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Resumo

O presente trabalho apresenta alguns problemas extremais em Analise de Fourier.
Inicialmente, sao discutidos alguns conceitos fundamentais da teoria de fungoes
inteiras, tais como o principio de Phragmén-Lindelof, fun¢oes da classe de Pélya e
fungoes de tipo limitado. Utilizando esses conceitos, os espacos de De Branges sao
definidos e suas propriedades, como espagos de Hilbert com nticleo reprodutor, sdo
exploradas. Em seguida, sao enunciados alguns problemas extremais relacionados a
imersao de espacos de Paley-Wiener e a variagoes de problemas extremais classicos
com restrigoes de monotonicidade. Por meio da poderosa teoria dos espacgos de De

Branges, ¢ possivel encontrar as constantes étimas para tais problemas.

Palavras-chaves: Analise de Fourier. Fungdes inteiras. Espacos de De Branges.

Espagos de Paley-Wiener. Problemas extremais.



Resumo Expandido

Introducao

Os espagos de Paley-Wiener (ou simplesmente PW), estudados por R. Paley e N.
Wiener, desempenham um papel fundamental na analise harmonica cléssica. Nesses
espacgos de Hilbert de funcoes inteiras, a norma de uma funcao pode expressar muitas

de suas propriedades quantitativas, como controle pontual.

Isso ocorre porque PW possuem, devido ao teorema da representacao de Riesz,
um ntcleo reprodutor, ou seja, uma fun¢do no espago que permite recuperar o
valor pontual via um produto interno. Além disso, os elementos desses espagos tém
restricoes no suporte de sua transformada de Fourier e podemos dar, devido a uma
equivaléncia, uma definigao alternativa para PV usando o tipo exponencial (que é

uma forma de medir o crescimento de uma funcao inteira em todo o plano complexo).

Devido as boas propriedades dos espacos de Paley-Wiener, alguns matematicos
procuraram estender esse conceito de espaco. Talvez uma das contribuicoes mais
relevantes nessa direcao tenha sido feita por Louis de Branges, que utilizou a poderosa
teoria de fungoes inteiras para introduzir e trabalhar sistematicamente com espagos

de Hilbert que agora levam seu nome.

Os espagos de De Branges (ou simplesmente H(E)) sdo generalizagoes naturais dos
espacos de Paley-Wiener. Assim como PW, os espacos de De Branges sao espagos
de Hilbert de fungoes inteiras com ntcleos reprodutores e, por causa disso, temos
representacoes explicitas para fungoes e suas normas usando os nucleos reprodutores.
Com isso em mente, os matematicos aproveitaram essa teoria poderosa para resolver
problemas dos tipos mais diversos, como otimizacao de Fourier e teoria analitica dos

nimeros. Entre esses trabalhos, podemos mencionar [HV96), [Car+14] e [Car+23].

Objetivos

Este trabalho investiga os espagos de De Branges e problemas extremais na analise
de Fourier, explorando suas propriedades como espagos de Hilbert para resolver
desafios como o one-delta problem com restricbes de monotonicidade. Além disso,
visa introduzir esses conceitos de forma acessivel para leitores ndo familiarizados com

espacos de nucleo reprodutor e problemas extremais na analise harmonica.

Metodologia

A metodologia adotada baseou-se em uma abordagem colaborativa com o orientador,

envolvendo reunides regulares para discussao e refinamento das ideias. Além disso,



foram realizadas apresentacoes de seminarios, garantindo assim o aprimoramento
continuo do trabalho. A pesquisa também incluiu uma extensa revisao bibliografica,

abrangendo artigos e livros relevantes para embasar teoricamente o estudo.

Resultados e Discussoes

Esta dissertacao de mestrado tem como objetivo abordar a teoria dos espacgos de De
Branges e alguns problemas extremais na analise de Fourier. Para conseguir isso,
comecamos com uma breve revisao dos resultados classicos da analise harmonica no
Capitulo [I} No Capitulo [2| apresentamos alguns fatos essenciais da teoria das fungoes
analiticas, como o principio de Phragmén-Lindelof, fatoragao de fungoes na classe
Poélya e fungoes do tipo limitado. No Capitulo |3] usamos esses novos conceitos para

definir espagos de De Branges e estudar suas propriedades como espagos de Hilbert.

Essencialmente, os capitulos [2] e |3 constituem um estudo parcial dos dois primeiros
capitulos do livro |Bra68]. Consequentemente, algumas proposicoes ao longo do texto
podem parecer monotonas e desinteressantes para leitores ja familiarizados com os
conceitos de analise. Porém, isso ocorre porque essas proposicoes sao exercicios do
referido livro e serdo empregadas posteriormente como lemas ou resultados auxiliares

nas provas dos teoremas centrais.

O capitulo 4| é dedicado a investigacao de alguns problemas extremais, relacionados a
generalizacao do classico one-delta problem com restrigdes e ao calculo da norma de
um operador entre dois espagos multidimensionais de Paley-Wiener. Adicionalmente,
no final do Capitulo [d] introduzimos um problema extremal relativo aos espagos de
De Branges. E importante notar que este ultimo problema garante a existéncia de
solugoes para outros problemas neste capitulo, devido a rica teoria por tras desses

espacos de nucleo reprodutor. A referéncia deste capitulo é o artigo |Car+23].

Consideracoes Finais

Em resumo, esta dissertacao explora a teoria dos espagos de De Branges e problemas
extremais na analise de Fourier. Ao investigar conceitos fundamentais da teoria das
funcgoes analiticas, delineamos as propriedades dos espacos de De Branges como
espacos de Hilbert. A investigacao de problemas extremais destaca nao apenas a
profundidade tedrica, mas também a aplicabilidade pratica das poderosas ferramentas

abordadas neste estudo de espacos de Hilbert de funcoes inteiras.

Palavras-chaves: Analise de Fourier. Fungdes inteiras. Espacos de De Branges.

Espacos de Paley-Wiener. Problemas extremais.



Abstract

The present work addresses extremal problems in Fourier Analysis. Initially, fun-
damental concepts of the theory of entire functions are discussed, such as the
Phragmén-Lindelof principle, functions from the class of Pélya, and functions of
bounded type. Utilizing these concepts, de Branges spaces are defined, and their
properties, such as being Hilbert spaces with reproducing kernels, are explored.
Subsequently, extremal problems related to embedding Paley-Wiener spaces and
variations of classical extremal problems with monotonicity constraints are stated.
Through the powerful theory of de Branges spaces, it is possible to determine the

sharp constants for such problems.

Keywords: Fourier Analysis. Entire functions. De Branges spaces. Weighted Paley-

Wiener spaces. Extremal problems.
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Introduction

Systematically studied for the first time by R. Paley and N. Wieneifl, the Paley-
Wiener spaces (or simply PW) play a fundamental role in classical harmonic analysis.
In these Hilbert spaces of entire functions, the norm of a function can express many

of its quantitative properties, such as pointwise control.

This happens because PW has, due to the Riesz Representation Theorem, a reproduc-
ing kernel, which is a function in the space that allows recovering the pointwise value
via an inner product. Furthermore, the elements of these spaces have restrictions on
the support of their Fourier transform, and we can provide an alternative definition
to PW using exponential type (which is a way of measuring the growth of an entire

function across the entire complex plane) because of an equivalence.

Due to the good properties of Paley-Wiener spaces, some mathematicians sought to
extend this concept of space. Perhaps one of the most relevant contributions in this
direction was made by Louis de Branges, who utilized the powerful theory of entire

functions to introduce and work with Hilbert spaces that now bear his name.

The de Branges spaces (or simply H(FE)) are natural generalizations of the Paley-
Wiener spaces. Just like PW, de Branges spaces are Hilbert spaces of entire functions
with reproducing kernels, and because of this, we have explicit representations
for functions and their norms using the reproducing kernels. With this in mind,
mathematicians have taken advantage of this powerful theory to solve problems of
the most diverse types, such as in Fourier optimization and analytical number theory.
Among these works, we can mention [HV96|, |Car+14], and [Car+23].

This master’s thesis aims to address the theory of de Branges spaces and some
extremal problems in Fourier analysis. To achieve this, we start with a brief review
of classical results in harmonic analysis in Chapter [I} In Chapter 2, we present some
essential facts from the theory of analytic functions, such as the Phragmén-Lindel6f
principle, factorization of functions in the Pdlya class, and functions of bounded type.
In Chapter [3] we use these new concepts to define de Branges spaces and study their

properties as Hilbert spaces.

Essentially, Chapters [2| and 3| constitute a partial study of the first two chapters of de
Branges’s book |Bra68|]. Consequently, some propositions throughout the text may
appear uninteresting to readers already familiar with analysis concepts. However,

this is because these propositions are problems from the mentioned book and will be

1 See for example [PW34.
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employed later as lemmas or auxiliary results in the proofs of central theorems.

Chapter [4]is dedicated to the investigation of some extremal problems related to the
generalization of the classic one-delta problem with additional restrictions and the

calculation of an operator norm between two weighted Paley-Wiener spaces.

Additionally, at the end of Chapter 4] we introduce an extremal problem concerning
de Branges spaces. It is worth noting that this extremal problem ensures the existence
of solutions to other problems in this chapter, owing to the rich theory behind these

reproducing kernel spaces. The reference for this chapter is the article |Car+23|.

Finally, we use Appendix [A] to establish specific results employed throughout the
text. If the reader is familiar with the basic theory of classical harmonic analysis, we

recommend starting the reading from Chapter

Notation

We will use the symbols N, Z, R, and C to denote the sets of natural numbers,
integers, real numbers, and complex numbers, respectively. Furthermore, we use Z
for nonnegative integers, C* = {z € C : Im z > 0} for the upper half-plane, and
Ct ={z¢€C : Imz > 0} for the closed upper half-plane. We write z = x + iy for

the complex variable, where x and y are real. This will often be implicit in the text.

Let ' : C?* — C be a function. It is said to be real entire if it is entire and its restriction
to R? is real-valued. We define the function F* : C* — C by F*(2) & FZ).IfF
is entire, then F* is also entire and coincides with the conjugate of F' on R?. If an
entire function F is real, then F coincides with F* on R, and hence, by analytic

continuation, in all C?. Thus, an entire function F is real if and only if F* = F.

An entire function F : C? — C is called radial if its restriction to R? is radial.
Similarly, we say that an entire function F' € LP(RY, p) if its restriction to R? belongs
to this space. The notation B, (p) represents the ball of radius r» > 0 centered at a
point p. If p =0, we will simply write B,.

For w € C?, we define the translation operator (7, F')(z) = F(z—w) and the reflection

operator F(z) = F(—z). Moreover, given a multi-index a = (o, o, . . ., aig), Wher
. d - :
o; € Z, we define the polynomials z¢ e/ xPtxg? .. xy? and the partial differentials

g & (%)m e (a%d)ad. As usual, Cy(R?) is the space of continuous functions on

R? that tend to zero at infinity and C°(R?) is the space of infinitely differentiable

functions with compact support.

2 The order of the multi-index « is denoted by |al, where |a| = a; +as + ... + ag.
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Chapter 1

Background

This chapter reviews fundamental concepts that will be used throughout the text.
However, it is important to note that this text assumes a certain level of familiarity

from the reader with complex analysis, measure theory, and functional analysis.

In the first section, we establish the definition of the Fourier transform, and later
we will extend this notion to tempered distributions. The second section introduces
some results on Fourier series, in particular, the Poisson summation formula. In the
last section, we explore the definition of exponential type in higher dimensions and
present several versions of the Paley-Wiener theorem. The references for the first
two sections are [Fol99, Chapter 8] and [SW71|, Chapter 1§3]. For the final section,
we draw on [SW71|, Chapter IT1§4], [Fol99, Chapter 9], and [Hor64, Chapter 1].

1.1 Fourier transform

For f € L'(R?), we define its Fourier transform f by

J©) < | et dn.

R4
Our first proposition outlines the fundamental properties of the Fourier transform.

