invertible, we have as unique solution of the least
square problem: x = (T* T)‘1 T*y. Furthermore, we conclude by (12) that

PanTy = Tx = T(T*T)7 ' T*y. (13)

With this in mind, we will obtain the projection over two important subspaces. The first
one is a direct consequence of (13).

Proposition 2.8. Let L € B(H,H") definedby L : z — (z, ..., Zz), then

1 (< L
PranL(W1,---aWn)=F,<ZWI,---,ZW,’>
i=1 i=1

Proof. Notice that the operator L is an instance of Example 2.2, with G; = [/ for i =
1...,n. Hence L*(wy,...,wp) = 311 w;, from which we easily obtain L*L = nl. From
(13), it follows that

]
=
™~
*
~
~—
N
~
*

X
S

Pran1(w1, ..., wn)

The second subspace is a little more elaborated.

Proposition 2.9. Let L € B(#H,K). SetG=H & K and V ={(x,y) € G| Lx = y}. Then,
for every (x,y) € G, the following hold:

Py(x.y) = (x—=L*(I+ LL*Y Y(Lx = y), y + (I + LL*Y N (Lx — ). (14)



Chapter 2. Preliminaries 27

Proof. Define T : G — K : (z,w) — Lz—w. Hence, V = ker T and its orthogonal

complement is given by
Vi ={(zw)eG|z=-L W} (15)

Notice that
(T(z,w),v) = (Lz—w,V) = ((z,w),(L*v,-V)),

that is, T*(v) = (L*v,— v) so we obtain that
TT*v=T(L*v,—v)=LL*v+v=TT* =[]+ LL".

This implies that TT* is invertible and ran TT* = K, which is closed and therefore by
Proposition 2.2, ran T* is closed as well.

To relate the projection over V to the projection over a range of a linear bounded
operator we first notice that since V = ker T is a linear subspace we have from Proposi-
tion 2.7(3) that Py = /— Py, and by Proposition 2.1 V+ =ranT*.

Since ran T* is closed we can write V- = ran T*, and from TT* being invertible
we can use (13) and the fact that T** = T to compute P, 7+ as follows

Pran 7+ (X.y) = THTT*) 7 T(x.y)
- T ((/ + LIy (Lx—y))
= (L*(1+ LL*Y Y(Lx = y), (I + LL*) (Lx — y)).

Therefore,

Pxer T(X,¥) = [ = Prgn 7-(X,y)
= (xy) = (L (1+ LLY Y Lx = y), (1 + LL) N (Lx = y))
= (x=L*(1+ LL)Y N (Lx—y),y + (1 + LLY N (Lx - y)).

0
We derive from (14) one more expression for the projector P\, and one for Py,. .

Proposition 2.10. Let L € B(H,K) and define V ={(z,w) € H® K| Lz = w}, then
1. Py(x,y) = (I + L*Ly "V (x + L*y), L(I + L*L)~"(x + L*y))

2. Pyo(xy) = (L(1+ LL*Y N (Lx — y), (1 + LL*)" (Lx = y)).
Proof. The proof is based on showing that x — L*(/ + LL*)™V (Lx—y)— (I + L*L)~ 1 (x + L*y)

is on the kernel of I + L*L for all (x,y) € H @ K, and since [ + LL* is invertible this yields
the desired equality x — L*(/ + LL*)T (Lx—y)=(I+ LUV (x + L*y). The same argument
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is applied to the second entry. For the first entry we have

(1 + L*L) (x— L5+ LU (Lx = y) — (1 + L1y~ (x + L*y))

X+ L Lx — (L1 + LU (Lx = y) + LU+ LU (Lx = y)) = x — L*y
L*(Lx — y) = L*(1 + LL*)(1 + LL*Y"" (Lx = y)

L*(Lx =y —(Lx—y))

)

Since / + LL* is invertible, this means that
x—L*(1+ LI Y (Ix —y) = (1 + L*L) (x + L*y), ¥ (x,y) € H® K.
With the same procedure for the second entry we have

(I+ LL*)(y + 1+ LU N (x = y) = L1+ L L) (x + L*y)>

y+ LUy + (Lx—y) - L(l+ LU~ (x + L*y) + LL*L(I+ L)~ (x + L*y)
L(x + L*y) = L+ L*L)~" (x + L*y) LLAL(1+ LUV (x + L*y)

(L(1+ LL*) = L= LL*L)(1 + L*L)~" (x + L*y)

L(I+ LL* — [ = LL¥)(I + L*L)(x + L*y)

0.

Thus,
y+(l+ LY Y Ix—y) = LU+ LY " (x + L*y) V (x,y) e H D K.

Therefore
Py(x,y) = (x=L*(1+ LL*) N (Lx = y), y + (I + LL*) N (Lx = y))
= ((1+ L0 (x+ Lry), L1+ L LV (x + LFy))

The second item follows readily from the identity Py, = /= Py.
0

The following theorem introduced in (BAUSCHKE, 2009) will be handy later in
proving the weak convergence of the generated sequences of the projective splitting
algorithms.

Theorem 2.3. Let T : H = H be maximal monotone, and let V be a closed linear
subspace of H. Let (x¥, uX)cn a sequence ingra T such that (xX, uK) — (x,u) € Hx .
Suppose that
xk - vak — 0 and P\/uk — 0,
where P\, denotes the projector onto V.. Then
(x,u) € (V x VE)ngra T, and (xX, u¥) = (x,u) = 0.

The proof is made using a firmly non-expansive operator related to the resolvent
of T and the projection mapping P.. A different proof based on the Spingarn’s partial-
inverse can be found in (ALVES, 2020).



Chapter 2. Preliminaries 29

2.5 COCOERCIVE OPERATORS

In this section, we define an important class of operators, namely, firmly non-
expansive operators. From these, we obtain the class of cocoercive operators, they will
be important in Chapter 4.

Definition 2.8. Let D C #H nonempty, and let T : D — H. Then T is firmly non-
expansive if V x,y € H

I Tx=Ty|2 +||(I- T)x= (1= T)y|> < |x-yl>. (16)

It follows from (16) that every firmly non-expansive operator is also nonexpansive,
that is,
[Tx =Tyl <lix=yl,VXxy e H, (17)

in other words, T is Lipschitz continuous with constant 1. It is easy to see that (16) is
equivalent to
(X—y, Tx=Ty) > || Tx=Ty||2 V x,y € H. (18)

A particular example of a firmly non-expansive operator is

Definition 2.9. Let D ¢ # nonempty, andlet T : D — #, and let 8 > 0. Then T is
pB—cocoercive (or f—inverse strongly monotone), if T is firmly non-expansive, that is,

(x—y, Tx=Ty) > B|ITx=Ty||2, V x,y € H. (19)

Notice that (19) follows from (18) applied to ST. It turns out that f—cocoercive
operators have a desirable property as states the following

Proposition 2.11. Let T : H — H be f—cocoercive, then T is maximal monotone.

Proof. From (19) we deduce that the operator T is monotone. Additionally, since eve-
ry firmly non-expansive operator is also non-expansive and therefore continuous, we
conclude that a f—cocoercive operator is continuous and hence maximal by Example
2.5(3). O

The following proposition shows us that the sum of compositions of linear opera-
tors and cocoercive operators is a cocoercive operator.

Proposition 2.12. Let K; be a real Hilbert space fori = 1,...,n. Suppose that L; €
B(H,KCj))\{0} fori=1,...,n, letB; € Ryy, andlet T; : K; — K; be Bj—cocoercive. Set
n 1
T=) LiTiLj and f=———.
- n Ll
i=1 Z/=1
Bi

Then T is B—cocoercive.
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We finish this section with two examples of firmly non-expansive operators.

Example 2.7. The following are examples of firmly non-expansive operators
1. The resolvent of a maximal monotone operator.

2. The projector P; where C is nonempty closed convex subset of #.

2.6 THE MINIMIZATION AND INCLUSION PROBLEMS

In this section, we will show how the problem of minimizing a convex function is
related to the problem of finding zeros of a maximal monotone operator.

Proposition 2.13. Let f : H —]— oo, oo] proper. Then
Argmin f = zer Of. (20)
Now consider a problem of the form

inf L
min 1(2) + g(L2)

where f € Ih(H), g € IH(K) and L € B(H, K). To apply (20) we have to compute the
subdifferential o(f + g o L). When certain conditions are met, we can compute this
subdifferential in terms of the subdifferentials of the convex functions f and g. These
conditions are called constraint qualification conditions. The following theorem shows
one of such conditions.

Theorem 2.4. Letf e [4(H), let g € I((K), let L € B(#H, K). Suppose that
0 € sri(dom g — L(dom f)), (21)
theno(f +go L) =0f + L* c0g o L.

The condition in Theorem 2.4 could be a consequence of the following:
1. domg—L(domf) is a closed linear subspace.
2. 0 € core(dom g— L(dom f)).
3. 0 € int(dom g— L(dom f)).

4. domgn L(domf) # () or L(dom f) Nintdom g # (.
Notice that when f = 0 in Theorem 2.4, condition (21) reduces to

0 € srildomg—ran L),
yielding 9(go L) = L* o 0g o L.

Corollary 2.5. Let f and g functions in ['4(H) such that one of the following holds:
1. 0 € sri(dom f—dom g).
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2. domfnintdomg # 0.
3. domg="H.
4. H is finite-dimensional and ridom f Nnridom g # ().
Then O(f + g) = Of + 0g.
Due to the relation in (20) when considering the problem
n
min fi(2), fi € [H(H),

zZeH i1

we ask under what conditions 9 (}-7.4 ;) = >_/L4 8f;. Some conditions are established
in the following corollary of Theorem 2.4.

Corollary 2.6. Let n be an integer such thatn > 2, set = {1, ..., n}, and let (f;)jc; be
functions in I'y(H) such that one of the following holds:
1. We have
n i—1
0 ()]st | domfj—()domf; | .
i=2 j=1
2. Foreveryic{2,...,n}domf— mj’:j dom f; is a closed linear subspace.
3. The sets (domf;);c; are linear subspaces and, for every i € {2,...,n}, domf; +

Nz} dom f; is closed.
4. dom f, N NH intdom f; # 0.
5. H is finite-dimensional and (", ridom f; # 0.
Then 0 (Y1Ly f;) = Y1Lq Of;.

The following example shows an application of these results.

Example 2.8. Consider the minimization problem
2
min (fo Gj + hj o Gj)(2). (22)

ZERPH £ 1

where the functions f;,hy : RY — R, f,h, : RP*1 5 R are defined as follows

f(®) =t h(t) =0, 1
fov.B) = lill1, ha(v.B) = 5 1IBe + Hyll3,

e € R9 has all elements equal to 1, and the linear operators Gy and G, are

G1=[H|0], and G» = |,
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where Gy € RI*(P+1) with H € RI*P and G, is the (p + 1) x (p + 1) identity matrix.
Hence, problem (22) reduces to

min [f1 o Gy + (fo + ho)](2).
zcRpH

More specifically

. 1 2
min ||H —||Be + Hy||5.
YERP IHyll4 + lylls + 2||/3 + Hyl3

BeR
Notice that the function hs is Lipschitz differentiable. Condition in Theorem 2.4 is

0 € sri(dom f; — Gy (dom(f> + ho)))
which follows from dom f; = R9. Thus we obtain
8(f1 o G1 + (f2 + gz)) = G}k o 8f1 o G1 + 8(f2 + h2).

Additionally, f, and h, satisfies one of the hypotheses in Corollary 2.5, specifically that
dom h, = RP*!. Thus
8(f2 + gz) = 8f2 + 8h2.

Altogether, we have according to (20) that the minimization problem is equivalent to the
inclusion problem
0 € [G] 0 Of o Gy + Of + Oho](2).

This example is a simplified version of the problem in (JOHNSTONE; ECKSTEIN, 2021,
Sect. 6.3).

Now that we have established a connection between the minimization problem
and the inclusion problem, we explore a little more about the later. Let A: H = H and
B : K = K be maximal monotone operators, and let L € B(#, K). Consider the problem

find z € H suchthat0 € Az+ L*BLz, (23)
together with the dual inclusion
find w € KC such that 0 € —LA™ (-L*w) + B 'w. (24)

Consider now the operators M and S defined in Proposition 2.6 applied to the
operators A, B and L. For the problem

find z € H suchthat0 € Mz + Sz,

denote by Z its set of solutions

oA zer(M + S)

{(z,w) e HoK| -L*we Az and Lz € B 'w}.
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We call it the set of Kuhn - Tucker points associated with problem (23)-(24). We will see
the Kuhn - Tucker set for two inclusion problems in Chapters 3 and 4. Notice that in the
case of L = | we have the primal inclusion

0cAz+ Bz (25)

and the dual inclusion
0 e -A'(-w)+B'w.

Having established a simple form of an inclusion problem, we present two well-known
iterative algorithms to find a solution. These employ the operators in separate steps; this
is what a splitting scheme is. We begin with the Douglas-Rachford splitting algorithm,
which traces back to (DOUGLAS; RACHFORD, 1956).

Theorem 2.7 (Douglas—Rachford algorithm). Let A,B : H = ‘H be maximal mono-
tone operators such that zer(A + B) # 0, let (pk)ken be a sequence in [0, 2] such that
S kenPk(2—pk) = +0o and lety € Ryy. Lety® € H, and set fork = 0,1, ...

Xk = JyByk,
Zk = JYA(2Xk_yk)a
k+1

k)_

<
Il

vk + pr(2K - x

Then there exists y € H such that y* — y, and x = JyBY Is a solution of the primal
problem (25).

The following theorem presents the Forward-Backward algorithm (FB) which
considers the case when one of the operators is cocoercive.

Theorem 2.8 (Forward-Backward algorithm). Let A : ‘H = ‘H be maximal monotone,
let B € Ry, let B : H — H be —cocoercive, lety < 10,20, and set 6 = 2 —y/(20).
Futhermore, let (ok)ken be a sequence in [0, 6] such that . pk(6 —pk) = +oo, and
let xXO € H. Suppose that zer(A + B) # () and set for k = 0,1, . ..

yk = xk—yBxk,

X = XK pi(dpa vk = x5).

Then the following hold:
1. (xk )ken converges weakly to a point in zer(A + B).
2. Letx € zer(A+ B). Then (Bxk )ken converges strongly to the unique dual solution

Bx.

The forward—backward splitting algorithm dates back to (LIONS; MERCIER,
1979).
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3 GENERAL SPLITTING ALGORITHM

In this chapter we consider the general problem of finding a zero of a sum of n
maximal monotone operators, or MIP. The approach is as in (ECKSTEIN; SVAITER,
2009). The organization of the chapter is as follows. Section 3.1 introduces a general
projection-separator algorithm to find a point in a set, that generates a Fejér monotone
sequence. Section 3.2 shows how to frame the inclusion problem so a projection-
separator algorithm can be applied, and it is presented a convergence condition in
Proposition 3.4. Section 3.3 specifies some features of this general framework applied
to the MIP, and presents an algorithm with those features. Finally, Section 3.4 shows
that the algorithm presented in Section 3.3 converges weakly to a solution point in
Theorem 3.1.

3.1 A GENERAL FRAMEWORK FOR A PROJECTION ALGORITHM

Let S be a closed convex set in a real Hilbert space #. The following framework
consider at each iteration k a half-space H, containing the set S, then it performs a
projection Py onto this half-space.

Algorithm 1: Abstract projection algorithm
Data: Start with an arbitrary p® €
1 fork=0,1,2,...do
2 Find a half-space H, such that S C Hj;
3 Compute the projection Pkpk of p¥ onto to the half-space Hy;
4 | Choose p € [0,2] and set pk*1 = pk + p, (P Pk — p¥)
5 end

This framework described in (COMBETTES, 2001) produces a Fejér monotone
sequence with the properties listed in Proposition 2.3. Now we are going to describe
analytically the elements of the general framework in Algorithm 1. To define such half-
space at iteration k, we make use of an affine function ¢, and we denote by P the
projection onto the half-space

Hi = {x € H | pk(x) < 0} = {x € H | (Vipk, x) +1 < O}. (26)
As follows from Example 2.6 we have that
p p € Hy

Pk (p) = vk (p)
p- Vok p & Hy.
IVl

Since ¢x(p) > 0 for p &€ Hj, the definition for the projection is summarized in the
expression

_ . max{0, px(p)}
PHP) =P g 2
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We now restate Algorithm 1 in terms of the affine function ¢, as found in (ECKSTEIN;
SVAITER, 2009), where S is closed convex subset of a Hilbert space U.

Algorithm 2: Abstract projection algorithm

Data: Start with an arbitrary p° € U
1 fork=0,1,2,...do
2 Determine a non-constant differentiable affine function ¢4 : U — R such that
vk(p) <Oforallpe S.

3 Let Ek the projection of pk onto the half-space (26) given by

—« _ «_ max{0, ok (p")}

A A &
4 Choose some relaxation parameter py € (0,2), and set
Pl = o+ py (- p5). (28)
5 end
The last two steps may simply be condensed to
ket _ pk M0, 4 (p") (29)

IVekl2

Note that in the projection computation, it may happen that go(pk) < 0, giving that
p+1 = pk. This might happen if the hyperplane does not separate the current iterate
pk from the set S. Later, we will present a condition to ensure this separation.

Figure 1 presents a rough depiction of the current algorithm iterate pk and the
separator ¢ in the case that <pk(pk) > 0. The hyperplane is the boundary of the half-
space Hy, and it always holds that ¢, (p*) < 0 for every p* € S. When gok(pk) >0 (as
shown), the hyperplane separates the current point pk from the solution set S.

Figure 2 presents a rough depiction of two iterations of this process in the ab-
sence of over-relaxation or under-relaxation. Each iteration k constructs a separator
vk as shown in Figure 1 and then obtains the next iteration by projecting onto the
half-space Hy = {p € U | p(p) < 0}, within which the solution set S is known to lie.
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Figure 1 — Properties of the hyperplane Hy = {p € U | pk(p) = 0} obtained from the
affine function .

wk(p) =0

-
- -
= ="
- -

-

Source: (JOHNSTONE; ECKSTEIN, 2021), modified by the author.

Figure 2 — The basic operation of the method.

vk+1(P) =0

Source: (JOHNSTONE; ECKSTEIN, 2021), modified by the author.

Notice that in (27) we can write Pkpk = ﬁk, and that for p* € S we have P, p* = p*
for all kK > 1. Now, we can use the fact that the projector is a firmly non-expansive
operator to obtain

1Pkp™ = PkpX |12 +1|(1 = Pr)p* — (1= P)pX | < ||p* - p¥ |12
lp* = pX|12 + Ip* - P12 < [Ip* - P12
Ip* =PX|[2 < [lp* = pX|[2 - p¥ - p¥|2.  (30)
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Additionally, since Py is projection we obtain using (10) in Theorem 2.2 that
(p* =P, 0" =) = (p* - P + P =P, 0~ )
= (p" ~ PP’ p = Pp") — (10" = |2
< —|p* - B¥|12.
Using this last inequality and (29), we have for p* € S that

K112 = || p* — pK - pi(BF - 9|12

Ip*—p
= [lo* = PII? + 2px (p" ~ ¥, P = P*) + pIIP* ~ PFIIP
< |lp* = p¥|1Z ~2pkllp* = B|I? + p§ 1P — 0|
= [l = "I = pk(2—pi) 18" — P¥|I2. (31)
The properties of a sequence generated by Algorithm 2 are in the following
Proposition 3.1. Any infinite sequence (pk )k>0 9generated by Algorithm 2 behaves as
follows

1. Forany p* € S, the sequence (||p* — P*(|)k>0 IS nonincreasing, that is, (pk) k>0 IS
Fejér monotone with respect to S.

2. Ifpko e S for some ky > 0, then pk = pko for all k > k.

3. If (pk) k>0 has a strong accumulation point in S, then the whole sequence con-
verges to that point.

4. If S is nonempty, then (p¥ )k>0 is bounded. Moreover, if there exist p, p such that
0<p<px<p<2forallk, then

o0 0
Do IPF=PZ <co, Do IRF=pHE < oo (32)
k=0 k=0

5. The sequence (pk )k>0 has at most one weak accumulation point in S.
Proof. 1. It follows from (31) that the sequence (||p¥ — P*|) k>0 is nonincreasing for
any p* € S, thus (pk)kzo is Fejér monotone with respect to S.

2. If pkO € S for some ky > 0, then gpk(pko) < 0 for all k > ky and from (29) we
conclude that p¥ = pko for all k > k.

3. Follows from the fact of the sequence (||p* — p*||)k>0 being nonincreasing.

4. If S is nonempty we can consider for p* € S the sequence (||p¥ —Pp*[[)k>0- Thus
from item 1 we obtain the boundedness of (pk)kzo. To obtain the convergence of
the first series, notice that from (31) follows the convergence of the series

[e.e]
> pr@=pr)liP*-PF)2.
k=0
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Now, since there exist p,p such that 0 < p < py < p < 2 for all k, we have that
there exist some 8 > 0 such that

lok2-p)I ' <p7.
Hence
= - 1o k _—k2
S ek-pF)2 < 5 > pr=plpf=p? < .
k=0 k=0
To obtain the convergence of the second series we use (28) since we can write

oo oo
>l =P = 3 gl - P,
i=1 i=1

thus using the boundedness of pi and the convergence of the first series yields
the result.

5. Suppose the sequence (pk)kzo has two weak accumulation points p and p/, then
there exist subsequences such that

pkn — pand pfm — p.

Since p and p’ are in S we have by item 1 that the sequences (Hpk —Pll)ken @nd
(lp* = ©/ ) kexy converge. From

200", p-p') = |IP" = P'|2 = |IpX = plI2 = IIpIZ - 1IF|12

follow that ((pk, p—p'))k>0 converges, say, to y. From the weakly convergence of
the two subsequences follows that

(P p=p'y = (p.p—p) = y and (", p—p/) — (P, p—p') = y.
Therefore, ||p—p/||2 = 0, thatis, p = p.

3.2 APPLICATION TO THE INCLUSION PROBLEM

Now we consider the general framework introduced in the last section applied to
the following inclusion problem. Let n > 2 and let T; : H = H, be set-valued maximal
monotone operator for i =1, ..., n. The problem is to find z € H such that

OcTHz+ -+ Tpz. (33)

Since problem (33) deals with n maximal monotone operators, we will introduce a
splitting scheme to deal only with each operator separately or their resolvents, instead
of combinations such as T; + T;. Hence, it is assumed that each resolvent is available.

With the objective to use the general framework of Section 3.1 we need to
define a closed convex set and a sequence of half-spaces containing it. Hence, we will
construct a set of solutions S and for each iteration an affine function ¢ that generates
the separating half-space.
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3.2.1 Extended solution set

We start noticing that if an element z € H is a solution to the problem 0 €
Tiz + --- + Tpz, then there exist wy, ws,...,wp € #H such that w; € T;z and that
W1 + Wo + - - - + Wp = 0. With this in mind we define the set

W:={(wy,...,wp) €H" | wy + Wo +--- + wp =0} (34)

Consider the linear operator L and its adjoint L* defined by
n
LiH—H 120 (2,...,2), L(wy,...,wn) =) _w, (35)
i=1

according to Example 2.2. We can express the set W as
W={(wy,...,wn)eH"| L*(wy,...,wp) =0} (36)
We will make use of this representation later.
Proposition 3.2. The set W defined above is a subspace of H" and it is closed.
We now move the problem (33) to the Hilbert space H x H" = #™1 under the
canonical inner product

(v, Wi, W), (X, Y1, Yn)) = (Vo X) + ) (W, yy), (37)
i=1

and define the set
Vi=Hx W={(v,wy,....wp) € ™ | wy +- -+ wp =0} (38)

Clearly, the set V is a closed linear subspace of H™1. To make an association with the
problem we are considering we defined the extended solution set to be

Se(T1,...,Tn) ={(z,wq,...,wn) e V|w; € Tjz,i=1,...,n}, (39)

which we will denote simply as Se. Notice that the way we defined the set Se is deeply
connected with the solutions to problem (33). This is stated in the following

Lemma 3.1. Finding a point in Se is equivalent to solving (33) in the sense that

OcTiz+...+Tpz<=3Iwq,...,.WwpneH:(z,wq,...,Wp) € Se.

The following proposition contains a necessary property of the set Se. The proof
is based on the techniques found in (JOHNSTONE; ECKSTEIN, 2021) instead of the
original in (ECKSTEIN; SVAITER, 2009).
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Proposition 3.3. The extended solution set Se is closed and convex in H™1.

Proof. The main idea here is to express the set Seg as the zero set of a maximal
monotone operator and then use Proposition 2.4. Consider A: H — H : x — 0, the
zero operator which is maximal monotone and B : H — H" : z — Tz x -+ x Tpz
which is also maximal monotone by Example 2.5 (1). Define L € B(H,H") as in (35).
Denoting (wy, ...,wn) € H" by w we define the operators as in Example 2.6 by

M(z,w) = Az x B"'w, and S(z,w) = (L*w, — L2).
Let’s show that zer(M + S) = Se. Indeed, let (z,w) € zer(M + S), then
0e Mzw)+S(zw) <0c(Az+L*w) x (B 'w-Lz)

s L*w=0and Lzec B 'w

s we W and w e B(L2) [using (36)]
sweWand wje T;z,Vi=1,...,n
& (z,wy,...,Wp) € Se.