Proposition 1.1. Let f,g € L'(RY) and k € N. Then

) 1 fllee < 11£11-
(i) (1)) = e 2™V (&) and 7, (f) = h, where h(z) = ™ f(z).

(iii) If 7" is an invertible linear transformation on R? and S = (7*)~! is the inverse
of its transpose, then (f o T)" = |det T|"1f o S. In particular

~

« if T is a rotation, we have (f o T)" = foT;
o if Tw =tz (t > 0), then (f o T)N(E) = t2f(t£).

o~

(iv) fxg=1"3

(v) If 2o f € LY(R?) for || < k, then f € C*(R?) and 9° f = [(—2miz)* f]".
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(vi) If f e C*(R?), 9°f € L*(RY) for |a| < k, and 9°f € Cy(RY) for |a] < k —1,

— ~

then 0 f(£) = (2mi&)* f(€).

(vii) (Riemann-Lebesgue lemma) We have that f € Cy(R%). In particular, f is

uniformly continuous.

(viii) (Multiplication formula)

/]Rd f(2)g(z) dx:/ f(z)g(x)de. (1.1)

R4

Proof. See [Fol99, Theorem 8.22] and [Fol99, Lemma 8.25]. O

We now turn to investigate the inverse problem of obtaining f from its Fourier

transform. For this purpose, we define the inverse Fourier transform of a function

f € LYR?) as
F&) = [ e f(a) da

Rd

Theorem 1.2 (Inversion formula). If f and f belong to L!(R?), then
o 2miz-€ I
fla) = [ emefie) de
for almost every point = € R
Proof. For more information, refer to [Fol99, Theorem 8.26]. O

Although the integral defining the Fourier transform does not generally make sense
for a function f € L%(R?), there exists a simple and elegant way to extend the theory

to the L? context. The key point for this extension is the following result.

Theorem 1.3. If f € L*(RY) N L?(RY), then H]?H2 = || fl»-

The set L*(R?) N L*(R?) is dense in L*(R?), implying the existence of a unique
bounded extension, denoted by F, of the Fourier transform to the space L?(RY). We
will continue using the notation f = F(f) when f € L2(R%). In particular, if XB, 18
the characteristic function of the ball of radius k > 0, f € L*(R?), and we denote
fx = fxs,, then fis an L? limit of ﬁ

Theorem 1.4 (Plancherel). The operator F : L?(R?) — L?(R?) is unitary, meaning

it is linear, isometric, and surjective. Additionally, its inverse F~! can be obtained as

for any g € L*(R?).
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The proof of the last two results can be found in [Fol99, Theorem 8.29].

In order to generalize the notion of the Fourier transform to the context of distribu-
tions, we will first define the appropriate class of test functions. To freely explore
the relationship between differentiation and multiplication by polynomials peculiar
to the Fourier transform (see Proposition and , we consider the class of
functions f € C*°(R?) such that

sup |2(0° f)(2)] < o0 (1.2)

for any multi-indices « and 3, i.e., the set of infinitely differentiable functions such
that any derivative decays faster than any polynomial. The Schwartz space is a
Fréchet space, denoted by S(R?) (or simply S when clear from the context), defined

as the set of functions with the topology given by the semi-norms on the left-hand

side of ((1.2)).

Proposition 1.5. Let S be the Schwartz space and let f,g € S.

(i) feSand fxgesS;

(ii) The Fourier transform is an isomorphism from the Schwartz space S onto itself.
Proof. See [Fol99| Corollary 8.28]. ]

The dual space S’ formed by all continuous linear functionals on S is called the
space of tempered distributions. In fact, this dual space contains a wide variety of

elements, as we will see in the following examples.

Example 1.6 (Polynomial growth functions). We say that a function f hadl|
polynomial growth LP, if f(x)(1 + |z|*)~F € LP(R?) for some nonnegative integer k
and some p with 1 <p < co. We define the functional Ly : § — R by
def
Li(e) = |, f@)p(z)da.

As Ly is linear, to verify its continuity, it is sufficient to consider the case ¢ — 0. In

this case, we use the Holder inequality to conclude that

L1 =| [ Sabetrda| < [ | T [0+ b ool da
f(z 2k ©—0
< H<1+<\)|> Ju+etyew], <o

1 Or simply polynomial growth, if p = oc.
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Example 1.7 (Polynomial growth measures). We say that a complex Borel

measure g has polynomial growth (or tempered measure) if

1
/Rd WCIM(I) < 00

for some nonnegative integer k. Analogously to Example [I.6] we verify that

Lu(9) = [ #(@) du()

is continuous and thus a tempered distribution.

Example 1.8 (Evaluation functionals). For each pair of multi-indices (a, 3) and

each zo € RY, we can consider the functional

Lap.ao () = 250" p(0),

which, directly from the definition of the metric on S, is continuous.

We can extend various operations of analysis, such as multiplication, translation,

Fourier transform, and convolution, to the context of tempered distributions.

- Multiplication by a function. Let u € 8§’ and ¢ € C*(R?) be a function such

that v and all its derivatives have polynomial growth. We define the multiplication
uwp € S as
def
(u)(p) = u(yp),

for any p € S.

- Translation. If y € R and u € §', we deﬁneﬂ T,u €S as

(ryu) () < ulryp),

for any p € S.

- Differentiation. For v and ¢ in S, using integration by parts, we have

L@@ de = (<1)°! [ u(@)(@"e)() dz.

Rd

If u € &, the linear functional ¢ +— (—1)1*u(0%p) is continuous, and this will be
the a-th partial derivative of the distribution u, denoted by (0%u) € S’. Therefore

(0*u) () = (~1)llu(@p),

for each p € S.

2

See the [Notation|section in the [Introduction
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- Fourier transform. Now, using the multiplication formula in ([1.1)) to motivate
the definition. If u,p € §, we have

L e@i@) = [ u@)e)dr.
If u € &', we define its Fourier transform u € S’ as

a(e) < u(@),

for each ¢ € S. It is easy to see that u € S as it is the composition of two
continuous functions. It is also easy to see that the Fourier transform defines an

isomorphism of the topological vector space S’ onto itself.

. Convolution.

Option 1. If u,p € S, we write

ws @) = [ ulyele —y)dy = [ uly)mgl)dy.

Thus, if u € §’, we can define the convolution of v with a function ¢ € § as a new

function given by
(uxp)(@) £ u(ra).
Option 2. If u, ¢, € S, we have
L s @)@ de = [ ()@ ))da.

Thus, we can define the convolution of a tempered distribution v € &’ with a

function ¢ € S as the element u x p € S’ defined by

(ux ) () =u(@x1) forany o €S. (1.3)

Both definitions for the convolution u* ¢, with u € &’ and ¢ € S, are equivalent, and
the proof of this fact can be found in [SW71, Theorem 3.13]. Finally, note that the
basic properties of the Fourier transform in Proposition |1.1| (see |(ii){(vi)|) continue to

hold in this sense.

Proposition 1.9. If u € &’ we have

(ii") (ryu)" = e #™€v4 and 7, (0) = [e*™ T Tu)".

(iii’) If T is an invertible linear transformation in R? and S = (T*)~! is the inverse
of its transpose, then (v o T)" = |detT| i o S.

(iv’) w* @ =1- @, where ¢ € S.

(V') 0%0 = [(—2miz)*u]" and (0%u)" = (2mi&)*q.
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1.2 Fourier series

We say that a function f : R? — C is periodi if f(x+m)= f(z) for all x € R? and
all m € Z%. Periodic functions in R¢ can then be identified with functions defined on

the compact metric space T¢ = R /74,

A set D C R? is said to be a fundamental domain if each point in R¢ has exactly
one translated point, with respect to Z¢, in D. Clearly, a periodic function in R? is

entirely determined by its restriction to a fundamental domain.

In most cases, it will be convenient to use the cube Q¢ = {x € R%; —1/2 < x; < 1/2}
as the fundamental domain. Therefore, we identify measurability and integration on
the torus T? with measurability and integration on the cube Q% with respect to the

Lebesgue measure

/Td f(z)dx 1 /Qdf(x)d:c.

The spaces LP(T¢) and C7(T9) (functions in Q? whose periodic extension to R? is of
class C7) are well-defined this way. If f € L'(T?), we define its k-th Fourier coefficient

(where k is an element of Z%) as

~

Fi) = [, sayer= da.

Our goal in this section is to understand when we can express a periodic function f

as a superposition of e je.

flx)= 3" ape*™me (1.4)

meZ4

Formally, if we multiply (1.4) by e~2"** and integrate over a period Q% (using the
orthonormality of the system {e2™7: k e Z4}), we obtain a; = f(k). Therefore, we

would like to know when the equality
flx) =" f(k)e ™ (1.5)
kezd

holds. At first, we know nothing about the convergence of the right-hand side of
(1.5)). Therefore, we limit ourselves to just formally defining the Fourier series S[f]
of a function f € L'(T?) as

Sf) =3 Fk)er™=.
kezd

We now present the mechanism that relates the theory of the Fourier transform in the

case of RY to its periodic version: the so-called Poisson summation formula. Setting

3 Modulo the lattice Z2.
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aside convergence issues momentarily, given a function f : R? — C, we consider its
periodic extension given by

= > flz+m). (1.6)

meZd

For the right-hand side of (|1.6)) to make sense pointwise or at least almost everywhere,
we need some decay in f. Indeed, if f € L*(RY), we have that

/Td|F(3:)\d:E—/ de.rer da:</ Zd‘fﬂf+m)|dﬂf
=3/, $+m|w—-21/1 Wl dy = [ 17wl dy.

meZ4

If f e LY(RY), the above calculation shows that F € L'(T9), and hence the sum
(1.6)) is absolutely convergent almost everywhere # € T¢. We can then compute the

Fourier coefficients of the periodic function F', namely

Fk) = /T Fa)e ¥k dy

(Z fa:—l—m) —27rik-xd Z/ x—l—m —27Tzkasd

mezZd mezd

Z /d+m e 2k Y gy — /Rd Fy)e 2k gy = f(k)’ (1.7)

meZa

where the interchange between the integral and the sum is justified by (1.7]). Therefore,

we can conclude that

= 3 Tk,

kezd

If f and f have well-controlled decay, not only in the integral sense but also in a

pointwise sense, we can establish convergence at every point.

Theorem 1.10 (Poisson summation formula). Suppose f and f satisfy the

pointwise estimated’]

C ~ C
|f(z)] < 0+ eyt and |f(§)] < (G

for some C' > 0 and € > 0. Then, the identity

S flet+m) = fk)er e
mezZd kezd
holds for any point x € T¢. In particular,

> fm)= 3" (k)

meZd kezd

4 In particular, we can assume f and f are continuous by Fourier inversion.
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The proof of this result can be found in [Fol99, Theorem 8.36]. Now we present a
refinement of the pointwise convergence result in the case of dimension d = 1, whose
proof follows from [Fol99, Theorem 8.43].

Theorem 1.11 (Poisson summation formula - one dimension). Let f € L'(R)

be a normalized function of bounded variation. Then, the following holds’]

S flatm) =3 fk)em™

meZ kEZ

for every point x € R.

1.3 Exponential type and Paley-Wiener theorem

Definition 1.12 (Exponential type). An entire function F': C — C is said to be
of exponential type if

7(F) ¥ limsup 2| log |F(2)| < oc. (1.8)

|z]—o0

In this case, the number 7(F") (or simply 7, if that does not cause confusion) is called
the exponential type of F'. In the limsup language, F' has exponential type 7 if for

each € > 0, there exists a constant C such that
‘F(Z)‘ < Cse(T+€)|Z|

for all z € C. One of the most classical results connecting the Fourier transform with
exponential type is the Paley-Wiener theorem. This theorem states that for an entire
function F': C — C such that F' € L*(R), the conditions

- F has exponential type 274.