Since zer(M + S) is closed and conve, it follows the conclusion. O

3.2.2 Definition of the separators

We have the first ingredient of the standard projection algorithm, next we are
going to construct the hyperplanes. To do that, we make use of the monotonocity of the
operators T;. Consider a point (x;, y;) € gra T; for i = 1,...,n. From the definition of the
set Se, we have that if a point (z,wq, ws, ..., wn) € Se then specifically (z, w;) € gra T;
and by monotonicity

(z—=xj, wi—y;) > 0.

Equivalently, (z - x;, y;—w;) < 0, and therefore

n

> (z=x,yi—w;) <0. (40)
i=1

With this in mind we define the following function on e

Definition 3.1. Let V ¢ #™ be the subspace defined in (38), given (x;, y;) € gra T;
fori=1,...,n,definep:V —Ras

n
o(Z,Wq,...,Wp) = Z(z—x,-,y,-—w,->. (41)
i=1
The properties of this function is a step closer to the application of the standard
projection algorithm. In view of Lemma 3.1 and Proposition 3.3, we attempt to solve
(33) by finding a point in Se(T4, ..., Tn). The following lemma details the properties of
these separators.
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Lemma 3.2. Let v : V — R as in Definition 3.1. Then, for any (z, wy, ..., Wn) € Se, One
has o(z,wy,...,wn) <0, thatis,
Se C{(z,wq,...,wn) € V]p(z,wy,...,wpn) <0}, (42)
Additionally, ¢ is affine on V, with
n 1 n
Vo = (;yi,m —X,Xp =X, ... ,xn—7> , where X := EZ;X,-, (43)
1= I=
and
V=0 <= (X{,¥1,---:¥Yn) € Se, X{=Xo=...=Xp
— o(z,wq,...,wn)=0V(z,wyq,...,wp) € V.

Proof. The inclusion in (42) follows from the discussion that leads to the definition of
the separator in (40). To prove that ¢ is affine on V, define the operator L as in (35),
setting X = (X{,...,Xn), ¥ = (V1,...,¥n), and w = (wq, ..., wp) we can write (41) using
the canonical inner product of the product space H as

o(z,w) = (Lz—x,y —w). (44)

Recall from (36) that for (z,w) € V we have that L*w = 0. Define x = %L*x, and using
the expression in (44) we obtain

p(z,w) = (z,L°y) = (z, L'W) = (X, y) + (X, W) (45)
= (z,L*y) + (x = LX, w) + (LX, w) — (X, y)
=(z,L'y) + (x=Lx,w) + (X, L*'w) — (X, y)
= ((z,w),(L"y, x - LX)) - (x,y). (46)

We have to prove that the vector (L*y, x—LXx) is in V, or more specifically that x—Lx € W
or that L*(x — Lx) = 0 according to (36). This follows from the fact that L*L = nl
and L*x = nx. Hence, from (46) this gives us that ¢ is affine on V, and yields that
Ve = (L*y, x — LX).

Lastly, from (43) we have that Vi = 0 if and only if

n
Y yi=0and x;=XVi=1,...,n
i=1
Since (x;,y;) € gra T; we obtain that (X, y1, ..., ¥n) € Se, Which proves the first equiva-
lence. For the second equivalence, we notice that if Vi = 0 the expression of ¢ in (46)

reduces to
n

Pz W) ==(x,¥) = > (Xp, y)

i=1

_ <7, Z1y> o
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Note that ¢ is not an affine function in the space 41 but only on its subspace
V, where the cross term (z, L*w) in (45) must be zero. We will implement the algorithm
within the subspace V.

3.2.3 First Convergence Analysis

If we want that the affine function ¢, creates a separation between the set Se
and the iterate pK = (2K, wk,..., wf) ¢ Se then we require that o, (p¥) > 0. Since the
function is defined in terms of the points (xl-",yl-k) € gra T; then we must have a way
to choose such points to guarantee this separation. As we commented, in Algorithm
1 the affine function ¢, might not separate pk from Se, or even when it makes some
separation, this might be shallow. The condition ¢, (p¥) > &||V||2 for all k > 0, with
& > 0 a fixed constant, guarantees convergence.

We now perform a preliminary analysis of the convergence properties of Al-
gorithm 2. The following proposition contains a separation condition that along with
Hypotheses 5 and 6 ensure weak convergence. In the original paper (ECKSTEIN;
SVAITER, 2009) we found Hypothesis 4 as part of the reasoning. However, the note
in (BAUSCHKE, 2009) shows how Theorem 2.3 can be used to prove the weak con-
vergence of the sequence (pk)kzo without the Hypothesis 4 below. The same idea is
repeated in a similar result found in Lemma 4.4. In view of that, the proof presented
here make use of Theorem 2.3.

Proposition 3.4. Suppose that the following conditions are met in Algorithm 2:
1. Se(Tq,...,Tn) #0
2. 0<p<px<p<2forallk.

3. There exists some scalar £ > 0 such that, for all k > 0,

n n
or(PX) = o2 Wl W) > €| Verl? = € (u STYEIE+> T IIxf —rkuz)
j=1 i=1

(47)
Then Vi — 0, that is xK —xjf‘ —~O0forallij=1,...,nand Y7L, yK — 0.
Furthermore, ¢4 (pX) — 0. If it is also true that
4. EitherH has finite dimension or the operator Ty + - - - + Tp is maximal,

5 zK—xK 50
6. Wik—y,-k—>0, fori=1,...,n,

then (pk)kzo converges weakly to some p> = (z°°,wg°,...,.wp°) € Se(Ty, -+ ,Tn),
which implies that z>° solves (33). Furthermore, x — z>° and yK — w fori=1,...,n.

Proof. For the first part of the proof we assume Hypotheses 1-3 true. Hypothesis 3
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implies that gok(pk) > 0, and according to (27) we have

2i(P¥) .
Verll (48)

For all k having Vi, # 0. Substituting gpk(pk) > &||Vk || into this equation, we obtain

1p* =P =

10" = B¥|| > &I Viex- (49)
Hypotheses 1 and 2 are those in Proposition 3.1(4), hence (32) implies that
Ip* =2 — 0.

Thus (49) implies Vi, — 0. From the expression for Vy in (43), we immediately have
n
Sy o0andxf-xK »0fori=1,...,n. (50)

i=1

And thus xX —xjk — 0 forallij = 1,...,n. Recall that by Lemma 3.2, ¢4 (p*) = 0

whenever Vo, = 0, hence if Vo, # 0 we can multiply (48) by ||V || and obtain

ok(P") = 1K =K1V k|- (51)

Therefore, we have established the equality in (51) for all kK > 0, since V¢, — 0 and
o = B¥|| — 0 we conclude that o (oK) — 0.

Now, we focus on the proof of the second part without Hypothesis 4. The strategy
is to use Lemma 2.2 and Theorem 2.3. Recall that the sequence (pk)kzo by Proposition
3.1(1) is Fejér monotone with respect to Se, that is, it satisfies the first hypothesis
of Lemma 2.2. For the second hypothesis, consider any weak cluster point p> =
(z°°,wg°, ...,wp°) of the bounded sequence (pk)kzo, to prove that this point belongs to
Se we will use Theorem 2.3.

Since p° is a weak cluster point of the sequence (pk)kzo, there exists a subse-

quence (p5m) ;s such that zAm — 2 and W/ —~ wfori=1,...,n.
The sequences in Theorem 2.3 will be (x1k’", . ,x;,"”) and (y1km, . ,y,’q‘m), recall
that they satisfy y/.km € T,-x,.k’”, fori=1,...,n. Next, we establish the weak convergence

of these sequences. From Hypothesis 5 and x,-k —xK -0, we immediately obtain

zK - ,-k—>0, for i=1,...,n,

thus combining this and zAm — z°° follows that
Xz for i=1,...,n. (52)

From Hypothesis 6 and Wl-k'" — w® we also obtain

y,.kméw,?o, for i=1,...,n. (53)
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Now, for the second part of Theorem 2.3 we consider projections over a closed sub-
space of H". This closed subspace is defined by

C={(vq,Vo,...,Vn) EH" | vy = Vo =--- = vp}.

Whose orthogonal complement is given by

n
ct= {(v1,v2,...,vn) eH"| Zv,-:O}.
i=1

The projection over the set C was treated in Proposition 2.8. Notice that the two conver-
gences in (50) can be represented in terms of this set as

Pc(y1k’”, e ,y,/?") — 0 and (x1km, . ,x,’jm) — Pc(x1km, o ,Xgm) 0,

respectively. This, (52) and (53) are the hypotheses in Theorem 2.3 with T = Ty x---x Tp,
so we can conclude that

((2%,...,2%), (wg°,...,w3%)) € (Cx CH)ngra T,

This implies that > wp® = 0 and w° € T;z* for i = 1,..., n, in other words, p>° € Se.
In conclusion, we have that any weak cluster point of the sequence (pk)kzo is in
Se, hence by Lemma 2.2 the whole sequence (pk)kzo converges weakly to the point
(zoo,wfo, o WR) € Se.

O

Remark 3.1. Proposition 3.4 allows to understand that under condition (47) we have
that the sequence of points (x,-k, yik) € gra T; actually approach to a solution of problem

(33), since we are getting x,.k = xjf‘ foralli,j=1,...,nand 37, yik — 0. Therefore, if
at some iteration of Algorithm 2 we have that xf = --- = x and 3.7, yX = 0 we set
wi+l = yKfori=1,...,nand zK*1 = xK and we have encountered a solution.

3.3 PROJECTIVE SPLITTING ALGORITHM

Having established a convergence condition for Algorithm 2, now we show how
the crucial part, that is, how the construction of the separator can be made. Since the
definition of the separator ¢ depends on the chosen points (x;,y;) € gra T, it is natural
to ask how to choose them. In each iteration of the algorithm we require separation
from the current point p = (z, wy, ..., wp) € V and the set Se, we deduce from (42) that
we require that

o(z, wy,...,wp)>0.

Suppose that p € V'\ Sg, notice that if in (41) we have that

Z—Xj= )\,‘(y/ - W,') with )\,’ > 0, (54)
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this yields

p(z,wy, ..., wn) = Allz=xil[* >0,
unless z = x; = --- = xp in which case we have from (54) that y; = w; foralli=1,...,n,
and since p € V this implies that (z, wy, ..., wp) € Se, contrary to the assumption. The

condition in (54) can be stated as
Z+)\W,‘=Xi+7\,’y,‘:>Z+A,'Wi S (I+)\,T)(X,) (55)

By the maximal monotonicity of the T;, there exists according to Theorem 2.1
a unique (x;, yj) € gra T; satisfying the inclusion in (55). Finding the (x;, y;) € gra T; is
equivalent to evaluating the resolvent (/ +7\,-T,-)‘1, which is, by assumption, tractable for
each individual T;.

3.3.1 Generalizations of the way of choosing the points
As we saw earlier, a way to choose the points ( AN Ky e gra T; is one satisfying

X +)\ky, =z +Ak k

As commented in (ECKSTEIN; SVAITER, 2009) we can generalized this scheme by
performing the proximal calculations for the T; sequentially at each iteration starting
with / = 1 and finishing with i = n, using “recent” information generated in calculating
(x;‘,yjk) where j < i when calculating (x¥, yX). Specifically, when calculatlng ( ,yK),
we consider replacing zK with an affine Comblnatlon of the vectors zX and x , f < .
Starting with operator Ty we find the unique (xf, yX) € gra T; such that

x1 +)\1y1 = ZK +A4‘W1k.
Next, for operator T, we take some ok, € R and find the unique (xX, y%) € gra T,

k \k k Jk k., k
X2+7\2y2 (1—a5)2" +agyxy +A5w;.

To continue, we choose some o, , ak, € R and find the unique (x¥, y%) € gra T3 such

that

k k. k k k k k Jk k Jk k.. k
X3 +7\3y3 = (1 — Olgy —or32)z +0lgq Xy +O3oX5 +7\3W3,

and so forth. In general, we choose (x ( 8% ) € gra T; to satisfy the conditions
i1
xK e akyk = | 1 Zafj z +Za k+7\k wk, yKe Tixk. (56)
j=1

In addition to this flexibility afforded by the choice of the af-} and )\f-‘, it is considered two
more generalizations
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1. Errors e;‘ € H are allowed in (56) as long as they satisfy a condition defined
later in (61).

2. The order of processing the operators may vary from iteration to iteration. At
iteration k, this order is specified by an permutation m,(-) of {1,...,n}.
This flexible scheme is summarize in the equation

1

k k k k K
X +Ai yTTk (1 _Za’/) 2t ZO(UXW ¢) TN Wiyt i (57)

3.3.2 Presenting the Algorithm

Having introduced a flexible scheme to choose a point in gra T; we would like to
state an instance of Algorithm 2 applied to problem (33) and analyze the convergence of
it using Proposition 3.4, specifically the condition in item 3. To introduce such condition
we will employ some standard matrix analysis.

Given an n x n real matrix L, we define ||L|| to be its operator 2-norm and (L)
to be the smallest eigenvalue of its symmetric part, that is,

IL|| = m?x1 |Lx||, symlL= %(L +L"), k(L) =mineigsym L.
It is straightforward to show that k(L) < ||L|| and that, for any x € R (x, Lx) > k(L)||x||?.
In analogy to the usual linear map R — R associated with L we can define a linear
mapping H" — H" corresponding to L via

n
Lu=L(uy,...,up)=(vq,...,Vvn), where v; = Y ljuj € H, (58)
j=1
with ¢;; denoting the elements of L. In turns out, this mapping retains key spectral
properties that L exhibits over R".

Lemma 3.3. Let L be any n x n real matrix. For all u = (uy, ..., uUn) € H",
ILull < [IL][]jull (59)
(u, Lu) = k(L) ull?. (60)

Where Lu is defined as in (58), (-, -), denotes the canonical inner product for H" induced
by the inner product for H, and || - || applied to elements of H" denotes the norm induced
by this inner product.

The proof of this lemma can be found in the Appendix. Related to (57) the
following n x n matrices are constructed

Ay = diag(Ak, ... Ky,
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that is, the diagonal matrix with entries Af‘. The matrix Ay = (a;;

1, if i =j,
(k) _ e
a;’ = —af.j‘., if i >,
0, ifi<j

In (ECKSTEIN; SVAITER, 2009) the error condition is stated in terms of these matrices
as follows

n n
AK)711eK)12 < k(A A2 Y (IxE - 2K, o e[0,1). (61)
j=1

i=1
Additionally, if the matrices A? A/ are such that there exist 8, { > 0 such that
k(A Ak) = Cand |A Al <B VK >0, (62)

then when choosing the points (x,.k, yik) € gra T; via (57) the hypotheses of Proposition
3.4 are met. Algorithm 3 gathers all these conditions.

Algorithm 3: Projective splitting algorithm
Data: Choose scalars 3,{>0,0<p <p <2,ando € [0,1). Start with an

arbitrary (zg, wq, Wo, ..., wp) € V, thatis, wy +--- + wp = 0.
1 fork=12,...do
2 | Choose scalars Ak > 0,i=1,...,nand af-j‘. with 1 < j < i < n such that
k(AL Ag) > ¢ and || AT A|| < B, where AT and Ay are defined as above.
3 Let m,(-) be any permutation of {1,...,n}. Fori=1,...,n, find
(xK, yK) € gra T; satisfying (57) and (61).
o | lixk=xk=-=xKand X7 yf=0letwi! = ykfori=1,...,nand

zk+1 = xK. Otherwise, continue.
5 | Choose some py € [p,p] and set

1
kK k
X" = Zx,- (63)
i=1
0, = Zln=1 <Zk_xik’yik_ Wik> (64)
k= n k|2 n vk _vK(2
122501 Vi l12 + iz G =Xl
n
2 = 2K —pro >y (65)
i=1
wfHT = wf = pyBy(xf = X) (66)

6 end
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Equations (63)-(66) came from the update formula in (29), the definition of yy,
and the form of Vi as obtained in (43). Notice that step 4 guarantees that the denom-
inator in (64) cannot be zero. The computation of 6, in (64) is basically <p(pk)/HVgok|]2,
in fact, steps 2 and 3 ensure that cpk(pk) > 0 as we will see in Remark 3.2. Finally, note
also that p¥ € V and the update (66) ensures wf*! + ... + wfi*! = 0, so by induction all
iterates pK = (2K, wk, - .-, wf§) produced by Algorithm 3 lies in V.

Here we consider a simpler case than that in (ECKSTEIN; SVAITER, 2009),
where af} =0forallk <0andij=1,...,n. With this change we have A, = I for all
k > 0, where I is the n x nidentity matrix. Hence (62) transform into

K(AK) > and A | <B Vk=>0. (67)

Therefore, the expression in (57) becomes

k Kk, k k K.k k

s i 1

And the error condition is now
n n
SN 7ef 17 < kA )2 Y IIxf =22, o eo,1). (69)
i=1 i=1
The error condition (61) is an n—operator generalization of the relative error toler-
ance proposed in (SOLODOV; SVAITER, 1999b, 1999a, 2001) for modified proximal-

extragradient projection methods.

3.4 MAIN CONVERGENCE PROOF

In this section we will prove the convergence of Algorithm 3.
First, we prove a general result about the gradient of ¢. In order to do that, we
define auxiliary sequences (pK)k=o € H™1, (UK)k=o C H", and (vK)k=¢ C H via

pk = (zk,wf,...,w,’;), ulk = x,-k—zk, vik = W,-k—y,-k (70)
foralli=1,...,nand k > 0, and also define as in (41) the function

n
ok(p) = or(z Wy, ... wi) = > (z=xK yE—w;).
i=1

From (70), we immediately have

n

ok (PX) = or (2K, Wk, W) = Z(zk—xl.k,yl.k_w,.k>
i=1

n
=<uk,vk>=z<u;‘,v-k . (71)
i=1

With this in mind we prove the following
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Lemma 3.4. The gradient Vp satisfies

2

IVekl? < nf]vE|[ + |[u¥] 2. (72)
n
Proof. To do so, first note that since Z W,-k =0,
i=1
n n n n 2 n . 2
Zvlk=2(wﬁ_ylk)=_zylk:> Zvik = Zyi (73)
i=1 i=1 i=1 i=1 i=1
Next, define
N R kK _k
] —EZUI =,—72(x, —ZK) = xK - ZK,
i=1 i=1
and observe thatforalli=1,...,nand kK > 0,
ulk—Uk=xik—zk—(7k—zk) =x,~k—7k. (74)

Substituting (73) and (74) into the expression for HVgOKHZ arising from Lemma 3.2, we
obtain

|
.MB
<
>y

\
]
—

2 n
V12 + 37 |xk - xK|?
i=1

I
=
=<
X

|
m —
<

2 n
—k12
+ > [uf =7
i=1

2

-~

2
U7 + |

where we define E to be the n x n matrix of all ones and M = I - (1/n)E. Applying (59),
it then follows that

1 1
9kl < IIEVKI+ [Muk|® < LI ER [[vE) 5 a2 o2 (75)

Over R, the matrix M represents orthogonal projection onto the nontrivial subspace
T={(t,....tn) € R"|t; +---+ tn = 0}, so we conclude ||M|| = 1. It also follows that
I — M represents orthogonal projection onto the nontrivial subspace T+, so

[1=M| =1 = [[E|| =|n(I-M)| = n|I-M| =n.
Therefore, (75) reduces to

1
19?3 ) 2 IVFIP + ]2 = mlIP +



Chapter 3. General splitting algorithm 50

Finally, we can prove the convergence of Algorithm 3 in the following theorem.
The goal here is to prove that the conditions (69) and (67) imply the sufficient separation
condition (47).

This theorem as found in (ECKSTEIN; SVAITER, 2009) has the hypothesis of
either H having finite dimension or the operator T + ... + Ty being maximal, here we
drop this hypothesis since, as was commented before Proposition 3.4, it is not longer
needed.

Theorem 3.1. Suppose that (33) has a solution. Then, in Algorithm 3, the sequences
(ZF) k=0, (XK)k>0, - -, (XK)k>0 C H all weakly converge to some z> solving (33). For
eachi=1,...,n, we also have wF, yK — y>®  where y> € T;z>® and also y5° + ... +
Yn~ =0.

Proof. Define X = (ek, ..., ef) € H" for all k > 0, and observe that by taking square
roots and substitution of the definitions of ek and uX, (69) simplifies via the notation
(58) and the definition of A, to

%" ]| < o (AE") [ U] (76)
Take any i € 1,..., n. Subtracting zK from both sides of (68) and regrouping yields

k k k. k k k Kk k
Xy = Z +Aiynk(i)=z -z +Ai Wnk(i)+ei
k k j k k k

& —e, = A (Wnk(i)—yn (i)) :

Xir(i) ~ 4
Dividing by A% and substituting the definitions of uf and vX yields

1 k K k
(}7) <U7Tk(/) - ei) = Vi (77)
i

Applying the notation (58) to (77) for i =1,..., n produces
v = (mA ok — meAy) e, (78)

where I1; is the n x n permutation matrix corresponding to the permutation m(-).
Substituting (78) into (71) yields

or(p) = <u",nk/\;1 n;uk> - <uk, mA;! ek>
> <uk A T U > — k|| mART ) [ Cauchy - Schwarz |
> k(AR )UK = k|| [mAR e [using (60) ]
= kA Uk |12 = | uk | 1A €| [T, orthonormal ]
> k(AR |62 - ox(AR ) U2 [ using (76) ]

= (1 =oAL Uk |2
> (1-0)g||uk|2. [ using (67) ] (79)
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We need to convert this lower bound on g (pX) expressed in terms of ||uX| 2 to one
expressed in terms of vaokHz, so we can meet hypothesis 3 of Proposition 3.4. First,
starting with (78) we obtain

VA% = (A g o — il |2

< (|| (A md) uk|| + ||y ekH)2 [ triangle inequality ]

< ([l i [ 0¥ + 1A% e )? [ using (59) ]

< (A {1+ o (A" <)) [using (76) ]

< ((1+0) A" [4"[))® e (A%") < A%

< ((1+0)p k)" [using (67)]

= (1+0)°B%||u"|*. (80)

Now, from (72) in Lemma 3.4 and (80) follows that
IVxll < (n(1+0)26% +1) ||u¥|2
Combining this with the lower bound for gok(pk) in (79) yields

ek(p¥) > (1-0)C||uk |2

B 12
= (1-0) {n(1 +0)2p32 + 1}
IVl 1)

- n(1 +0)262 +1

Hence, taking
(1-0)¢

(1+0)2p2 +1
as in (81), we obtain Hypothesis 3 of Proposition 3.4, hence ¢ (p%) — 0. Then, we
deduce from (79) that u¥ — 0, and by (80) this implies that vK — 0. Thus, Hypotheses
5 and 6 of Proposition 3.4 are satisfied. Then, in virtue of this proposition follows
the weak convergence of the sequences (zX)>0, (XK)k>0, (¥/)k>0, and (W), for
i=1,...,n. O

>0,

€ =
n

Remark 3.2. Note that (81) implies that gpk(pk) is always nonnegative so there is no
need of the operation max{0,-} when computing the fraction in the update (29). This is
reflected in Algorithm 3, in the computation of the formulas (64)-(66).
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4 PROJECTIVE SPLITTING WITH ONE FORWARD STEP FOR COCOERCIVE
OPERATORS

In the previous chapter we saw how the general separator-projector framework
was applied to an inclusion problem. The resulting algorithm performs only backward
steps, and a convergence condition was presented. This chapter, based on (JOHN-
STONE; ECKSTEIN, 2021), it is considered an inclusion problem involving cocoercive
operators. The problem is presented in Section 4.1. Section 4.2 shows the construction
of the extended solution set and the separators for this particular problem. Section 4.3
shows a connection between the way the points are chosen to construct the separators
and the FB algorithm. Section 4.4 presents a projective splitting algorithm for the in-
clusion problem considered in this chapter. Finally, Section 4.5 contains the necessary
results to prove the convergence of the algorithm to a solution point.

4.1 PROBLEM STATEMENT

For a collection of real Hilbert spaces {7—[,-},“=O consider the finite-sum convex
minimization problem:

n

g, (1(Gi2) + hi(Gi) (82)

where every f; € Iy(H;), every h; € [(H;) is also differentiable with L;-Lipschitz-
continuous gradients, and the operators G; € B(Hq,H,)- Under appropriate constraint
qualifications, (82) is equivalent to the monotone inclusion problem of finding z € H
such that

n
0€) Gi(Ai+B)Gz (83)
i=1
where all A; : H; = H; and B; : H; — H; are maximal monotone and each B; is
L,-‘1 -cocoercive. Notice that when L; = 0, B; must be a constant operator, that is, there
is some v; € H,; such that B;x = v; for all x € H;. Example 2.8 presents an application
of some constraint qualification conditions to turn a problem like (82) into one of the
form (83).
Defining T; = A; + B; for all i, problem (83) may be written as

n
0€d GiTiGz (84)
i=1

This more compact problem statement will be used occasionally in our analysis below.
We collect here the main assumptions regarding to problem (83).