- The Fourier transform of F' is supported on [—4, d].

are equivalent and we will prove this in the first section of Chapter [3] For now, we
will extend the concept of exponential type to d dimensions. In the context of R,
any norm || - || is equivalent to the Euclidean norm. Selecting a norm ||-||, we define
a convex, compact, and symmetricﬁ set K = {a: eR?: ||z|] < 1} as the unit sphere
with respect to this norm. When such a subset has a nonempty interior, it is referred

to as a symmetric body.

. . N
5 Both sums are taken in the sense limy_, o Z_N.

6 That is, if * € K then —x € K.
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For any subset K of R, we define the polar set
K* d:ef{yG]Rd : x-yglforalleK}.

If K is a symmetric body, then K* is also a symmetric body. This makes K* the unit
sphere with respect to a norm || - ||*, known as the dual norm to the one defining K

as the unit sphere. An equivalent way of introducing the dual norm is
ly|I" = sup |2 - yl. (1.9)
zeK

The next lemma is simple but useful. Its proof can be found in [SW71, Lemma 4.7].

Lemma 1.13. Suppose K C R? is convex, closed, and 0 € K. Then
Applying this result and the relation (1.9), we can therefore obtain
||]| = [|l=]["" = sup |z - y].
yeK*
If 2 € C¢, it is natural to define ||z|| by extending
def
|z[| =" sup [z-yl.
yeK*

We now say that an entire function F : C* — C is of exponential type § with respect

to a symmetric body K if for each € > 0 there exists a positive constant C' such that
|F(2)] < C.e@+ll=ll (1.10)

This simplifies to something similar to ([1.8)) using the concept of lim sup, since it is
essentially equivalent to
def .. -1
7(F) = limsup ||z||” log|F(z)| = .
llz]| =00
The class of all functions of exponential type 270 with respect to a symmetric body
K is denoted by &(27d; K). In this case, the number 7(F') is called the exponential

type of F. A d-dimensional version of the Paley-Wiener theorem can be stated, with
the proof available in [SW71, Theorem 4.9)].

Theorem 1.14 (Paley-Wiener - d-dimensional version). Suppose F' € L*(R?).
Then F is the Fourier transform of a function vanishing outside a symmetric body(|
SK* if and only if F' is the restriction to R? of a function in &(276; K).

7 The symmetric body §K* is obtained by dilating K* by a factor of 4.
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It is interesting to learn about this general construction of exponential type. However,
from now until the end of our work, when we refer to a function in several dimensions

having exponential type, we will be referring to it as defined in ((1.10) with respect

d
d
2] sup{ St
n=1

Thus, K* is the ball in the usual Euclidean norm. As before, where we extended

to the norm

:tERdand|t|§1}.

results of functions in L?(IR?) to distributions, we can do the same for Paley-Wiener’s
theorem. To achieve this, we need to revisit some basic concepts of distribution
theory. We typically have the inclusions C2°(RY) C S(RY) C C*(RY).

Additionally, a topology induced by norms can be imposed on each of these spaces,

transforming them into Fréchet spaces. If we denote the topological dual of these
spaces by (C®(R%))" = &'(R?) and (C(R%))" = D'(R?), then

E'(RY) C S'(RY) C D'(RY).
Therefore, based on the results discussed in Section [1.1, we can define the Fourier
transform of each element u € £'(RY).

Furthermore, according to [Hér64, Theorem 1.5.2], the space £'(R?) is precisely the
space of distributions in R? Wit compact support. The proof of the following results
can be found in [Hor64, Theorem 1.7.5 and Theorem 1.7.7].

Lemma 1.15. The Fourier transform of a distribution u € £'(R9) is the function
U(€) = uy (e ™), (1.11)

The right-hand side is also defined for every complex vector £ € C? and is an entire

function of £, called the Fourier-Laplace transform of .

Theorem 1.16 (Paley-Wiener-Schwartz). An entire analytic function F(z) is
the Fourier-Laplace transform of a distribution with support in the ball Bs C R? if

and only if, for some positive constants C' and N, we have
|F(2)] <C(1+ ]z\)Ne%‘SlIm(Z)'.

Moreover, F' is the Fourier-Laplace transform of a function f in C°(Bj) if and only

if, for every integer N, there exists a positive constant Cy such that

|F(2)] < Cn(1+ |z])*Ne2’”§|Im(Z)|.

8 If u € D'(RY), the support of u is defined as the set of points in R? which have no neighborhood
where u is equal to the distribution 0. We shall say that two distributions u; and uy in D’(R9)
are equal in a neighborhood of a point z € R? if the restrictions of u; and us to some open
neighborhood of x are equal (remember that we can define the restriction of a distribution to an
open set @ C R? simply by restricting the domain of definition of the linear form u to C2°(0O)).
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Chapter 2

Entire functions

In this chapter, we present some essential facts about the theory of analytic functions,
a fundamental prerequisite for understanding the theory of de Branges spaces. In the
first section, we will prove the Phragmén-Lindel6f theorem. In the second section,
we will present the Stieltjes inversion and the Poisson representation, aiming to
construct and characterize analytic functions with nonnegative real parts in the

upper half-plane.

In sections and [2.4] we will present the concepts of Pdlya class and bounded type,
respectively, later proving some factorization theorems for these classes of functions.
Furthermore, in each of these two sections, we will prove some properties that are
useful for constructing de Branges spaces. In the end, we will prove Krein’s theorem,
which establishes a connection between the concepts of exponential type and mean

type. The reference for this chapter is [Bra68, Chapter 1].

2.1 Phragmén—Lindelof principle

If a function f(z) is analytic in the unit disk, |z| < 1, and has a continuous extension
to the closed disk, then |f(z)| must attain a maximum value in the closed disk.
According to the maximum principle, this maximum value does not occur within the
interior of the disk when f(z) is not a constant. Therefore, if | f(z)| remains bounded
by 1 along the boundary of the disk, it is also bounded by 1 within the disk itself.

Remark 2.1. Let G C C be a bounded and connected open set. Let f : G — C be
continuous on the closure G of G and analytic on G. Then

max |f(2)] = max [ f(z)].
On the other hand, the scenario differs in the upper half-plane, where a maximum
might not exist within the closure of an unbounded region. Consider a function f(z)
that is analytic in the upper half-plane, continuous in the closed half-plane, and
bounded by 1 along the real axis. Our objective is to determine the boundedness of

|f(2)| by 1 in the upper half-plane. However, the example f(z) = e~% illustrates the

necessity of certain additional hypotheses, because f(iy) = e¥ for real y.
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The Phragmén-Lindel6f principle asserts the validity of this conclusion if |f(2)]

remains bounded within C* or if it satisfies a similar, but weaker, hypothesis.

Theorem 2.2 (Phragmén—Lindel6f). Assume that f(z) is analytic in the upper

half-plane, that |f(z)| has a continuous extension to the closed half-plane, and that
lim inf a! /7T log™ | f(ae™)|sinfdo = 0. (2.1)
a—00 0

If | f(2)| is bounded by 1 on the real axis, then |f(z)| < 1 in the upper half-plane.

Proof. The idea is to prove a boundedness on the unit disk and extend it to a disk of
arbitrary radius with a dilation argument. We start with an estimate of | f(z)| in the
upper half-disk, |z| < 1 and y > 0, based on the knowledge that |f(z)| is bounded
by 1 on the real part of the boundary of the half-disk. If h(f) is any continuous,
real-valued function of real @ that is periodic with period 27, there exists a function
g(z) that is analytic for |z| < 1 such that Re g(z) has a continuous extension to the
closed half-disk and h(f) = Re g(e?) for all real 6. It is given byf]
g(z) = /0% U2y )0

o e — 2

for |z] <1 and

1 1—|2? 2m
Re g(z) = %L ‘ew_lz“zh(e) d@:/o K, (o — 0)h(0) do

where z = pe'® and K,(6) is the Poisson kernel of the disk

1 1—p?
~ 271 —2pcos(f) + p*

K,(0)

We use this construction with h(f) = log™ | f(e)| for 0 < § < 7. Extend h(6) to be
an odd periodic function of real 6 which is periodic with period 27. This is possible
because |f(z)| is bounded by 1 on the real axis, so h(0) = h(r) = h(—m) = 0.

Therefore
acr |log™|f(e?)], f0<0<m;

TR S
—log" |f(e7®)], if —7<6H<0.

Since

1 T 510 1 T »—10
g(z) = / Wh(@)de—/ C 2 h0) a0
0

2r Jo € —z 21 Jo e — 2
for |z| < 1, we obtain

C1—z? g7 h(0)d0  1—|z]* = h(6)df
Reg(z) = 27 /0 e —z2  2r /o le=# — 2|2
1—|z|2/7r 4yh(0) sin 6 db

0 |

or el — z|2le=0 — 2|2

(2.2)

L The analyticity follows from Morera’s Theorem.
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Note that Re g(z) vanishes on the real part of the unit disk, just set y = 0 in (2.2)).

Since we assume that |f(z)| < 1 on the real axis and by construction
Reg(e") = h(9) =log™ |f(e")|

we have | f(z)|e”®¢9%) bounded by 1 on the boundary of the upper half-disk. By the
maximum principle, the function is bounded by 1 in the interior of the half-disk.

Explicitly,
log|f(z)] <

1 — 2 41 + 0 :
0

o 60 — z|2|e—i — 2|2
for |z] < 1 and y > 0. The same argument applies with f(z) replaced by f(az) when
a > 0. If z is replaced by z/a in (2.3, it reads

a’ — |z)? /7r 4aylog™ | f(ae®?)|sin 0
27 0 |ae? — z|2|ae= — z|?

log |£(2)] < o (2.4)

for |z] < a and y > 0. If |z| < ea where 0 < € < 1, then
lae” — 2| > a(1 —|z/a]) > a(1 — ).
For each fixed z in the upper half-plane, we have
log|f(2)] < 2—y(l —e)™ licrbgygfa_l /07r log™ | f(ae™)|sin 6 db.

™

Since ¢ is arbitrary, we take ¢ — 0

log[f(2)] < (2y/m) lim inf a ! /7r log™ | f(ae™)|sin 6 df
a—00 0

and the theorem follows.

Corollary 2.3. Given a > 0, we have

do

a’ — |z)? /7r 4yasin® 0
ay = . .
Y 27 0 |ae? — z|?|ae=? — 2|2

for |z] < a and y > 0.

Proof. Take a = 1. Here we copy the formula of (2.2) in Theorem [2.2 using the
fact that —iz solves the Dirichlet problem in the unit disk with boundary condition
h(#) = sin(#). Since the solution of this problem is unique, the result follows in this

case. The general case follows by a dilation argument.

]

Remark 2.4. Every entire function with exponential type zero satisfies condition
(2.1)). The same holds true for analytical bounded functions on the upper half-plane.
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Corollary 2.5. Let f : C — C be an entire function of zero exponential type. If f is

bounded on the real axis in the complex plane, then f is a constant function.

Proof. The function satisfies the Phragmén-Lindel6f condition (2.1)). Since the func-
tion is bounded over the real line, it is also bounded in the upper half-plane. We can
replace f with f* and reach the same conclusion. Therefore, f is bounded, and by

Liouville’s theorem, it is constant. O

2.2 Stieltjes inversion and Poisson representation

To apply the Phragmén—Lindelof principle, we need to construct functions that are
analytic in the upper half-plane and have a given modulus at points on the real axis.

The following theorem outlines this process.

Theorem 2.6. Let h: R — R be a continuous function such that h(z) > 1 for all

z € R and log hit
/ o8 ()dt<oo
oo 1+ 12

The formula

1 o 1+ 2%logh(t) z [ logh(t)
= dt + — dt
f(z) = eXp(m/ool—i-tQ t—2z +7m' oo 1+ 12

defines a function f(z) that is analytic in the upper half-plane. It satisfies |f(z)| > 1,

|f(2)] has a continuous extension to C*, and |f(z)| = h(x) for all real x.