Assumption 1. Problem (83) conforms to the following:
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1. Ho=Hnand Hq, ..., Hp are real Hilbert spaces.

2. Fori=1,...,n, the operators A; : H;j = H; and B; : H; — H; are monotone.
Additionally each A; is maximal.

3. Each operator B; is either LIT1 -cocoercive for some L; > 0 (and thus single-valued)
anddomB; = H;, or Lj =0 and Bjx = v; for all x € H; and some v; € H,, that is,
B; is a constant function.

4. Each Gj : Ho — H, fori=1,...,n—1 is linear and bounded.

5. Problem (83) has a solution.

We denote by H the product space
H=Hyx - XHnpq,
and we will denote any point of ‘H as
p=(z,w)=(zZ,wWy,...,Wn_1), thus w=(wy,...,Wy4).

For H, we adopt the following norm and inner product for somey >0 :

n—1 n-1
lzwi2 =ylzI?+ > w2 (2 w2 wR)y =iz 22+ > (w] wh).
=1 i=1

4.2 CONSTRUCTION OF A EXTENDED SOLUTION SET AND THE SEPARATORS

Ouir first goal is to construct a separator-projector algorithm as in Chapter 3, so
that we obtain all the discussed properties of the generated sequence as in Proposition
3.1.

To that end, we would like to devise a construction of a extended solution set
and separators inherent to the problem we are considering. We start by making the
assumption that there exist a z € ‘H such that

n
0€d GiTiGz
i=1
In what it follows we will impose the assumption that G, = /, this does not represent a
restriction since one could redefine the last operator as Tp = G, o Tp o G, or one could
simply append a new operator T, with T,z = {0} everywhere. Setting w; € T;G;z we
can rewrite the inclusion as follows
n—1
0e> Giwj+Thz
i=1
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from where we obtain
n—1

- Z G;k w; € TnZ.
i=1
Hence, we define the extended solution set as

n—1
Se = {(z,w1,...,wn_1)€7-t|w,-e T,-G,-z,i=1,...,n—1,—ZG}‘W,-e Tnz} (85)

i=1
In the previous construction we set wp = —Z,’-L‘ﬂ G;w;, therefore, we may say that

(z,wp) € gra Tp.

Lemma 4.1. Suppose Assumption 1 holds. The set Se defined in (85) is closed and
Cconvex.

Proof. First, Assumption 1(5) and the construction shown of the set Se allow us to
conclude that Se # ). By Proposition 2.11 each B; is maximal. Since dom B; = H;
applying Proposition 2.5 we obtain that T; = A; + B; is maximal monotone for i = 1,...,n.
Now, to prove that Sg is closed and convex we are going to relate it with the set of zeros
of a maximal monotone operator, just as in Proposition 3.3. To that end, consider A= Tp
and B=Tyx---xTpqandL:z = (Giz,...,Gn12), then L*(wq, ..., wp) = X1 Grw;
as proved in Example 2.2.

Let (z,w) € zer(M + S), then

0 M(z,w)+S(zw) < 0 e (Az+ L*w) x (B 'w—Lz)
S0ecThz+L'w and Lze B 'w
&S —-L*we Thz and we BlLz
& —L*we Tpz and w; € T;G;z
& (z,w) € Se.
Consequently, Se is closed and convex. O

Now we show how to construct the separators. Let (z,wy, ..., Wp_1) € Se, from
the construction of the extended solution set we had (G;z,w;) e graT;fori=1,...,n.
Suppose that for each i = 1,...,n, we get a point (x;, y;) € gra T;, we have from the
monotonocity of each T; that

(Gjz—Xj, yi—wj) < 0.

Summing over i we obtain

I

n
(Giz—x;,yi—w;) <0. (86)
1

This leads to the following
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Definition 4.1. Given the points (x/,yX) € graT;, for i = 1,...,n—1, we define the
function ¢y : H — R as

n
or(z, Wy, ..., wp) = Z(G,-z—x,k,y,-k—w,-). (87)
=1

I
As we saw in (86) this function has the property of being non-positive in Se.
Some additional properties of this function are presented in the following
Lemma 4.2. Let ¢, be defined as in (87). Then:
1. @y is affine on H.

2. With respect to inner product (-, -)y on H, the gradient of ¢ is

1 n—1
Vg = ()_/ (Z G;.ky,.k +y,’§> ,x1k—G1x,/§,x§—ng,/§, . ,x;,‘_1 —G,,_1x,/§> :
i=1
(88)

Proof. Separating terms and using the adjoint of each G;, the fact that Z,’-’=1 Giw; =0,
and the definition of w, we have

n n
ok(zwy, . W) = Y (Giz, yK = wy) = (K, yf - w)
~

It follows that

n n—1 n
ok(ZWe, .. Wnyq) = <z, > Gyf > =G w) =Y Iy (89)
j=1 i=1 i=1

This equation allows to conclude that ¢ is affine. Now, fix an arbitrary p € ‘H. Using
that ¢ is affine, we may write

wk(P) = (P= P, Vok)y + vk(P) = (P, Vok)y + ¢k(P) — (P, Viok)y
n—1
=¥(Z, VzoK) + Y (Wi, Vinok) + ok(P) = (P Vipk)y-
i=1
Equating terms between this expression and (89) yields the claimed expression for the
gradient in (88). O]
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We also use the following notation fori=1,...,n
pik(z.W) = (Giz— X[, yK = w;).

Note that pi(z,wy, ..., Wnh1) = 311 @i k(Z.W)).

4.3 THE NEW PROCEDURE

4.3.1 A Connection with the Forward-Backward Method

Just as it was important in Chapter 3 the way the points are chosen, here we
have an specific situation where each T; is the sum of two maximal monotone operators.
In (JOHNSTONE; ECKSTEIN, 2021) it was proposed that at each iteration k and for
eachi=1,...,ntofind a pair ( Y Ky e gra T; = gra(A; + B;) conforming the conditions

t=(1—o)xf +0;G;iZK - pi(BixKT — wk) (90)
X = Joa(t) (91)
= (1pj)(t=x{) (92)

bll-( = B,'Xik (93)
y,-k = af‘ + b,/-(. (94)

where o; € (0,1), p; < 2(1 —a;)/L and b9 = B;x?. A resolvent calculation gives us (91),
and (92) follows from the relation in (9). To obtain (93) is required only an evaluation
(forward step) on B;, and (94) is a simple vector addition.

Now we show how this proposed updated is related to the FB algorithm. As in
(JOHNSTONE; ECKSTEIN, 2020) the pairs ( 8% k) e gra T; are solutions of

x,- +p,~y,- = G,-z +p,w, : y,-k € T,-x,-k (95)

for some p; > 0, which lead us to a resolvent calculation. Notice the similarity with the
way was done in the previous chapter in (54) which leads to gpk(pk) > 0. Now, with
problem (83) we have T; = A; + B;, with B, being cocoercive and A; maximal monotone.
For T; in this form, computing the resolvent as in (95) exactly may be impossible, even
when the resolvent of A; is available. We would like to take advantage of the cocoercivity
of each B;. To that end, since the stepsize p; in (95) can be any positive number, let us
replace p; with p;/a; for some a; € (0,1) and rewrite (95) as

k , Pi sz P/

xfo e B y, vl e Tixk. (96)

I .
Aaj

With this structure, x in (96) satisfies:

0= p’y,+x (sz Z’ ,)

I )

:>0€%:A,-Xik+plBX + xK (sz Pi /)
I I

a;
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which can be rearranged to 0 € A;xK + B;x¥ ,where

Biv=Bjv+ 2% (v— G,-zk—’ﬂwik) .
Pi aj

Since B; is L7 -cocoercive, B; is (L; +alp;)~'-cocoercive by Proposition 2.12. Consider
the generic monotone inclusion problem 0 € A;x + Bjx where A; is maximal and B; is
cocoercive, and thus one may solve the problem with the FB method as in Theorem 2.8.
If one applies a single iteration of FB initialized at x,-k‘1 , with stepsize pj, to the inclusion
0 € A;jx + B;x, one obtains the calculation:

k k—1 . k-1
X; = JPiAi (Xi —p,'B,'Xi )

I
_ _ o; - .
= JpiA, (X/k "—p; (BIX,'k Ty p—’ (x,k 1_ G,-zk_%wik)))

I l

= JPiAi ((1 —Ol,')Xl-k_1 +O{/G,'Zk—p,'(B,'Xl-k_1 - Wik)) .

So, the proposed calculation is equivalent to one iteration of FB initialized at the previous
point x,-k‘1, applied to the subproblem of computing the resolvent in (96). Prior versions
of projective splitting require computing this resolvent either exactly or to within a certain
relative error criterion, which may be time consuming. Here, a simple single FB step is
made toward computing the resolvent which we will prove is sufficient for the projective
splitting method to converge to Se. Note, however, that the step size restriction in
Assumption 2 is stronger than the natural stepsize limit that would arise when applying
FB to 0 € A;x + B;x, which would be

4.4 ALGORITHM DEFINITION

We introduce here a notation for the one-forward-backward step update as fol-
lows:

Definition 4.2. Suppose H and ' are real Hilbert spaces, A : H = H is maximal
monotone with nonempty domain, B : H — H is L~1-cocoercive, and G : H' — H is
bounded and linear. For o € [0,1] and p > 0, define the mapping Fu o(z,x,w; A,B,G) :
H' x H? — H2, with additional parameters A, B, and G, as

fa,p< o Xt = dpalt) 97)

yt =p N(t=x*)+ Bx™.

t =(1-a)x+aGz—-p(Bx—w)
A,B,G) =)

The expression for y* follows from (94) and (92). Notice that this avoids the
evaluation of Ax*. To simplify the presentation, we will also use the notation

]—“i(z,x,w) = Fayp; (2,X,W; A, B, Gj) - (98)
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With this notation the step (90)-(94) can be written as
(X[, yf) = FIZK X wh). (99)

Now, we state the projective splitting algorithm for problem (83).

Algorithm 4: One-Forward-Step Projective Splitting

Data: p' = (z!,w') e #,y>0,6 € (0,1),and p. Fori=1,...,n: x? € H; and
0<a,-§1andp,->0.
1 fork=1,2,...do

2 | Compute (xK,yK) = F/(zK, xk=1, wk) with F' defined in (97)
/* Projection starts */
3 uf‘:xik—G,-xﬁ,i=1,...,n—1
1

s | vi= Gryk+yk

k2 . v=111vk(2
5| = [UK|2 4y
6 if m, >0 then

k k \k 1,k ,k n ok ok
7 k(P*) = (2", + D5 (wit uft) = > 0is (X5 Y)

1
8 7= — max{0, pk ()}

Tk
N Zk+1 _ Zk—)/_1TV
10 wi —wk—ruki=1,... ,n—1
11 WII§+1 — _21(7:11 G?Wik+1
12 else
13 return (x5,y5, ..., y)
14 end
15 end

Line 5 computes the squared norm of the gradient of the separator expressed in
(88) using the norm || - ||y.

The stepsizes p; for i =1, ...,n are fixed across all iterations, satisfying Assump-
tion 2. The same applies for the averaging parameter a;.

The parameter y > 0 allows for the projection to be performed using a slightly
more general primal-dual metric than (37). In effect, this parameter changes the relative
size of the primal and dual updates in lines 9-10 of Algorithm 4. As y increases, a
smaller step is taken in the primal and a larger step in the dual. As y decreases, a
smaller step is taken in the dual update and a larger step is taken in the primal. See
(ECKSTEIN; SVAITER, 2009, Sec. 5.1) and (ECKSTEIN; SVAITER, 2007, Sec. 4.1) for
more details.

Unlike the algorithm in the previous chapter, where was ensured that gak(pk) is
always nonnegative, here will be established an “ascent lemma” that relates the values
gok(pk) and _1 (pk‘1) in such a way that overall convergence may still be proved, even
though it is possible that gok(pk) < 0 at some iterations k. In particular, gpk(pk) will
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be larger than the previous value ¢y_1 (pk‘1 ), up to some error term that vanishes as
k — oo.

Remark 4.1. The algorithm presented in (JOHNSTONE; ECKSTEIN, 2021) contains a
backtracking linesearch for those operators B; with unknown cocoercivity constant. Here
with the objective of simplifying the analysis, we opted to assume that all cocoercivity
constants are known, so Algorithm 4 is presented without the backtracking linesearch.

4.4.1 Separator projector properties

Lemma 4.3 details the key results for Algorithm 4 that stem from it being a
separator-projector algorithm. While these properties alone do not guarantee conver-
gence, they are important to all of the arguments that follow.

Lemma 4.3. Suppose that Assumption 1 holds. Then for Algorithm 4

1. The sequence (pk )k>0, Where pk = (zk ,W1k Yoo ,W,’§_1) is bounded.

2. If the algorithm never terminates via line 13, pk - ,ok+1 — 0. Furthermore z¥ —

zk=1 —>Oandw,-"—wik‘1 —~0fori=1,...n.

3. If the algorithm never terminates via line 13 and ||V ||y remains bounded for all
k > 1, then lim supy_, <pk(pk) <0.

Proof. 1. Notice that line 2 computes for each i = 1,..., na point (xX,yX) in gra(A; +
B;) according to (98), while lines 7-11 computes the projection of the current
iterate (X, wk, ..., wk) onto the hyperplane according to the definition of the sep-
arator in (89) and to the basic projection Algorithm 2. Therefore the sequence pro-
duced by Algorithm 4 satisfies the properties listed in Proposition 3.1, specifically

we obtain that the sequence (pK)x=o = (2K, WK, ..., wk)> is a Fejér monotone
sequence with respect to Se, and thus is a bounded sequence. Additionally, we

can write

ket _ Kk _ Max{0,0 (p¥)}
IVeoxly

2. If Algorithm 4 never terminates via line 13 this means that m # 0, which implies
that lines 7-11 were executed. This generates an infinite sequence that as in the
previous item is a Fejér monotone sequence, by Proposition 3.1(4) we have from
the convergence of the series in (32) that Hpk — pk*1||2 = 0. We conclude from
this that

p V.

zK—zk+1 5, 0 and W,-k —whk+

; 1—>Ofori=1,...,n.

3. Suppose that [|[Veglly < §Vk, from

ket _ Kk _ max{ox(p¥),0}

P
IVeoxll?
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follows that
max{,k (p¥),0}
IVeklly

k
> lim sup ek(P")
k—o0 E

k+1 _ k”

0= lim = |lim
k%ollp Pl =,

Therefore, lim supy_, gok(pk) <0.
O

We now precisely state our stepsize assumption for the manually chosen step-
sizes, as well as the stepsize upper bound p.

Assumption 2. IfL; >0, then 0 < p; < 2(1 —a;)/L;. The parameter p must satisfy
p>pi (100)

Note that if L; > 0, Assumption 2 effectively limits a; to be strictly less than 1,
otherwise the stepsize p; would be forced to 0, which is prohibited. In this case a; must
be chosen in (0,1). On the other hand, if L; = 0, there is no constraint on p; other than
that it is positive and nonzero, and in this case a; may be chosen in (0,1].

4.5 MAIN PROOF

The following lemma contains a condition to ensure weak convergence. Hence,
the core of the proof strategy will be to establish (101) below.

Lemma 4.4. Suppose Assumption 1 holds and Algorithm 4 produces an infinite se-
quence of iterations without terminating via Line 13. If

(Vi=1,...,n): yl-k—W,-k—>Oand G,-zk—xl-k—>0, (101)
then there exists (Z,w) € Se such that (zk wk ) — (z,w). Furthermore, we also have
xKk ~ Gizandyk ~w;foralli=1,...,n-1,xf —~Z and yf - - Grw;.

Proof. The strategy of the proof follows a similar pattern to the second part of the proof
of Proposition 3.4, however this proof is a little more elaborated.

The first tool is to use Lemma 2.2, that is, we need to show that any weak cluster
point of the sequence (pk)kzo belongs to the set Se. Consider a weak cluster point
of (pk)kzo which exists by Lemma 2.1, hence there exists an increasing sequence of
indices (km) m>0 such that

(zFm whkm) (2 w™) € H. (102)
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In what follows, we consider the subsequences as a sequences, renaming if necessary
the indices. In order to apply Theorem 2.3 we consider the sequences

xk=(x1k,...,x,’§_1)and yk=(y*ila""yfl'§—1)'

Recall that they satisfy y € TixX fori=1,...,n—1. From yK - wkK — 0 and wX — w

follow that yik — wpe fori=1,...,n. Similarly, from G;z¥ —xlk — 0, zK ~ z°° and the

boundedness of G; follow that x¥ — G;z= fori=1,...,n.
Now we establish the second part of the Theorem 2.3. Notice that from the first
part of the hypothesis in (101), and the boundedness of G; imply that

n n n
ZG;f‘y,-k=ZG;‘W,-/‘+ZGj‘(y,-k—W,-k)—>O. (103)
i=1 i=1 i=1

In addition, the second part of (101), and the boundedness of G; yield
x,-k— G,-x,’§ = x,-k— G,-zk— G,-(x,/§—zk) —0, Vi=1,...,n—1. (104)

Next, we define a projection over a closed subspace, to this end we will follow (ALOTAIBI;
COMBETTES; SHAHZAD, 2014, Prop. 2.4) applied to this context. Let L : Hy —
Hq X -+ x Hp_q defined by

L:z— (Giz,...,Gp12)

then by Example 2.2 we have that L* : Hx - -- xH_1 — Hg is given by

n—1
L*(W1, Wo,..., Wn_1) = Z G;-kW,'.
i=1

Notice that in terms of L and L* we can write (103) and (104) as
yK+ L*yK - 0and xK - LxK — 0, (105)

respectively. Setting K = Hg x Hq X --- x Hp_q and recalling that w = (wy,--- , Wpy_q)
we define
V={zw)eK:Lz=w}

its orthogonal complement as seen in (15) is
VI ={(z,w) e K|z=-L*w}.
Using the expressions for Py and Py, in Proposition 2.10 and (105) we obtain that
Py(yh, ¥) = ((+ LLY (v + LyR), LU+ L L7 (v + Ly") = 0,
and

(1= Py)(xE, x5y = Pyu(xK, xRy = (L9 (1 + LY (LxE = xRy, =1+ LLY T (LxK = x5)) — 0.
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Altogether, since L and L* are weakly continuous we have

(K, XK, (vE, yk) e gra T x Ty x -+ x Ty
(xK, xK) = (2%,G1z° ..., G,12%) = (2, Lz°)
(VE, yk) — (~L*w>, w™)

Py (xK, xK) =0

Denoting Tp x Ty x --- x T4 by T, it follows from Theorem 2.3 that
((z°,Lz%), (-L*w™>, w™>)) € (V x VF)ngraT.

Since ((z°°, Lz®°), (-L*w®°, w™)) € gra T we have
n—1
> GIw® =-L*w™ € Tpz® and w° € T;G;z>* fori=1,...,n—1.
i=1

This implies by the definition of Se in (85) that (z*°, wy°,...,w2,) € Se. We have
established that the weak cluster point (z°°, w°°) belongs to Se, since this point was
arbitrary we can conclude via Lemma 2.2 that the whole sequence (zX,wk)
verges weakly to some (z,w) € Se. Foreach i =1,...,n, we finally observe that since
Gz~ —x,-k — 0 and yik - Wik — 0, we also have xik — Gjz and yik — W,

k>0 con-

]

In order to establish (101), we start by establishing certain contractive and “as-
cent” properties for the mapping F in Lemmas 4.9 and 4.13. Then, we prove the
boundedness of x,-k and y,-k, in turn yielding the boundedness of the gradients Vy and
hence the result that limsup Vo, < 0 by Lemma 4.3. Next we establish a “Lyapunov-
like” recursion for ok (z¥,wk), relating ¥(z¥,wk) to %=1 (2K, wk=1). Eventually this
result will allow us to establish that liminf Vi, > 0 and hence that lim Vg, = 0, which
will in turn allow an argument that yX — wk — 0. The proof that G;zK — x — 0 will then
follow fairly elementary arguments.

4.5.1 Some Basic Results

We begin by stating three elementary results on sequences, which may be found
in (POLYAK, 1987), and a basic, well known nonexpansivity property for forward steps
with cocoercive operators.

Lemma 4.5. Suppose thata, >0 forallk >1,b>0,0<t1<1,anday,1 <tax+b
for all k > 1. Then{ay} is a bounded sequence.

Lemma 4.6. Suppose that a, > 0,by, > 0 for all k > 1, by — 0, and there is some
0 <7< 1 suchthatay,4 <Ttax+by forallk>1. Then a, — 0.
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Lemma 4.7. Suppose that0 < 1< 1 and {ry},{bx} are sequences in R with the proper-
ties by — 0 and ri,q > 1rg + by for all k > 1. Then liminf,_, . {rx} > 0.

Proof. Negating the assumed inequality yields —ry,{ < 1(—rx) — bx. Applying Lemma
4.6 then yields lim sup{-r,} < 0. O

Lemma 4.8. Suppose B is L~ -cocoercive and 0 < p < 2/L. Then for all x,y € dom(B)
[x=y—p(Bx=By)|| < |Ix-yl. (106)
Proof. Squaring the left hand side of (106) yields
|x =y =p(Bx=By)|? = |lx~y||* = 2p(x = y,Bx = By) + p?|| Bx = By||?
< x=y|2~ 2P ||Bx~ By |2 + p?|Bx - By

2
< [Ix=ylI*

4.5.2 A Contractive Result

We begin the main proof with a result on the one-forward-step mapping F from
Definition 4.2. The following lemma will ultimately be used to show that the iterates
remain bounded in the next subsection.

Lemma 4.9. Suppose (x*,y*) = Fap(z,x,w; A,B,G), where Fqp is given in Definition
4.2. Recall that B is L~'-cocoercive. If L = 0 or p <2(1-a)/L, then

Ix* =6 < (1-a)llx=6|| +al|Gz—6| +p |w—-w| (107)
for any 6 € dom A and w < A6 + B6.

Proof. Select any 6 € dom(A) and w € A6 + BO. Let a= w— B € Ab. Then we can
write
a=w-B6=pa+6cpAb+6=(l+pAb
=0 =(I+pA " (pa+6).

In other words

~

6 = Jpa(6 +pa), (108)

according to the definition of the resolvent. Therefore, the definition of the operator 7
in (97), (108) and the non-expansiveness of the operator J, 4 yield

[ ‘ Jpa((1=)x + aGz —p(Bx — W) = J,a(6 + p2)

IN

](1 —a)x +aGz —p(Bx — W)—é—péH

_ ’ (1-a) (x—é—L <Bx—Bé>) +a(Gz-6)+p (w—é—Bé)H (109)

1-a
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where the last term was obtained by grouping terms, adding and subtracting B6. Notice
that if L > 0 we have by Assumption 2 that

p__2

1—-a~ L
therefore, applying Lemma 4.8 to the first term on the right hand side in (109) to obtain

Hx—é—%(Bx—Bé)H < |x=6|. (110)

Finally, we can write (109) using the triangle inequality and (110) as

Ix* =8| < (1-a) Hx—é—L (Bx—Bé) H +a|Gz—6|| +p Hw—(é+ Bé)H
1-a
<(1-a)x-6]+al|Gz-6] +p[w—-w]|.
Alternatively, if L = 0, implying that B is a constant-valued operator, then Bx = B6
and we obtain just an equality in (110). O
The inequality in (107) helps us establish the boundedness of the sequence
(x¥)k>0, as in the following lemma.

4.5.3 Boundedness Results and their Direct Consequences

Lemma 4.10. Foralli=1,...,n, the sequences (x¥)x>q and (y¥)x=q are bounded.

Proof. First, we prove the boundedness of the sequence (x,-k)kzo. To that end, notice
that in the context of Algorithm 4, we have fori=1,...,n

k k k k=1 k.
(XI ’-yl ) =.7:ai,p,.(Z ,XI' ’Wi ,A,’, BI’ G,)

Hence, in this context, Lemma 4.9 reduces to

k2 k=1 5 k2 kK -
X7 =6ill < (1 =o)X =86l +a;l|G;z" = 6| + pj |Wj —w;

(111)

for k > 1, and for any 6; € dom A; fixed. Additionally, Assumption 2 holds, that is, p; < p
we arrive from (111) at

Ixf =04l < (1 =) Ixf™" =6 + il GizX ~ 1] + p | wf - | 2

Calling
k K_6. +ollwk =i
bi = ajl|Gjz" -6 +pllw;" — wi,

we deduce it is bounded by, say b, since 0 < a; < 1, the sequences (zk)kzo, and

(W,-k)kzo are bounded by Lemma 4.3, and G; is bounded by Assumption 1. Consider

now for each i = 1,...,n the sequence af = xX —6;, thus we can write (112) as

af-‘” < Taf-( +b.
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Applying Lemma 4.5 with 7 = 1—a; < 1 to this last form of (112) we deduce boundedness
of (xK)x=0- Next, we establish that the sequence (y/),~¢ is bounded. Recall that

(fYK) = Fayol( 2 xf71 WS AL B, G)).
Expanding the y*-update in the definition of F in (97), we may write

1 /

vE =™ (1 =o)X + a1 Gi2* —pi(Bixf=! - wl) —xf) + BxE. (113)

Notice that the sequence (B,-x,-k)kzo is bounded since B; is continuous and (x,-k)kzo
is bounded. Additionally, G;, z¥, and w,.k are bounded, hence we conclude from the
expression of y,-k in (113) its boundedness O

With (x¥)k=0 and (yX)x=o bounded for all i = 1,...,n, the boundedness of Vi
follows immediately:

Lemma 4.11. The sequence (Vyy)x>1 is bounded. If Algorithm 4 never terminates via
line 13, lim supk .« ¢k (p¥) < 0.