Proof. Tt is clear that log f(z) is a well-defined function that is analytic in C*. Since

R 1+z2+z 11+ 22 1+22+z—2 1+ ¢
el——=+-| =3 - =
t—2 i) 2\it—2 dt—2 " i Ve

we obtain for y > 0

log
log | (z + iy)| y/ t_oi 3t = (P log )(x),

where P,(t) = y/(m(2* + y?)) is the Poisson kernel for the upper half-plane. Here we
cannot apply the classical theory of approximation of identity because log h does not

necessarily belong to L!'(R), but we can apply similar ideas to prove the result.

Since we assume that h(z) > 1 for all real z, it follows that |f(z)| > 1 for y > 0. The
main problem is to show that |f(z)| is continuous in the closed half-plane and has

h(z) as a boundary value function. Let u be a real number. We need to prove that

log h(u) = lim Relog f(2)
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as z — u through nonreal values. Explicitly, the problem is to show that

Yy log h(t)
log h(u) = lim —
og hlu) = T oo(t—:v)2+y2

_y/“df
_7T —00 (t—x)2+y27

iy [ [logh(t) ~ logh(u)
U ooe  (t—x)2 4 y?

Given that

it is sufficient to show that

dt.

If € > 0 is given, choose § > 0 so that |log h(t) —log h(u)| < /2 whenever |t —u| < 4.
If |u— x| <§/2, then

< |log h(t) — log h(u 1 log h(t) — logh
/ | log A( og()\dt +y | log A(t) o8 @l _ .
(t—x)? +y? =5° u—t]>5  (t —u+ 50)?
when y is sufficiently small. O

Remark 2.7. The Theorem can be written as follows. Let h(x) be a continuous
function of real x such that h(z) > 0 for all real z and [°°_h(t)(1 + t*)~ 1 dt < .
Then the formula

7ool+t2t—2 v 7ool+t2

g(z):;i/ool-i-ZQ h(t)dt z [ h(t) ”

defines a function g(z), that is analytic in the upper half-plane, such that

dt > 0, (2.5)

Regla +iy) = 7 /O:o (t — Z()?-i- V2

Re g(2) has a continuous extension to C* and Re g(z) = h(z) for all real z.

Note that if we sum —ipz for p > 0 on the right side of (2.5, the function g(z) still
retains the same properties. The idea now is to make the opposite construction: given
a function g that has the nonnegative real part in the upper half-plane, we want to
characterize this function. We want, morally, to prove that it is something similar to

the formula of (2.5). For this, we need some auxiliary propositions.

Proposition 2.8. Let f(z) be a function that is analytic and has a nonnegative real
part in the upper half-plane. Assume that Re f(z) has a continuous extension to the
closed half-plane and that h(x) is a bounded, continuous function of real = such that
0 < h(z) < Re f(z) for all real z. Then for y > 0

Re f(z + 1y) >4 / i) dt. (2.6)
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Proof. As h(z) is bounded, we can use Remark and construct g such that

Reg(z +iy) = i/o:o (t_h(t) 2

iy dt = hx Py(z) < M, (2.7)

for some M > 0. Define ¢(z) = ¢9*)~f) in the upper half-plane. This function
is analytic in this domain and |¢(z)| = eR¢9Z)=/(2) i continuous in CF, because
Reg(z) and Re f(z) are already. Since Re f(z) > 0, it follows that

|Q0(Z)| — eReg(z)—Ref(z) < GM.

Furthermore, using ([2.7) and approximations of identity, we have

|90<x)| < 6Reg(aﬁ)—Ref(ac) _ 6h(;v)—Ref(:c) <1.

So, by Remark [2.4] and Theorem [2.2] the result follows. O

Proposition 2.9. Let f(z) be a function that is analytic and has a nonnegative
real part in the upper half-plane. If Re f(2) has a continuous extension to the closed
half-plane, then there exists a function g(z) that is analytic and has a nonnegative
real part in the upper half-plane, such that

Ref(x+iy):Reg(x+iy)+%/°° Re f(t)

Bl (2.8)

for y > 0. Moreover, Re g(z) is continuous in C* and Re g(z) = 0 for all real .

Proof. The idea here is to use Proposition 2.8/ Construct a sequence {h,(z)} of
continuous and bounded functions on the real line such that 0 < h,(z) < Re f(z)
and h,(z) /* Re f(x) when n — co. Using Monotone Convergence Theorem in ([2.6])

Re f(z + iy)

>4 / Re f (2.9)

(t — x)? (t—z)2+y2
In particular, for x = 0 and y = 1, we observe that Re f(x) satisfies the condition of
Remark So, we can construct an analytic function ¢(z) in the upper half-plane

such that
Re f(t)

el

Rep(x +iy) = y/

Let g = f — . Note that g is analytic in CT and continuous in the closed half-plane,
because f and ¢ are already. Moreover, g satisfies the condition by definition.
Finally, by (2.9), Reg(z) > 0, and if x is real, Re ¢(z) = Re h(z) by Remark We
obtain that Re g(z) = 0. O

Proposition 2.10. Let g(z) be an analytic function with nonnegative real part in the
upper half-plane. Suppose that Re g(z) is continuous in the closed upper half-plane
and that Re g(x) = 0 for all real . Then Re g(x + iy) = py, where p is a constant.
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Proof. We will prove that

Reg(z) = db (2.10)

a’ —|z]? /W 4ay Re g(ae®) sin 6
0

27 |ae®® — z|?|ae=1 — z|?

when a > 0, |z] < a, and y > 0. To prove (2.10)), recall that the function on the right-
hand side is a solution of the Dirichlet problem on the disk, as proved in the proof of
Theorem Since this disk solution solves the problem for the upper half-disk, the
result follows by the uniqueness of the solution of the associated Dirichlet problem.
When a > 0, |z] <aand y >0

df (2.11)

lae? — z|2lae=® — 2|2

Reg(z+1y)  a* —|z]? /7T 4aRe g(ae®)sin 0
Y 2 0

As the left-hand side of (2.11]) does not depend on a, we conclude that for a fixed
z in the upper half-plane, the limit as a — oo of the right-hand side exists. We
need to show that the limit is the same for each z. First, for x = 0, we have by the

Dominated Convergence Theorem

p S Gy ROIW) _ 200" =y /ﬂ Reglac®)sing __,
y=0 gy y—0 T 0 |ae? —iy|?|lae= —iy|?
2 (T <
= = [ Reg(ae”)sin 6 do.
ma Jo
The last equality is valid for all @ > 0. Fixed z € C*, we obtain
Reg(z +iy) _ lim a(a® — |z|2)2/7r | Reg(aew)Asiné’ "
Y a—00 a3 maJo |e? —z/a|*|e”? — z/al?
.2 T Re g(ae®) sin 6
as 7a Jo le? — z/a|?|e= — z/a|? P

and the result follows.

]

Now we can state the characterization for functions with nonnegative real part in

the upper half-plane.

Theorem 2.11. Let f(z) be a function that is analytic and has a nonnegative real
part in the upper half-plane. If Re f(z) has a continuous extension to the closed

half-plane, then

Ref(x+z'y)—py+z/_i( Ref() 4 (2.12)

t—x)?+y?

for y > 0. Moreover, we have that p is nonnegative and

p = lim Re f(iy)/y. (2.13)
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Proof. By Propositions and [2.10, we only need to show (2.13)). Using these

propositions, we have

Refzy / Re f(t)

2.14
el (2.14)

for y > 0. The functions {hy}y21 defined by

def 1 Re f(t)
T2+ y?

hy (1)

satisfy h,(t) < hy(t) for every t € R and y > 1. Moreover, by (2.9)), we have
hy € L'(R) and for each fixed ¢, lim, o, h,(t) = 0. Therefore, by the Dominated
Convergence Theorem and ([2.14)), the equality follows. O]

A more general approach to Remark involves replacing a function with a measure.

The treatment of boundary behavior is contained in the following theorem.

Theorem 2.12 (Stieltjes inversion formula). Let u(x) be a nondecreasing
function of real x such that [°_ (14 ¢2)”" du(t) is finite. Then

O e 0

M Jooo 1 +12 ¢t — 2 —o 1+

is analytic and has a nonnegative real part in the upper half-plane. If a and b are

points of continuity of u(x), with a < b, then
b
w(b) — p(a) = li{‘%/ Re f(z + 1y) dx (2.15)
Yy a

Proof. As in the proof of Theorem f(2) is a well-defined function that is analytic
in the upper half-plane. The real part of f(z) is given by

y
Re f(z / t—x —l—yQZO'

With a change in the order of integration
Y 1
/Refx+zy )dr = = / / i—a7+ d:vdu()

= — / {arctan

The interchange is justified by Fubini-Tonelli’s theorem, since the integrand is

a
— arctan

- t} du(t).

nonnegative. To complete the proof, we must show that

1 00
b) — = lim — t
) =) =ty - [ Janctan

Y

— arctan

— t] dp(t),
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but to prove the desired limit, we need to remember some of the properties of the
arctan(z) function. Note that since arctan(z) is increasing, so

0 < arctan

— arctan < (2.16)
Y )
for all real ¢, and
¢t h—
arctan — arctan - = arctan — ylb—a) (2.17)
y y y*+(a=1)b—1)

when a — t and b — t have the same sign, because

_ tan(v) — tan(u)
tan(v —u) = 1 + tan(v) tan(U).

Also note that for z > 0

arctanx =

xX < .
O 1+ /dt . (2.18)

If ¢ > 0 is given, choose 0 > 0 by the continuity of x(x) at @ and b so that

pla+0) — pula—9) < % and p(b+0) —ub—9) < g (2.19)
It follows that
=l u(b) — u(a)——/ [arctan — arctan ] du(t)‘
T 9] Yy y
1 o b—t
< = / {arctan — arctan 2 } ()
T Jb Y
1 0 b —t
+ — / [ﬂ' — arctan + arctan - } dp(t)
™ Ja Yy Yy
1 o b—t —t
+ - / [arctan — arctan du(t)
T J—00 Yy Y
def
= 0L+ 1L+ 1Is. (2.20)

Now, split the integrals as follows:

b+0 S def
I :/ +/ = L1+ 1o
b b+o

a—0 a e
I3 :/ +/ 5 & I3+ I35.

By the two inequalities in (2.16)), we have

a+d b—4o b def
Iy = / +/ +/ = Io1+ Ioo+ Io3;
a a+d b—o

Ly <p(b+0)—pd) and  Irz < p(b) — p(b—9).

Similarly, we obtain

Ly <wpla+6)—pla) and I3o < pl(a) — pla —9).
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Combining these inequalities with (2.19)), (2.20]) becomes
2e
I < g +[172+1272+]3,1. (221)

Since arctan is increasing and p is nondecreasing,

1 b9 o 2
Iy < / [W — 2arctan 1 du(t) < — (W — arctan
a+é Y m\ 2

5) (u(b) — ula)).  (222)

Y

Moreover, we have by (2.17) and (2.18) that

1 oo y(b—a) 1 y(b—a)
ha< 7 [ arctan s O S 2 e h d“((t) |
2.23

and by similar argument

1 jo=d y(b—a) 1 pa=s y(b—a)
I3, < ;/_Oo arctan du(t) < —/ du(t).

y2+ (a—t)(b—1t) T oo Y2+ (a—1t)(b—1)
(2.24)
Finally, when y is small, it follows from (2.21)), (2.22)), (2.23)), and (2.24)) that I < ¢.
As € > 0 is arbitrary, the result follows. O

Remark 2.13. If p > 0, then the function

1 oo 14 22 du(t) i/oo du(t)

def .
1) = sz+m oo 1 +12t—2 —oo 1+ 12

satisfies the same properties as f(z) in Theorem [2.12] i.e., it is analytic, has a
nonnegative real part in the upper half-plane, and satisfies the limit (2.15]). The

difference is that for z € C*, we have
Y
Re + = /
f(z) =py o)t

The Phragmén—Lindelof principle and the Stieltjes inversion formula are used to
obtain the Poisson representation of functions that are analytic and have nonnegative
real parts in the upper half-plane. However, proving this result requires some real

analysis techniques, one of which is contained in the following lemma.