Proof. Recall that by Lemma 4.2(2), we have
n
Vzpg = Z Giyf,
i=1
which is bounded since each G; is bounded by assumption and each (y,-k)kzo is
bounded by Lemma 4.10. Furthermore,
VW/QOK = Xik — G,’X/;
is bounded for each i = 1,...,n—1, using the same two lemmas. Therefore, the

sequence (|| Vkl|)x>1 is bounded, it follows from Lemma 4.3(3) that

lim sup ¢ (p¥) < 0.

k—o0

]

Once again, using the boundedness of (x,.k)kzo and (y,.k)kzo, next we can derive

the following simple bound relating ; k1 (zX,wk) to ¢; 4_1 (251, wf=T):

Lemma 4.12. There exists My,M> > 0 such that forallk > 2 andi=1,...,n,
ikt (Z W) > i g (2T W) — My W = W - M| Gl 25 - 2K
Proof. Boundedness of the sequences (p¥)x=0, (X¥)x>0 and (yX)x>o together with the

assumption of each G; being bounded, allow us to conclude that for each i € {1,...,n},
there exist My ;, Mo ; > 0 such that

1GiZF T =Xk < My 5,



Chapter 4. Projective splitting with one forward step for cocoercive operators 66

and
k—1 k
1y = —will < My

Let My = max{My 1,...,M; o} and My = max{My 4,..., M5 p}. Now, for any k > 2
and i € {1,...,n}, in order to relate p; 4_1 (K=", wh=1) with ; ,_1 (2K, W), we add and
subtract the terms G;zX=! and w*~" in the inner product of y; x_y yielding

ikt (Z W) = (GiZK — xIT y k1 —why
Y Y S K k=1 k=1 . k
=(G;z" ' - ,Y, -wi) +(G;z" - G;z" .y, i)
k=1 _ k=1 k 1 k=1 k=1 k=1 .k
= GI’Z ,Y, > <GIZ _Xi ’Wi - WI >

+<G,-zk—G,-zk1,y,. —wk)

Next, applying the Cauchy-Schwarz inequality to the last two terms of the right hand
side follows that

ko ok k=1 k-1 KA k=1 k=1 _ K
©i k=125 W) > 01 (25w = |G = x| llw T = |
k K=t 111 k=1 _ K
—1Giz" = Gz" [lly; " —wi|

k=1 k-1 P = Kk Kk
> i k127w ) = My[w = wi || = Ma|Gjl[[| 27 =27l

where the last step uses the boundedness of each G; and the definitions of M; and
Ms. O
4.5.4 Ascentlemma

We now prove the key “ascent lemma”. It shows that, while the update step given
by (99) is not guaranteed to find a separating hyperplane at each iteration, it does make
a certain kind of progress toward separation.

Lemma 4.13. Suppose (x*,y*) = Fap(2,X,w; A,B,G), where Fq is given in Definition
4.2. Recall B is L™1-cocoercive. Let y € Ax + Bx and define ¢ := (Gz—x,y—w). Further,
define o* = (Gz—x*,y* —w), t asin (97), and y := p~'(t— x*) + Bx. Ifa € (0,1] and
p < 2(1-a)/L whenever L >0, then

+ 2 S l2 _ _ Py, w2
o= (I = wiPsaly-wiB) + (1-a) (o= 2y -wl?).  (114)

Proof. Since y € Ax + Bx, there exists a € Ax such that y = a+ Bx. Let a* := p‘1 (t—x™).
Note that a* € Ax* by definition of the resolvent. With this notation, y = a* + Bx, hence

(y*.y) = (@ + Bx*,a+ Bx) where a € Ax, a* € Ax*. (115)
Additionally, we may write the x*-update in (97) as

x*+pat=(1-a)x+aGz-p(Bx—w)
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which rearranges to
=(1-a)x+aGz—p(y—-w) = —x" =—aGz—(1-a)x +p(y—w).
Adding Gz to both sides yields
Gz—x"=(1-0a)(Gz—x) +p(y —w). (116)

Substituting this equation into the definition of ©* yields

=(Gz-x",y"—w)

=((1—a)(Gz=x) +p(y —w),y* —w)

=(1-a(Gz=X,y"=w) +p(y—w,y" - w)
=(1-a)(Gz—x,y—-w)+(1=a)(Gz=Xx,y* =y) +ply—w,y* —w) (117)
=(1-a)p+(1-a)(Gz=X,y" —y) +p(y —w,y" —w).

We now focus on the second term on the right-hand side of (117). First, consider the
case where L > 0. Adding and subtracting x* to the first entry of the inner product we
obtain using (115) that

(Gz—x,y*—y)=(xXT=x,y"—y)+(Gz=x*y* —y)
= (x*—x,at—a) + (x* —x,BxT = Bx) + (Gz—x*,y* - y)

> L7V Bx* = Bx|? + (Gz—x*,y* —y) (118)
= L7V|Bx* = Bx|)? + (Gz—x*,y* —w) + (Gz— x*,w—y)
= L‘1HBX+—BXHZ+¢++(Gz—x*,w—y). (119)

In (118) we applied the monotonicity of A and the L~1-cocoercivity of B to the previous
term. Next, we simply add and subtract w to the second entry of the inner product to
get (119). Now, we can substitute the resulting inequality back to (117) yielding

=(1-a)p+(1-a)(Gz—x,y"—y) +p(y—w,y" —w)
> (1—a)p + (1-a) (L—1 IBxt = Bx|[2 + o+ + <Gz—x+,w—y>>
+p(y—w.yt—w).
Subtracting (1 —a)e* from both sides of the above inequality produces
apt > (1-a) (¢+ L~1||Bx* — Bx||? + <Gz—x+,w—y>) rply—w,yt—w).  (120)

Using (116) once again, this time to the third term on the right-hand side of (120), we
write

(Gz—-x*w—y)={((1-a)(Gz—X) +p(y —w),w—Y)
(Gz=x, w—=y) +p(y —w,w—y)
p=—py—w,y—w). (121)

1-a

=(1-q)
=(a=1)



Chapter 4. Projective splitting with one forward step for cocoercive operators 68

Substituting this equation back into (120) yields
ap* = (1-a) (ap + LB = Bx|2—p(y—wy—w)) +p(y —w,y* —w).  (122)

We next use the identity (xq,Xp) = %1x1[|> + ]| 2|2 = ]| X —X2]|? on both inner products
in (122), as follows:
’

G=wy=w) =5 (Iy=wlP+y-wP-|y-y|?)
1/..
=5 (1= wi?+1ly-w|2~|a* - a|?) (123)
and
o +_ _1 o 2 +_ 2 _ Iy 112
F=wy*=w) =5 (|- wl? +y* = wi= |7 -y*|
1 /..
= 5 (17— wl? +1ly* - w|[® = | Bx* - Bx||?) . (124)

Here we have used the identities
y—-y=a +Bx—(a+Bx)=a"-a
y—y*=a"+Bx—(a" +Bx") = Bx—Bx".
Using (123)—(124) in (122) yields
ap* > (1-a) (ap+ LB = Bx|[2=p(y = wy —w) ) +p(y = w,y* = w)
= (1-a) (ap+ L7"|Bx* - Bx|?)
L

Iy =wl +|ly = w|?~||a* - &)

+ & (1= wiP + lly* - w|[? 1 Bx* - Bx|?)
_ (1 _Piuy_wi2) P +_ w2 &l
= (1=0) (ap=Ely-wl?) + £ (Iy* - wi? + ally - w|?)

+( 1 2) |Bx™ — Bx||< + 5 |a® —all<.

Consider the last two terms in this last expression: since a < 1, the coefficient (1—-a)p/2
multiplying ||a* — aH2 is nonnegative. Furthermore, since p < 2(1 —a)/L, the coefficient
multiplying ||Bx* — Bx||? is positive. Therefore we may drop these two terms from the
above inequality and divide by a to obtain (114).

Now, consider the case where L = 0, which implies that Bx = v for some v € H
for all x € H. The main difference is that the ||[Bx* — Bx||2 terms are no longer present
since Bx* = Bx. The analysis is the same up to (117). Hence, instead of the expression
in (119) we obtain

(Gz=xy"=y) = (X" =xy*—y) + (Gz=x",y* —y)
=(x*—-x,at—a)+ (x* = x,Bx* = Bx) + (Gz—x*,y* —y)

<"+ (Gz-xT,w—y).
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Since Bx* = Bx = v is constant we also have that
y=a"+Bx=a"+v=a"+Bxt=y"
Thus, instead of (120) in this case we have the simpler inequality
apt > (1-a) (p+ (Gz=x*w=y)) +ply* - w]|?. (125)

The term (Gz - x*,w —y) in (125) is dealt with just as in (120), by substitution of (116).
This step now leads via (121) to

ap® > a(l —a)p—p(1 =) (y" —w.y = w) +plly* —w|?.
Once again using (X1,Xp) = &1 x1 ]2 + % x2][2 = 5||X; — x2||2 on the second term on the
right hand side above yields

1-a
_W||2_¥

We can lower-bound the ||y* — y||2 term by 0. Dividing through by a and rearranging,
we obtain

ag* > a(l—a)p+plly* (ly* = wiP+ ly=wiE=ly* = yI?).

+ p(1+a) + 02 _ _ P oy, 2
ot = By - wlP e (1-a) (o= Llly-wiP?).

Since y* = y inthe L = 0 case, this is equivalent to (114). O

We now establish a Lyapunov-like recursion for the hyperplane. At iteration k we
have from line 2 that

(X/k,y/'k) = -Fai,Pi(zk’X/'k_1= Wik;Ai’ Bi, Gj)

which means in the context of lemma that x* = x¥ thus by definition of the x*- update

in (97), there exists by (9) a¥ € AixX such that

xK 4 pia = (1= o) + 0;GiZK = pi(BixK — wk). (126)

Additionally we have that
= (GZK = XK= K= why = o i (2K W)
90+ = <sz _Xk’ yk - W/k> = gol',k(zk’wik)'

Just as in Lemma 4.13, we define for x,."‘1

yK = af + B, (127)
A direct application of this lemma gives us

k .,k Pi k k2 ok k)2
P2 W) = 2L (|yf = whI 4 o5 - wh )
i

>(1-a)) (<Pi,k-1 (Zk’WI'k)_%Hyi - Wik||2) (128)
I
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Since
ko ky2 k _ k2 vk — wk 2
1y = w112 < [y = w1 + aill yf = wf|

We readily obtain from this last inequality applied to (128) that

o w=ELyf — whI > (1 - ) (so,-,k_1 (2wl = LIy - wh ”2) . (129)
1 l

4.5.5 Finishing the Proof

We now work toward establishing the conditions of Lemma 4.4. Unless other-
wise specified, we henceforth assume that Algorithm 4 runs indefinitely and does not
terminate at line 13. Termination at line 13 is dealt with in Theorem 4.1 to come.

Lemma 4.14. Foralli=1,...,n, we have yK —wK — 0 and px(p¥) — 0.

Proof. Fix any i € {1,...,n}. First, note that for all kK > 2,

k—1 k2 —1 k=12 k-1 k—1 . k—1 k k—1 k2
Ly =wills =y =w TS 20y —w W = w) + [wp T = w |
1 k=12 ko k=1 k k=12
<y =wi T+ Mllwy —wy |+ [jwy —wp |

= lyf ' = wf) 2+ df, (130)
where
and M3 > 0is a bound on 2| y*=1 —w/=1||, which must exist because both (wX) and

(y,.k)kzo are bounded by Lemmas 4.3 and 4.10 respectively. Note that dik — 0 since

wK — wk=! — 0 by Lemma 4.3. Second, recall Lemma 4.12, which states that there

exists My,M> > 0 such that for all kK > 2,
ikt (2 W) > 0 g (VW) = My wfT = - M| Gill 12X - 24| (181)
Now let, for all k > 1,
k= o (2w - 2%",,||y,-k - wh|?, (132)

so that

n
i=1

n
R e S AT (133)
i=1 7!

Notice that the left hand side of (129) is r,-k, thus we can write

rf = (1-a) (¢i,k—1 (@ wf) = o Iy = w |I2) - (134)
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Using (130) on (134) we obtain
k K whk) k=12 _ Pi 4k
> (1-a) (so,-,k_ (ot = Ly i 2= P,

Applying (131) to the first term of the right hand side of this last inequality yields
> (1—oprk + ek, vk >2, (135)

I b

where

e = ~(1-a) (2’)' c+ MW —wh+ MG -2 ). (136)
Note that e,/-‘ — 0. This follows from the fact that 0 < a; < 1, the boundedness of p;,the
finiteness of |Gy, | 2K — 2K — 0 and |[wK - w=1|| — 0 by Lemma 4.3, and d¥ — 0.

Since 0 < a; < 1, we may apply Lemma 4.7 to (135) with 7 = 1 —a; < 1, which
yields liminfy_, . rX > 0. Therefore

n

limi >

}(rllorlf . Z I|m |nfr 0. (137)
i=1 i=1

On the other hand, lim supy_, gok(p ) < 0 by Lemma 4.11. Therefore, using (133) and

(137),

k—>ool.1

n
0<I|m|anr _I|m|nf{gpk k)_ZQP_H}’/ ikuz}
i=1

< liminf o, (p¥) < lim sup ok (p¥) < 0.
k—o00

k—o0

Therefore limy_, . ¢, (p¥) = 0. Consider any i € {1, ...,n}. Since liminf,_, . > r,.k >
0 and limy_, gok(pk) = 0 we have from its definition in (133) that

Ilmsup{p’lly, ,~"H2}§0 = ||y,-k—w,.k|\2—>0

k—oo aj
L]
We have already proved the first requirement of Lemma 4.4, that yl k5 0 for
alli e {1,...,n}. We now work to establish the second requirement, that G,z —x,k — 0.

In the upcoming lemmas we continue to use the quantity j/,.k which is given in (127).

k

Lemma 4.15. Foralli=1,...,n, yK—wkK — 0.

Proof. Fixany k > 1. For all i = 1, ...,n. Starting with the inequality in (128) and using
(130) and (131) we obtain

ik W) > (1 —a -><sa,-,k_ (2wl = By - ,-k||2)

+ g (I —w,-"|r2+a,uy, —w"u )
> (1=a)rf ="+ Dl - wh||? + ef
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where r is defined in (132) and ef‘ is defined in (136). Notice that this is the same
argument used in Lemma 4.14, but applied to (128), rather than (129), so that we can
upper bound the ||yX — w¥||2 term. Summing over i = 1,...,n, yields

n n n n
=Z¢i’k(zk,wl-k)22(1—o(- Z% W,-k||2+Zef(.
i=1 i i=1 i=1
Since wk(p¥) — 0, e — 0, and liminfy_,,, rX > 0, the above inequality implies that
j/,-k - Wl-k — 0. O

Lemma 4.16. Fori=1...,n, xK-xk1 - 0.

Proof. Fix i € {1,...,n}. Using the definition of af.‘ in (126) and the definition of j//.k in
(127), we have for k > 1 that

k k k-1 k k-1 k
x; +pja; =(1—a)x; " +a;Giz" —pi(Bix; " —w;")
- k k k—1 k

+CX,'G,'Z —p,-(a,- +BiXi - W )

=(1—aj)x" +OfiGiZk‘Pi(5’ik_Wlk)'

Xt = (1=ap)x{~" + aiG;2" = pilyf = wf), V k> 1 (138)

k2 4 0;GiZF 1 - pi(yK =Wk, Vk>2.

Subtracting the second of these equations from the first yields, for all k > 2,

X =xf 7 = (1= a) (T = x{P) + ai( G2 - GiZ"T) - py(¥f - wf)

+ oK —wiTy

Taking norms and using the triangle inequality yields, for all k > 2, that
I =xf T < (1= o) IXfTT = X[ + f (139)

where

~k k—1 k k=1 _ k-1
& = 1Gill 12 = 2f7 | + pillyf = Wil + pill 7T = Wi

Since p; is bounded from above, e,- — 0 using Lemma 4.15, the finiteness of || G;||, and
Lemma 4.3. Furthermore, a; > 0, so we may apply Lemma 4.6 to (139) to conclude that

xk—xk=1 0. [

I I
Lemma 4.17. Fori=1,...,n, GizK—x¥ — 0.

Proof. Recalling (138), we first write

X = (1=ap)xf" +0;Giz = pi(yf = wf)

o a(GZK=xk) = (1 =) =) 4 il - wh. (140)



Chapter 4. Projective splitting with one forward step for cocoercive operators 73

Lemma 4.16 implies that the first term on the right-hand side of (140) converges to zero.
Since p; is bounded from above, Lemma 4.15 implies that the second term on the right-
hand side also converges to zero. Since a; > 0, we conclude that ||G;z¥ —x,.k|| —0. O

Finally, we can state the convergence result for Algorithm 4

Theorem 4.1. Suppose that Assumptions 1-2 hold. If Algorithm 4 terminates by reach-
ing line 13, then its final iterate is a member of the extended solution set Se. Otherwise,
the sequence (zk wk )k>0 generated by Algorithm 4 converges weakly to some point
(z,w) in the extended solution set Se of (83) defined in (85). Furthermore, x,-k - Gjz
andyk —~wforalli=1,...,n=1,x§ =z, andyf — -1 G:w;.

Proof. If Algorithm 4 terminates via line 13 implies that 1, = 0 for some k. By definition
of my in line 5 we have that

uk =xk-Gxk=0vi=1,...,n-1, (141)
and
n—1
Vk=ZG;z<yll<+y/§=o_ (142)

i=1

Since by construction we have that yik € T,-xl.k we obtain from (141) that
x,-k= G,-x,’fVi: 1,...,n—1 :>y,-k € T,G,-xﬁVi: 1,...,n—1,

and from (142) that

n—1 n
yi==3_Glyf=3 Gyf=0
i=1 i=1
Hence, taking z¥+1 = x§, wX*1 = yKfori=1,...,n—1 we obtain by definition of
the extended solution set in (85) that (zK*1,wi+1, ... wk+l) e S,
Now, if the algorithm never terminates via line 13 then Lemmas 4.14 and 4.17
imply that the hypotheses of Lemma 4.4 hold, hence the conclusion follows. H

Remark 4.2. The special case where n = 1 turns out to be an application of the FB
algorithm for a forbidden boundary case. Indeed, in this case we have by assumption
that Gy = |, W1k = 0, and we are solving the problem 0 € Az + Bz, where both operators
are maximal monotone and B is L~'-cocoercive. Let xK := xK, yX := yK, a = ay, and

p = p1. Then the updates carried out by the algorithm are
xK = o ((1 —a)xk 1y azk - prk—1> (143)
yk - Bxk +% ((1 —a)xk_1 +0(zk—,onk_1 —xk)

k _ yk Kk
2K = ZK—1kyK, where ¢ = max{(z” kT|(2 y7).0}
y
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If a =0, then for all k > 2, the iterates computed in (143) reduce simply to
XK = o (Xk—1 —p Bxk—1>

which is exactly FB. However, as seen in Assumption 2 the case a = 0 is not allowed
since would imply that p; = 0. Thus, FB is a forbidden boundary case which may be
approached by setting a arbitrarily close to 0. As a approaches 0, the stepsize constraint
p < 2(1—a)/L approaches the classical stepsize constraint for FB: p < 2/L — ¢ for some
arbitrarily small constant € > 0.

A potential benefit of Algorithm 4 over FB in the n =1 case is that it does allow
for backtracking when L is unknown or only a conservative estimate is available.



75

5 CONCLUSION

The simplicity of the Algorithm 2 is attractive, leaving the crucial part of the
algorithm to the mechanism to choose the points. In the construction of Algorithm 3,
we see great flexibility in what the choice of parameters refers to, in contrast with,
for instance, the Douglas-Rachford method (Theorem 2.7) where the corresponding A
parameter is fixed in all the iterations and for both operators.

Two proofs in (ECKSTEIN; SVAITER, 2009) were modified employing two more
recent results. Those results were also present in the related results for (JOHNSTONE;
ECKSTEIN, 2021). For instance, Proposition 3.4 was updated using Theorem 2.3, but
this theorem was also used in the related result in Lemma 4.4, which is related to the
fact that the solution points are also in the defined sets V and V. In the same spirit,
we saw that the operator M + S used to prove the closedness and convexity of the
extended solution set for problem (84) was applicable to the extended solution set of
problem (33) too.

It is also interesting that both algorithms perform low-complexity projections over
a half-space for which a simple formula is known, involving only inner products, norms,
matrix multiplication by G; (when applicable), and sums of scalars. Even when linear
operators are involved there is no need to estimate their norms.

Additionally, Theorems 3.1 and 4.1 show that not only the generated sequence
by the algorithm (pk)kzo converges to a point in the solution set, but also the sequence
of points chosen (x,-k,y,-k) € gra T;, showing that the way of choosing them and the
projection performed relates these sequences.

We decided to study the algorithm developed in (JOHNSTONE; ECKSTEIN,
2021) without the backtracking procedure to make simpler the exposition, however, it
is of interest because in certain cases the cocoercivity constant is unknown or hard to
estimate. In our first reading, we found it interesting that the backtracking termination
conditions are related to the obtained inequalities in (107) and (114) showing that the
properties of the operator F allow this backtracking search. We wish to do a deeper
review of this procedure to understand the full capacities of this proposed method.

A potential benefit of Algorithm 1 over FB in the n = 1 case is that it does allow
for backtracking when L is unknown or only a conservative estimate is available.

In addition to this, just as in (JOHNSTONE; ECKSTEIN, 2020) a block-iterative
feature could be interesting to implement in Algorithm 4.
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APPENDIX A - PROOF OF LEMMA 3.3

Proof. If u =0, then Lu = 0 and (59)—(60) hold trivially, so it remains to consider the
case that at least one u; is nonzero. Given any such u, let v = (v4,..., vp) and [;; be
defined as in (58). Define U C H to be the finite-dimensional subspace spanned by
Uq,...,unin H. From (58), we have v; € Ufori=1,...,n, and, thus, u, v € U". Letting
n’ < ndenote the dimension of U, take B = (by, .. .,b,) to be some orthonormal basis
for U. From B, we may create an orthonormal basis B = (b4, ..., byp) for U" via

by = (by,0,0,...,0),

b brat = (62:0.0,....0
b2 = (05b150!"‘!0)! bn+2

(0, by, 0, ..., 0)

-yt = (b,0,0,...,0),
(n’—1)n+2 = (0’ bn’= O! ceey O):

ol ol

bn = (0,0,...,0,by), bo, = (0,0,...,0,bp) --- byn = (0,0,...,0,by).

Let U € R"" be the unique representation of u with respect to this basis, that is, its
elements Um,m = 1,...,n'n, are such that u = z”m’;q Umbm. Similarly, let v € R"N
be the unique representation of v. By the orthonormality of the basis B, it follows that
lull = |[al|, |v] = V|, and (u, Lu) = (u, v) = ' V. Let us now examine the action of the
linear mapping defined by (58) on the basis B, namely,

1 = (b1,0,0,...,0) — (f11by,lo1by,. .., ln1by) = 2 1Ly Lj1by,

> = (0,61,0,...,0) = ((12by,laby, ..., lpby) = YLy Lioby,
Bn = (0,0,...,0,b1) — (f1nb1,€2nb1,...,£nnb1)=ZP=1 E,‘nB,',
bpyt = (b2,0,0,...,0) — ((11bp, la1by,. .., €n1bo) = Yo[Lq L1 bpy i,

o

ne2 = (0,b2,0,...,0) — ((12bo,loobso,. .., lnobo) = Y Ly Liobp,,

En’n = (0,0,...,0,by) = ((4pbp, lopby, ..., tnnby) = ZP=1 ginE(n’—1)n+i-

Thus, in terms of the basis B, the action of the linear mapping (58) is that of the "'nx n'n

block-diagonal matrix
L

m times
and we must have v = Lu. It is easily seen that sym L has the same eigenvalues as
sym L, so k(L) = k(L). Using standard eigenvalue analysis in R”", we therefore have

o' Lo > «(0)[@]? = (L) @]
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Substituting ||u|| = ||U] and (u, Lu) = (u, v) =u'V = U ' Ld into this relation yields (60).
To establish (59), we observe that

IT|2 = max {||Lx||* | X € R7", x| =1}
n n
= max{Z:HijH‘2 X1, Xy € Rn’ZHX/”2=1}
j=1 j=1
u x € R" Vi,...,vy >0
= max {Zmax{HLtz ' ) } 1 m=
e P =vi S vy =1
n/
V‘I,...,v”/ZO 2
= max {Zv,-nLn2 } LI,
j=1 Vi+--+Vy =
Thus, we may substitute ||L|| = ||L|| into the inequality ||Ld| < ||L||||d]|, along with

1Ll = [[v]| = ||v[l = ||Lu]| and ||u|| = |[u] to obtain (59). O
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