Lemma 2.14 (Helly selection principle). Suppose {;;}32, is a uniformly bounded
sequence of increasing functions on an interval I. Then there exists a subsequence

that converges pointwise to an increasing function.

Proof. Let {r;},.y represent a dense sequence in the interval /, such as an enumeration
of the rational numbers within /. Utilizing Bolzano-Weierstrass’s theorem, we can
select a subsequence {u1;}7~, from the original sequence {u;}2, such that ju1;(r1)
converges. Similarly, we may choose a subsequence {2,152, of {y1;}32, such that

pi2;(r2) converges. As a subsequence of {p1;(r1)}32,, {p2;(r1)}32, also converges.
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By continuing this process iteratively, we generate a sequence of sequences {i; }] L
where each (i, is a subsequence of its predecessor, and ju(r,,) = im;_, oo py;(ry) exists
for n < k. Thus, for every n, the sequence {u;;(r,)}>, converges to u(r,) as j — oo,

since it is a subsequence of {1i,;(r,)}>2; from j =n onward

As p is monotonically increasing, if z € I but z # r, for any n, we can choose
an increasing subsequence {r;;};2, of {r;}>2, converging to x and define u(z) =
limy_,o (7). Consider a point of continuity = for p. When r, < = < r,, the

following inequalities hold

pgg (i) — p(rn) < pg(@) — p(w) < pgi(ra) — p(re).

For any € > 0, we can choose k and n such that p(r,) — p(ry) < . Consequently,

—e < liminf(yy(2) — p(2)) < limsup(py;(z) — u(z)) <e.

j—o0
The sequence {,ujj};il converges pointwise to u, except possibly at points of dis-
continuity. Since p has countable discontinuities due to its monotonicity, we can
repeat the process of extracting subsequences and employing a “diagonal” sequence

to obtain a subsequence of the original sequence that converges everywhere in /. [

Theorem 2.15 (Poisson representation). If f(z) is analytic and has a nonnegative
real part in the upper half-plane, then there exists a nonnegative number p and a

nondecreasing function p(z) of real = such that

. y [~ du(t)
R _ f/ .
efletwy)=py+_ [ (RS
Proof. By Theorem [2.11} we can write
. y Re f(t + ic)
R / ST
ef(z+ic) =ple)y+ = =2+

for y > 0 when ¢ > 0, where p(¢) is a nonnegative constant. Since
p(e) = lim Ref(iy +ie) [y = lim Ref(iy)/y,

p(e) = p is independent of ¢. In terms of

:/ Re f(t + i) dt
0
the representation becomes
, y [ dp-(t)
R = —/ —_— 2.25
e f(z +ig) py+ SN ey (2.25)

Taking x = 0 and y = 1 in (2.25), it follows that the numbers [*_(1 + *) " du.(t)

are uniformly bounded in ¢ for 0 < € < 1. Given that

pela) = pe(=a) < (1L a®) [~ (1487 dpc(t)
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and p-(—a) <0 < pe(a) for all a > 0, we can conclude that
\pe(2)] < (1 +a*>)M  for all x € [—a,al,

where M independently of € for 0 < £ < 1 and for each fixed a. By Lemma [2.14] there
exists a decreasing sequence {e,} of positive numbers such that u(x) = lim p.(z)
exists for all real x as € — 0 through the sequence {¢, }. We will just use ¢ — 0 to
simplify the notation. Being a pointwise limit of nondecreasing functions the limit

p(x) is a nondecreasing function of z, and we will prove that
b du(t b du(t
/‘M()_Jhn/ _due(t) (2.26)
a (t—x)2+y2 e=0Jq (t-CL’)Q"‘yQ

for y > 0 and —oco < a < b < oco. In fact, let s(z) be a nondecreasing function on [a, b].
Given ¢ > 0, there exists a partition P of [a,b] given by a =ty <t; < ... <t =b
such that

dd/ 0 <5455,
where L

Sy = 2 s(t)(ut) = u(t).
Then

k b
I <6+ g%;s(ti)(ua(tm) pe(ti)) < 0+ liminf Sp, <0 +liminf [ s(t) dpe(t)

a

and we can take § — 0. Similarly, we can show that

b
limsup [ s(t)du(t) <T

e—0 a

and we conclude that
b b

lim [ () due(t) = [ s(0) dput)

e—=0Jq a

for a nondecreasing function s(z) in [a, b]. The general result follows from the fact
that every function with locally bounded variation can be locally written as the
difference of two nondecreasing functions. This proves (2.26]). Since by ([2.25))

: y (b dpe(t)
R > —/ —_—
e f(z+ie) _py+7T . G—2)?+ ¢
it follows that

I%ﬂ)>p+y/pﬂflﬁ.

By the arbitrariness of a and b,

oo d
Ref(Z)Zpy+i/w@_g<§)+y2-
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Consider the function

, 1 oo 14 2%du(t) =z /00 dpu(t)
9() = sz+'/_ool+t2t—z+i e 1412

which is analytic and has a nonnegative real part for y > 0. Given that
. y [~ du(t)
R LT
egle+iy) =py+ SN T
we have Re f(z) > Reg(z) for y > 0. The function h(z) = f(z) — g(2) is analytic
and has a nonnegative real part in the upper half-plane. If ¢ and b are points of
continuity of u(x), with a < b, then

b b b
lim | Reh(x +ie)dxr =1lim [ Re f(x +ie)dr —lim [ Reg(x +ic)dx
£e— e—0 a e—0

a a

= [u(b) — p(a)] = [p(b) — p(a)] = 0

by the definition of u(z) and the Stieltjes inversion formula. The same conclusion
follows for all @ and b since any interval (a, b) is contained in an interval (¢, d) whose
endpoints are points of continuity of p(z). Since p = lim,_,o Re g(y)/y by Theorem
2.11] we obtain lim, . Re h(iy)/y = 0. By the representation (2.12)),

Reh(z + ic) y/ Reht+@e)

(t —x)? 4 y?

fory>0ife>0.If —oo <a < b< oo, then we have

b Reh(t
0<y/ Rehlt + ie) dt<—/Reht+w)dt

t—x

where lim._q [* Re h(t + i) dt = 0. Tt follows that

Reh(z)zlim[y/a Reh(t—irzs / Reht+zs) dt]

e0 (t—x (t— )%+ y?

If 1 and x5 are points in the interval (a,b) and if ¢ lies outside the interval,

(t—xz2) +y* t—xz—i?JQ
(t—z)>+y?>

t—x — 1y

2
To — T

-

t—x — 1y

< |1
- [ +min(]$1—a],\:r;1—b\

In this way, we obtain

Reh(x; + iy) < Reh(xs + iy)[1 + |x2 — z1|/ min(|zy — al, |z — b])]2.
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By the arbitrariness of @ and b, Re h(x; + 1y) < Re h(xe + iy). Equality holds since
x1 and x5 can be interchanged, so for a fixed y > 0 we have that Re h(x 4 iy) is a
constant function of x. Therefore, if h = u 4 iv with u and v real-valued, we obtain

0 9] 9,
’ _ 9 . .0 e ]
B (z) = axu(x+zy)+zaxv(x+zy) z@xv(x+zy),

This means that A'(z) maps the upper half-plane onto the imaginary axis iy. By
the Open Mapping Theorem, we conclude that Im h(x + iy) is a real constant. This
implies that h'(z) is an imaginary constant for y > 0. So, h(z) = icz +d, with ¢ € R
and d € C. Since lim, . Reh(iy)/y = 0, the constant c is zero. Thus, h(z) = d.
Since lim._,q ff Reh(t + ie) dt = 0, the real part of d is zero. O

Proposition 2.16. Let ¢(z) be a function that is analytic and has a nonnegative real
part in the upper half-plane. Extend it to the lower half-plane so that ¢*(z) = —p(2).
Let p be a nonnegative number and u(x) be a nondecreasing function of x such that
_ y [~ du(t)
R - y / et
cplert+iy)=py+_ [ (RS

when y > 0. Then for all nonreal z and w

o)) _p 1 vty

mi(w—2) w1 w2 (t—2)(t—w)
Proof. By Theorem and Remark 2.13] we know that

. 1 oo 1+ 2% du(t) 2/"" dp(t)
)=zt 2| e L thloTie

for z € C*. so for z and w nonreal
M

p(2) +p(w)
:ip(w—z)+1,/oo Re<1+z B 1t—i-w dyu(t) N (z — w) /00 dp(t)

T J—oco

. 1 o (1+22 1+w? 2\ du(t)
_zp(w—z)—irmRe(/OO(t_Z—t_u_) +z—w>1+t2 :

As for each t in R,

1422 1+ w? B 1
t—z t

we have that
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Proposition 2.17. Let f(z) be a function that is analytic in the complex plane
except for simple poles at points {¢,} on the real axis. Suppose that f*(z) = f(z)
and that Re (—if(z)) > 0 for y > 0. Then there exist positive numbers p,, and a

nonnegative number p such that

[f(2) = fw)]/(z = @) = p+ Y paltn —2) " (ta — @)™

when z and w are nonreal. Moreover, for all n

pn = lim (¢, — 2) f(2).

z—tn

Proof. Let G(z) &/ —if(z). Note that G is analytic in the upper half-plane with
Re G(z) > 0. Furthermore,

G(z) = -G*(2) (2.27)
for all 2 € C*. Tt follows from Proposition 2.16] that for z and w nonreal
%giﬁg, .
i(w — 2) (t—2) w)

with p given by the Poisson representation of G in Theorem 2.15
p(z) =lim [ ReG(t + ie) dt,
e—=0.J0

for any real x. Now we simply apply the Residue Theorem. Without loss of generality,
suppose that 0 and x are not poles of GG, with z positive. Then, for € > 0, define I, .
as a curve given by the boundary of the rectangle with vertices = + ic, © — ie, —ie,
and ie, oriented in the anticlockwise direction. Therefore,
f G(z)dz =2mi Y Res(G,t,) =21 > pa
z,e 0<tn<x 0<tn<zx

Note that

€

f G(z)dz = /OIG(t+ie)dt—/ZG(z+it)dt— /OxG(t—ie)dtJr Gt a
and from , it follows that
jg G(z)dz = /_iG(it) dt — /_iG(:cHt) dt+2/0x Re G(t + ic) dt.
The first tv;/o integrals tend to zero when € — 07, so

p(z) = lim ﬁtReG(t—l—ie) dt _ 1 lim G(z)dz= > 7pn.

+ +
e—=01 JO e=0% JT, ¢ O<tn<z

A proof of this fact is analogous for x negative. This implies that p(z) is constant
in an interval without poles of f and has a jump of continuity of weight 7p, at the
points t,,. Due to the fact that u is nondecreasing, we have p,, > 0 and it follows that

)T _CQ+80) L= ) 5 p

z—w (W —2) (tn — 2)(tn —w)
O
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2.3 Factorization of Pélya class

Definition 2.18 (Pélya class). An entire function E : C — C is said to be of
Pélya class if it has no zeros in the upper half-plane, if |E*(z)| < |E(2)| for z € C*,
and if |E(x + iy)| is a nondecreasing function of y > 0 for each fixed x. We denote

the Pélya class as P.

Remark 2.19. We can rewrite the last two conditions of the Pdlya class definition

in an equivalent form, namely
|E(Z+1ih)| < |E(z + ih)] (2.28)
for all z € C* and for all A > 0.

Remark 2.20. Using , we conclude that P is closed under multiplication.
Moreover, it is easy to check that a necessary and sufficient condition for a polynomial
to be in the Pdélya class is that it has no zeros in the upper half-plane. Finally, P
is closed under uniform convergence, i.e., if {f,} C P and f,, — f uniformly in C,
then f € P. This is true because is trivial to check and f cannot be zero in

the upper half-plane by Hurwitz’s Theorem for uniform convergence.

Proposition 2.21. Let z € C, n € N and {a;};_, C C.

(i) If we define the elementary factors as
Eo(2) € (1 2)exple +22/2+ ...+ 2"/n], (2.29)

then
|Ea(2) = 1] < exp (J2™*!) — 13

(ii) We have that

n n
+ (Hai>—1| H1—|—|al—1]
=1 =1

Proof. First of all, by induction over n, we can prove that for x > 0

1 1
x+ §x2+...+ —z" < 2" +log (14 n) — 2" +log (14n). (2.30)
n

3/2 -
If f(z)=(1—2)explz+2%/2+ ...+ z”/n], then
f'(z) = —2"exp [z + 222+ ...+ z"/n} :
In particular, we have
||
[Ba(z) =1 = () = fO) < [ 17/ (w)]du
< /Zl |w|"™ exp [|w| + 1w /24 ...+ |w|”/n} dw
0

< eXp(’Z‘n+1) - 17
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where in the last inequality we use ([2.30)).

This inequality is an immediate consequence of the triangle inequality, by induction.
O

The last proposition, as we will see, serves to construct the infinite products necessary

for the development of the theory.

Proposition 2.22. Let {z,} C C* be a sequence such that

oo 1 n
> i <o (2.31)

Then the product

converges uniformly on bounded sets of the complex plane if h, a7/ T,/ (22 +92).

Moreover, the limit is an entire function of the Polya class.
Proof. With the notation of (2.29), consider the partial products

_ f[ Ei(2/%).

We will prove that {Q,(2)},, is uniformly Cauchy on compact sets. Fix a compact
set K C C such that |z| < M for z € K. If n,m € N, with n > m, we have

k=m-+1

1Qu(z) — Qul2)] = ﬁ IBy(2/7)]

Note that, by Proposition we have for z € K

m

T 15 /301 < 10+ Bi(e/3) 1)

3

IN
::13

exp(|z/z[*) H p(M*/]z[*)

M
—
\ [

o~ L4y L+ i
Sexp(MQZ 5 2>§exp<M22 T, C < o0.

=1 Tk T Vi

So, this product is uniformly bounded for z € K and m € N. By Proposition

ﬁ El(Z/Ek) -1

k=m+1

< -1+ H (1+ |Ei(2/zx) — 1)
k=m+1

<=1+ J[ exp(M?/]z])
k=m+1

nog
< —1+exp <M2 o y’;) (2.32)

kg1 Tk T Y
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and the last inequality is true by the same argument as before. As the right-hand
side of ([2.32) is Cauchy and does not depend on z, we conclude that {Q,(z)} is
uniformly Cauchy in K. Therefore, {Q,(z)} converges uniformly in compacts to an

entire function Q(z). Let us define

It

then P,(2) = Qn(2)R,(2). Note that R,, converges uniformly in compacts to an
entire function R because the condition (2.31]) implies that

> <.

2 2
i>1 Tk T Y

So it follows that {P,(z)} converges uniformly in compacts to an entire function
P(z). We will now prove that P € P. Note that P, are functions in the Pélya class
by Proposition (because they are the product of Pélya functions). This fact,

along with the uniform convergence and the same proposition, concludes that P € P.

]

Proposition 2.23. Let {z,} be a sequence of nonzero numbers such that lim 1/z, = 0.
With the notation of (2.29)), the Weierstrass product

P(z) = H En(z/zn)
n=1
converges uniformly on every bounded subset of C.

Proof. The proof is similar to that of the previous proposition. We prove that the
partial products are uniformly Cauchy in compacts using Proposition but now

we use the fact that |z,| — oo when n — oo. Details will be omitted.

]

Proposition 2.24. Let {z,,} be a sequence of real numbers that has no finite limit
point. Then there exists a real entire function S(z) which has the sequence {z,} as

its sequence of zeros.

Proof. Let S(z) 1 2™ P(z), with m the number of times that 0 appears in {z,}
and P(z) given by Proposition for the sequence {x,} \ {0}. By construction,
S is a real entire function because {z,} C R. So, we need to prove that S has the

desired property over the zeros.
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Fix R > 0, and suppose that z belongs to the disc |z| < R. We shall prove that f
has all the desired properties in this disc, and since R is arbitrary, this will prove
the result. We can consider two types of factors in the formula defining f, with
the choice depending on whether |z,| < 2R or |z,| > 2R. There are only finitely
many terms of the first kind because |a,| — 0o, and we see that the finite product
vanishes at all z = z, with |z,| < R. If |z,] > 2R, we have |z/z,| < 1/2, hence
1 — E.(2/2,)] < C/2""'. Therefore, the product

()

lan|>2R fn

defines a holomorphic function when |z| < R and does not vanish in that disk. This

shows that the function f has the desired properties and the proof is complete.

]

The Phragmén-Lindelof principle is also used to obtain a factorization theorem for

functions of the Pdlya class.

Lemma 2.25. If an entire function E(z) is of Pdlya class and has a zero w for
w € Ct, then F(2)/ (2 — w) is of Pélya class.

Proof. Since F(z) is of Pdlya class, the condition ([2.28) states that
|E(z +ih —iy)| < |E(x + ih + iy)|

when y > 0 and h > 0. For each fixed h,

Gz +iy) ¥ E(@+ih —iy)/E(x + ih + iy) = E(z + ih)/E(z + ih)
is analytic and bounded for y > 0. Let F(2) = E(z)/ (2 — w). Since w is a zero of
E(z), F(z) is an entire function. Since E(z) has no zeros in the upper half-plane,

neither does F'(z). So the function

F(z+ih) E(Z+ih) (z+ith—w)

F(z+1ih) E(z+ih) (z—ih—w)

is analytic, because the only possible singularities that cancel are zeros of F' that
cancel out, and bounded in the upper half-plane. It is bounded by 1 on the real axis.
By the Phragmén-Lindelof principle in Theorem [2.2] it is bounded by 1 in the upper
half-plane. It follows that

|F(Z+ih)| < |F(z +ih)|

for 2 € C* and h > 0, and this implies that F'(z) is of Pdlya class.
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Lemma 2.26. Let £ : C — C be an entire function. If £ € P and has no zeros,
then

where a > 0 and Reb > 0.

Proof. Since E(z) has no zeros, we can express it as E(z) = E(0) exp[F(z)], where
F(z) is an entire function with a zero at the origin. Our goal is to show that F' is a
polynomial of degree two. Given that F(z) is of Pdlya class, the condition ([2.28]) can
be rephrased as
Re F(z +ih —iy) < Re F(x +ih +1iy)
for y > 0 and h > 0. If h > 0, then Gj(2) Ly F(z +ih) — F(z +ih) is an entire
function whose real part is nonnegative in the upper half-plane and zero on the real
axis. By Proposition [2.10]
ReGr(z) = p(h)y

for y > 0, where p(h) is a nonnegative constant. Since the real part of the entire
function Ry(2) e/ Ghr(z) +ip(h)z vanishes in the upper half-plane, this function is a
constant by the Open Mapping Theorem. Since the second derivative of the function

must vanish identically,
F"(z+ih) = F"(z + ih) (2.33)

for every z € C. When y = 0, we have
2Im F"(x +ih) = F"(x +ih) — F"(x +ih) =0

for all A > 0. From ([2.33]), we find that F"(z) is a real-valued entire function. By the
Open Mapping Theorem, F”(z) is a real constant. Since F(z) vanishes at the origin,

we have F'(z) = —az? — ibz for some numbers a and b, with a real. Given that
Re Gi(2) = 4ahy + 2y Reb > 0
for all h > 0 and y > 0, we must have a > 0 and Reb > 0.

]

Remark 2.27. Let f be analytic in the upper half-plane without zeros. Then we

have f(z) = exp|g(z)], where g is analytic. Write as usual

g(r +iy) = u(w,y) +iv(r,y)

with u, v real-valued. Then, by the Cauchy-Riemann equations,

f/(z>_o 2/2/221 @;p z@x

Therefore

Re (z‘f (Z)) — Ste) = o log o+ i)
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Theorem 2.28 (Factorization of Pélya class). Let £ : C — C be an entire
function. If F belongs to the Pdélya class and has a zero of order r at the origin, then

E(z) = E(T)(O)(zr/r!)e_QZQe_ibz lo_o[ (1-— 2/ 7,)e* (2.34)

n=1

where a > 0 and Reb > 0, {2,} is the sequence of nonzero zeros of F(z), and
he ¥ 2,/ (a:fl - yfl) :
Proof. By repeated application of Lemma we can write
E(z) = EV(0) (2" /r)F(z),

where F'(z) is an entire function of Pdlya class and F'(0) = 1. If F'(z) has no zeros,
the theorem follows from Lemma [2.26] Otherwise, let Zy be the choice of a zero of
F(z) nearest to the origin. By Lemma [2.25] F(z)/(1 — z/%) is of Pélya class.

Let hg = xo/ (22 + y2). Since the modulus of €™ is constant on every vertical line,
Fi(z) = F(z)e ™% /(1 — 2/7) is of Pélya class. If Fy(z) has no zeros, the theorem
follows from Lemma [2.26] Otherwise, continue inductively in the obvious way. At
the n-th stage, F,(z) will be an entire function of Pélya class which has value 1 at
the origin. The theorem follows immediately if this function has no zeros. Otherwise,

let Z, be the choice of a zero of F,(z) nearest the origin, and let
Foi(2) = Fu(2)e /(1 — 2/2,)

where h, =z, /(22 + y2). In the worst case, F},(z) is defined for every n € N. Let

P.(z) = ﬁ(l — 2/ Z)eM .

k=0
Then P,(z) is of Pélya class, and F(z) = P,(2)F,+1(z). Taking the logarithmic
derivative

iF"(2)/F(2) = iP(2)/ Pu(2) + 1F 11 (2)/ Fasa (2)

where each term is analytic in the upper half-plane, because the functions in the

quotients do not have zeros in the upper half-plane. Since F,,1(z) is of Pélya class,
Re (iF}41(2)/ Faa(2)) = 0/0ylog| Frp (a + iy)| > 0
for y > 0 (see Remark [2.27). It follows that
Re (i, (2)/ Pa(2)) < Re (iF'(2)/F(2))

for y > 0. Since

(TP _ R (10w P (1) — & Y+ i
R (Pn(z))_R (i(log Po(2))) ,;)(:c—a:k)u(wyk)?
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and n is arbitrary, we have that

o0

. /
y2+ Yk < Re il (2)
= (@ —x1)? + (Y + ye) F(z)

for y > 0. Taking * = 0 and y > 1, we can prove that 27 + (y + yx)? < C(2} + y3)

for someﬂ positive constant. It follows that

Z 14y, < o0

2 2
n=1 ‘rn + yn

By Proposition P, (z) = lim P,(z) converges uniformly on bounded sets and
the limit is an entire function of Pdlya class. It follows that lim F,(z) = F(z) exists
uniformly on bounded sets. Since F),(z) is of Pélya class for every n, F(z) is an
entire function of Pélya class. Given that we always select z,, as the zero of F,(z)
closest to the origin, our construction guarantees that we have exhausted all zeros of
F and that F.(z) has no zeros. The theorem can now be deduced from Lemma
because F(z) = Py (2)Foo(2).

]

Proposition 2.29. If F is a given entire function of Pélya class, there exists a
sequence of polynomials {P,} C P such that F(z) = lim, . P,(z) uniformly on

compact sets.

Proof. The proof idea utilizes the decomposition from Lemma Recall
that p,(z) = (1 + z/n)" implies p, — €* uniformly on every compact subset of C.
Consequently, for any given a > 0, the sequence p,(—az?) — e~** uniformly on
compacts and each polynomial has only real zeros. By Remark each of these

polynomials belongs to the Polya class.

Similarly, for a given number b with Reb > 0, the sequence p,(—ibz) — e =¥

uniformly on compacts and each polynomial is in the Polya class.

Examine decomposition . Based on the preceding remarks, we can express
the first terms as a uniform limit of polynomials. If each term is a limit of poly-
nomials in the Polya class, we can take a common subsequence and conclude the
result. Now, for the infinite product P, we can represent P as a limit in n of
P, - exp (z d1<k<n hk) = limy, 00 Py@n m, with uniform convergence and P,Q.m
being a polynomial in the Pélya class. By taking a common subsequence, we conclude

that P = limy_,oo P, Qny,m, uniformly, and the result follows. O

2 This is an application of the Cauchy-Schwarz inequality and the fact that zero is not an

accumulation point of zeros of F' (there exists a positive & such that § < 2% + y? for every k).
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Proposition 2.30. Let £ : C — C be an entire function that has no zeros in C*
and satisfies |E*(z)| < |E(z)| for z € C*. Then |E*(2)| < |E(2)]| for z € C" unless
E(z) and E*(z) are linearly dependent.

Proof. It E*(z) = cE(z) for all z, we choose z to be real and deduce that c is
a complex number with modulus 1. Suppose there exists a zg € C* such that
|E*(20)] = |E(20)|- According to the hypothesis, the function F(z) = E*(z)/E(z)
is analytic (as F has no zeros in this domain) and is bounded by 1 in the upper
half-plane. Since F(z9) = ¢, where ¢ is a complex number with modulus 1, we apply
the maximum principle to a neighborhood B around z; and conclude that F' is
constant in B. Therefore, F/(2) = ¢ and E*(z) = cE(z) in B. Through analytical

continuation, we infer that E*(z) = c¢E(z) for all complex z. O

Proposition 2.31. Let £ : C — C be an entire function of Pdlya class such that
|E*(2)| < |E(2)| for z € CT. Then E(z) = A(z) —iB(z) where A(z) and B(z) are

real entire functions of Pdlya class.

Proof. By Proposition [2.30] £ and E* are linearly independent functions over C. Let

us define

A(z) = ;(E(z) +E(2) and  B(z) = ;(E(z) _ ().

To see that A and B are Polya class, note that A and B are nonzero in the upper
half-plane because they are linear combinations of £ and E*. The second condition
of Pélya class is obvious by construction. By Proposition 2.29, we have E = lim P,,
with {P,} C P polynomials and the limit uniform in compact sets. Construct for

each n

An(2) = 5 (Pu(2) + Pi(2))  and  Bau(z) = o (Fu(2) = B,(2)).

DN | —

Given zg € C*, by the monotonicity of limit,
1P (20)] < [Pn(20)]

for all n > N large enough. Based on Proposition [2.30, we can conclude that
[P (2)] < | Pu(2)]

for all z € C* and for all n > N. Using the initial argument, A, and B,, are in the
Polya class, as stated in Remark 2.20] Since |A(z + iy)| and |B(z + iy)| are the
pointwise limits of nondecreasing functions with respect to the variable y > 0, the
third condition of P follows. m
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Proposition 2.32. Let £ : C — C be an entire function of Pélya class that is not

constant. Then E’(z) is also of Pélya class.

Proof. By Proposition |2.29} it is sufficient to prove the result for polynomials (because
P, — F uniformly implies P/ — F’ uniformly). Moreover, by Remark it is
enough to prove that if P is a polynomial in the Polya class, then P’ is nonzero in

the upper half-plane. For this, consider
P(z)=c][(z—z) € P,
k=1

where z; € C+. Let f(2) = P'(z)/P(z) be the logarithmic derivative of P. The zeros
of P’ that are nonzeros of P are also zeros of f. According to the Gauss-Lucas

theorem, the zeros of f do not belong to the upper half-plane.

2.4 Functions of bounded type

Definition 2.33 (Bounded type). A function F(z), analytic in the domain €, is
said to be of bounded type in € if it can be expressed as F(z) = P(z)/Q(z), where
P(z) and Q(z) are analytic and bounded in €2, and Q(z) is not identically zero. We
denote the set of functions of bounded type in Q as B(£2).

Remark 2.34. Equivalently, asking for P and () to be bounded is the same as
requesting that both P and ) be bounded by 1. Note that every bounded and

analytic function in €2 has bounded type.

Proposition 2.35. The following results are valid:

(i) For a domain €, B(2) is closed under sum and product.

(ii) A function F'(z), which is analytic in the upper half-plane, belongs to B(C™") if

its real part is nonnegative in C*.

(iii) Any polynomial is a function of bounded type in the upper half-plane.

Proof. |(1)| This item is trivial; we assume that two functions are in B(Q2) and perform
the algebraic manipulation to conclude.
Note that we can simply take

F(z) 1

PO = Forrerm 1 ™ O T G iR 1 1)
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because both are analytic and bounded in C* and Q(z) is not the zero function.
(iii)| For the monomial z, we set P(z) = z/(z +1) and () = 1/(z + 1), then apply item
to conclude the result for arbitrary polynomials. O]

Theorem 2.36. Let {z,} be a sequence of numbers in the upper half-plane with

o0

Z ka 7 < 0.

=1 Tk + Ui

Define the Blaschke product as
B(z) = —_—. (2.35)

Then the Blaschke product converges uniformly on every bounded set that is at
a positive distance from the numbers z,. Moreover, B(z) is an analytic function
bounded by 1 in the upper half-plane, and B(z)B*(z) = 1.

Proof. Let

n

Bu(z) =] — 2/z) /(1 — 2/ Z).

1
We will prove that B,(z) is uniformly Cauchy on bounded sets with a positive
distance from zj, and because of this, the product converges uniformly to an analytic
function B(z) in this case. Let K be a compact setf}, such that || < M for 2 € K
and dist(K, z) = ¢ > 0. Define

p(z) = iIéf|1/Z —1/z.

First, note that 1/p(z) < C for all z € K. This is obvious if 0 € K or 2z, = 0 for
some k. Otherwise, for any £k € Nand z € K

22| < (|2 = 2zl + [2D)l2] < (|2 = 2| + M)M

< |z—zk|+€>M
<(|z — zk| + |z — 2| M /)M
<z — (1 + M/e)M
SO
1 1 ‘Z—Z_k’ |Z—Z_k| 1 def 1
= > - >0
z Z | 22| |z — z| (1 —|—M/€)M M1+ M/e) c

and this implies that 1/p(z) < C. Now, we will show that

0=/ 3] < 1| = /)0 = 2f7) — 1 S e S22,

We start with K bounded, but we can suppose that K is also closed because the distance from
Zk is equal to the distance from its closure

3
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The first inequality is obvious, and the second follows from 1 4+ 2 < e” for x > 0 and
by the fact that
(= 2/2)/(1 = 2/3) =1 € (/2 = 1/z0) = (/2 = 1/5)| = = %,
p(z) p(z) =} + i
Note that, if m,n € N and m < n,

n

I Q—=z/2)/(1—2/z) —1).

k=m+1

|Bn(2) = Bm(2)| = | Bm(2)|

However,
| B (2)] = ﬁ (L= 2/2) /(1 = 2/Z)]
< ﬁ exp <p22ka> < exp (20;::1 xigﬁj y]g) (2.36)

k=1 (2) 2% + i
and the right-hand side of ([2.36)) is uniformly bounded in m because the corresponding

series is convergent by hypothesis. Applying Proposition [2.21] we obtain that

n

H (1—2/z)/(1 —z/z) — 1

k=m-+1

<14+ I (410 2/20/0 - 2/5) - 1)

k=m-+1

< -1+ H exp<p2 Ik > 1—|—exp(2C >

k=m1 (2) 27 + i k= m+1xk+yk>

and the right-hand side is uniformly convergent to zero. This proves the first part of

the theorem. Because

(1= 2/2)/(1 = 2/2)| <1
for all k and z € C*, we obtain that |B,(z)| < 1 and this estimate is also true for
B(z). Finally, if z is not a pole or zero of B, the truncated product B, (z)B(z) is
equal to 1 and then tends to 1 in the limit. Therefore, B(z)B*(z) = 1 at these points.

For a zero or pole, we use analytic continuation and the result follows. O

The last theorem allows us to prove some important factorizations for the theory.
A first interesting application is to guarantee the factorization of positive functions.
Remember that if an entire function P(z) is of the form P(z) = Q(2)Q*(z) for some
entire function Q(z), then the values of P(z) are nonnegative on the real axis. The
next theorem proves that the converse is true if the zeros of P(z) are sufficiently

near the real axis.

Theorem 2.37. Let P : C — C be an entire function that has nonnegative values
on the real axis and does not vanish identically. Let {z,} C C* be the zeros of P in

the upper half-plane repeated according to multiplicity. If

o0
S <o,
n:l'rn—i_yn
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then P(z) = Q(z)Q*(z) for some entire function Q(z), which has no zeros in the

upper half-plane and satisfies |Q*(z)| < |Q(z)] for z € C*.
Proof. By Theorem [2.36], the Blaschke product

B(z) = [[(1 = 2/20)/(1 = 2/ )

converges. Since the zeros of B(z) are also zeros of P(z), the function F(z) =
P(z)/B(z) is entire and has no zeros on C*. Since P* = P (because P is real on
the real line), the non-real zeros of P(z) occur in conjugate pairs. From this and
the product formula of B, it follows that the nonreal zeros z, of F'(z) have even

multiplicities.

Since P is nonnegative on the real axis, its real zeros have even multiplicities too. In
fact, suppose P has a real zero at x = x;, with an odd multiplicity n. By the Taylor
series expansion around xy, we can express P(z) as P(x) = (x — x)"h(x), where
h(zg) # 0. If n were not even, we would have a contradiction in the sign of P(z) at

xj, due to the odd power (z — zx)".

Therefore, all zeros of F' have even multiplicities, and we can write F'(z) = Q(z)? for
some entire function Q(z). This occurs because we can use the factorization of F' as

a product
2v
F(z) = (2 ;210 I | (1 — i) ’ eP(2)

and then conclude that

Q(2) = @20 ] (1 - i)yk ePr(2)/2,

Since the zeros of B(z) exhaust the zeros of P(z) in the upper half-plane, Q(z)
has no zeros in the half-plane. Since P*(z) = P(z), B*(2)B(z) = 1 and B(z) is
bounded by 1 in the upper half-plane, |Q*(z)| < |Q(z)| for z € C*. By construction,
P(2)? = [Q(2)Q*(2)]*. Since P(z) and Q(z)Q*(z) are nonnegative on the real axis,

they are identical in the complex plane by analytical continuation. O

Another interesting application of Theorem is to guarantee a factorization of
functions of bounded type. In fact, if a function is analytic and of bounded type in
the upper half-plane and has no zeros in a neighborhood of the origin, then its zeros

coincide with those of a Blaschke product.

Lemma 2.38. Let F(z) be a function that is analytic and of bounded type in the
upper half-plane, such that the origin is not a limit point of zeros of F(z). Then
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where B(z) is the Blaschke product defined in (2.35)) with {z,} being the zeros of
F(z) in C*, repeated according to multiplicity, and G(z) is a function that is analytic
and of bounded type in the upper half-plane and has no zeros in the half-plane.

Remark 2.39. If F(z) has no zeros in C*, the Blaschke product is taken to be equal
to 1. If there are an infinite number of zeros, then we show in the proof that the

convergence condition
o0

Z yn2<OO

1 x%+yn

is satisfied for using Theorem [2.36]

Proof of Lemma[2.38, Since F(z) is assumed to be of bounded type in the upper
half-plane, there exists a nonzero function Q(z), which is analytic and bounded by
1 in the upper half-plane, such that Q(z)F(z) is analytic and bounded by 1 in the
upper half-plane. Since the zeros of a nonzero analytic function are isolated and have

finite multiplicities, they are countable.

Let {z,} be an enumeration of the zeros of F(z) in the upper half-plane, repeated
according to multiplicity. The theorem is immediate when F(z) has no zeros and
is easily obtained when F(z) has only a finite number of zeros. Define a sequence
{F,.(2)} of analytic functions inductively by F;(z) = F(z) and

Fa(2) = Fo(2)(1 = 2/2) /(1 = 2/ 20).

We will show by induction that Q(z)F,(z) is bounded by 1 in the upper half-plane.
We know that Q(z)F(z) is bounded by 1. Assume it is known that Q(2)F,(z) is
bounded by 1. We show that Q(z)F,.+1(z) is bounded by 1. By construction,

Q(2)Fra(z) = Q(2) Ful2)(1 = 2/20) /(1 = 2/ zn),

where the last factor is bounded on any set that lies at a positive distance from the
point z,. Since Q(z)F,,+1(z) is bounded in a neighborhood of z, by continuity, it is
also bounded in the upper half-plane. On the line y = h, where h > 0, it is bounded
by

. -1
mas |1 — (x—l—zh)‘ |1_ (x4 ih)
Zn Zn
4hyn i Ahyn h =+ yn
=max |1+ = = . (2,37
X( (:r;—xn)2—|—(h—yn)2> (h—yn)? | =y (2:37)
By the Phragmén-Lindelof principle in Theorem [2.2] Q(z)F,+1(2) has the same

bound in the half-plane y > h. Due to the arbitrariness of h, Q(z)F,+1(z) is bounded
by 1 in the upper half-plane.
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The theorem follows immediately if there are only a finite number of zeros. In the

infinite case, we show that the convergence condition of Theorem [2.36|is satisfied.

Write F(z) = By, (2)Fn11(2), where
H 1—2z/z) /(1 = z/Z).

Since Q(z)F,4+1(z) is bounded by 1 in the upper half-plane, |Q(2)F(z)| < |B,(2)|,

or equivalently,

1— Z/Ek
1—2z/z

dyyx }
log< 1+ )
1 g{ (=) + (Y — y)?

vV
M=

—log |Q(2)F(2)| log

B
Il

1

>

N | —
[~]=

k

By the arbitrariness of n,
> log {1+ dyye/[(x — w1)* + (y — wi)*]} < —210g[Q(2)F(2)].
1

Since Q(z)F(z) does not vanish identically and since log(1+x) ~ x for small positive
x, it follows that

—_— < 0 2.38
,; T+ (v — u)? (2:3%)

for some y > 0. Given that the origin is not a limit point of zerof] of F(2), the
inequality (2.38) implies that

Z

=1 xk+yk

By Theorem [2.36| lim,,_,o, B,(2) = B(z) exists uniformly on any bounded set at
a positive distance from the real axis. The limit function is analytic and bounded
by 1 in the upper half-plane, and F(z) = B(z)G(z) where G(2) = lim,_,o F,,(2)

uniformly on any bounded set at a positive distance from the real axis.

It follows that G(z) is analytic in the upper half-plane and that Q(z)G(z) is bounded
by 1. Since Q(z) is bounded by 1, G(z) is of bounded type in the upper half-plane.
Since the sequence {z,} is chosen to exhaust the zeros of F'(z), G(z) has no zeros in
the half-plane. O

Proposition 2.40. Let F(z) be a function that is analytic and of bounded type
in the upper half-plane. Then there exists a function G(z), which is analytic and
bounded by 1 and has no zeros in the upper half-plane, such that L(z) = G(2)F(z)
is bounded by 1 in the half-plane.

4 The condition over the zeros implies by Cauchy—Schwarz that

yi/ (2 +yp) < Cyyr/ (23 + (y — yr)?)

for some positive constant C' universal for every k.



2.4. Functions of bounded type 54

Proof. 1f F' is the null function, the result follows. Since F' is of bounded type, we
can write F'(2)Q(z) = P(z), with P, analytic and bounded by 1 in the upper

half-plane. If ) has no zeros, the result follows.

Otherwise, since the zeros of a nonzero analytic function are isolated and have finite
multiplicities, they are countable. Let {z,} be an enumeration of the zeros of Q(z)
in the upper half-plane, repeated according to multiplicity. Note that every zero of
Q) is a zero of P. Let us divide these zeros into two parts: {z],} are the zeros inside
the unitary upper half-disk and {z]'} are the zeros outside this set. Using the proof

of Lemma [2.38] we can remove the zeros {z]} from @ and obtain

with [S(z)| < 1 and S having zeros only on the unitary upper half-disk. We can
apply the same argument with P and obtain P(z) = U(z)B(z), with U bounded by
1 and U having zeros only on the unitary upper half-disk. So

and therefore F'(z)S(z) = U(z). To remove the zeros of S inside the unitary upper half-
disk and obtain G, apply the same argument with Fy(z) = F(2+2), S1(z) = S(z+2),
and Uy (z) =U(z + 2). O

These results are used to obtain Nevanlinna’s factorization of functions in B(C™).

Notation 2.41. Given some real-valued function u(x), we define

/ |dpl(t) def Z |p(t) — pltr—1)|

oo 1412 1+ max(ti_y, t})
over all partitions P = {t; <ty < ... <t,} of the real line.
Lemma 2.42. Let p(z) be a real-valued function of real x such that
> |dpl(t)
<
/_oo i+ =%
Then p(x) = o(x) — v(x) for some nondecreasing functions o(z) and v(x) such that

0o d 00
/ o(t) < oo and / dv(t) < 0.
—oo 1 4+ t2 -

The idea behind the proof of this lemma is to utilize the fact that any locally bounded
variation function can be locally expressed as the difference of two nondecreasing
functions. The reader who wishes to delve into the detailed proof can refer to |Bra68,

Lemma 3|, and we will omit the details here.
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Theorem 2.43 (Nevanlinna’s factorization). Let F'(z) be a function that is
analytic in the upper half-plane and does not have the origin as a limit point of zeros.
A necessary and sufficient condition for F'(z) to be of bounded type in the upper
half-plane is that

F(z) = B(z) exp(—ihz) exp G(2) (2.39)

where B(z) is a Blaschke product, h is a real number, and G(z) is a function analytic

in the upper half-plane such that

ReG(z +iy) = y/ t—x (2.40)

2

for some real-valued function p(z) such that

< 00.

/"O |dul(£)
—oo 1+ 12
Proof. By Lemma [2.38] we write F'(z) = B(z)L(z), where B(z) is a Blaschke product
and L(z) is an analytic function of bounded type with no zeros in the upper half-plane.
According to Proposition 2.40] L(z) = P(z)/Q(z), where P(z) and Q(z) are analytic
functions bounded by 1 and with no zeros in the upper half-plane. Therefore, we
can express P(z) = exp(—V(z)) and Q(z) = exp(—U(z), where U(z) and V(z) are

analytic functions with nonnegative real parts in the upper half-plane.

By the Poisson representation in Theorem [2.15] there exist nonnegative numbers p

and ¢ and nondecreasing functions o(x) and v(x) such that

. y [~ do(t)
ReU(x—Hy)—py+7r/_oo(t_x>2+y2,
and a ()
. Yy [ v
ReV - f/ e
eViz+iy) =ay+ oo (t— )2+ 32

for y > 0. Let h = p — ¢ and let G(z) = ihz + U(z) — V(2). Then, we have
F(z) = B(z) exp(—ihz) exp G(z) and

ReG(m—l—iy):—hy—i-ReU(x—l—iy)—ReV(I—i-iy)
y/ Ly e dv(i)
t—x (t—x)2+1y2 7)o (t—x)2+12
i
t—a: +y2’

where p(z) = o(z) —v(x). lf tg < t; < ... < t, is a finite subset of the real line, then
Z ) = plts-a)| Z o(tr) — o(te1) s v(te) — v(ts-1)

L+ max(t% 0 L+ max(t% L) T+ max(ty, 6])

/00 dv(t)
- 001+t2 oo 1+ 127
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Therefore

|dpa|(t) \p(ti) — pe(te—1)|
— < 00
/oo 1+ p kz:ll—{—max(tz 1, t3)

Conversely, let G be as in (2.40)). Since h is real, we can write h = p — ¢ where p and
q are nonnegative. By Lemma [2.42] p(x) = o(x) — v(z) where o(x) and v(x) are

nondecreasing functions of real x such that
/ (1+3)Vdo(t) < 0o and / (1+ )" du(t) < .

As in Remark [2.13] let U(z) and V(2) be functions that are analytic in the upper
half-plane such that

. y [~°  do(t)
Re U - f/ AT —
¢ ($+2y) py—{—'/T —00 (t—.'lf)2+y2
and a()
. y [e.e] v
ReV - 7/ __ani)
Vi) =wt [ G

for y > 0. We can assume that G(z) = thz + U(z) — V(z). Otherwise, since the
functions on each side of the equality have the same real part, the difference of
imaginary parts is a constant by the Open Mapping Theorem. Therefore, we can add
constants in U or V' and rename them to guarantee equality. Let P(z) = exp(—V(z))
and Q(z) = exp(—=U(z)).

Since the real parts of U(z) and V/(z) are nonnegative in the upper half-plane, P(z)
and @Q(z) are bounded by 1 in the half-plane. Since F(z) = B(z)P(z)/Q(z) where
B(z), P(z), and Q(z) are analytic and bounded by 1 in the upper half-plane, F'(z)
is of bounded type in the half-plane. O

Proposition 2.44. A function F is of bounded type in C* if and only if log |F(z)|

has a harmonic and positive majorant in C*.

Proof. If F is of bounded type in C*, it follows from the proof of the Nevanlinna
factorization in Theorem that F(z) = B(2)e "% exp(Q(2) — P(z)), where Q and

P are analytic in the upper half-plane with nonnegative real parts. In particular
log |F(2)] < hy +ReQ(2) < [hly + 1+ ReQ(2)

and the function on the right-hand side is harmonic and positive.

On the other hand, if log |F'(z)| < U(z), with U harmonic and positive, there is a
function G analytic in C* such that Re G(z) = U(2). So |F(z)| < |exp{G(2)}| and
we can write F'(z) = P(2)/Q(z) with P and ) bounded and analytic given by

P(z)=F(z)exp(—G(z2)) and P(z)=-exp(—G(2)).
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In working with functions of bounded type, it is frequently necessary to refer to the
number h associated with F'(z) by Theorem [2.43]

Definition 2.45 (Mean type). Let F' be a function that satisfies the conditions
of Nevanlinna’s factorization theorem. We define the mean type of F' in the upper

half-plane, denoted by v(F'), as the real number h given in ([2.39)).

Note that by the statement of the Nevanlinna factorization, the mean type has been
defined only for functions that are nonzero in a neighborhood of the origin. If a
function F' is analytic and of bounded type in the upper half-plane, then the mean

type of F'(z + ig) is defined for every positive ¢, and it does not depend on e.

This number is equal to the mean type of F(z) if the origin is not a limit point of
zeros of F'(z). Otherwise, we take it as the definition of the mean type of F'(z). The

mean type of the function, which is identically zero, is taken to be —oo.

Remark 2.46. If F(z) is a function that is analytic and of bounded type in the
upper half-plane, according to Nevanlinna factorization, the mean type of F'(z — a)

is equal to the mean type of F'(z) for every real number a.

Two useful formulas for the mean type are known. One of these expresses the mean
type as an average radial limit in the upper half-plane. The second formula proves

that the mean type is determined purely by what occurs on the imaginary axis.

Theorem 2.47. Consider Nevanlinna’s factorization (2.39)) in Theorem m Then,

2 T .
h=li —/1 F(re®)|sin 0 do 2.41
tim 2 [ log | F(re)sin (2.41)
and
h = limsupy ' log | F(iy)|. (2.42)
Yy—00

Corollary 2.48. Every nonzero polynomial, by (2.42), has zero mean type in C*.

Corollary 2.49. Let F(z) and G(z) be functions that are analytic and of bounded
type in the upper half-plane. Then, according to (2.41)), the mean type of F(2)G(z)
is the sum of the mean types of F(z) and G(z).

Remark 2.50. Let F(z) be analytic and of bounded type in the upper half-plane. If
F is bounded in C*, we can apply Corollary and conclude that the mean type

of F' is nonpositive.

By Nevanlinna’s factorization, the formulas (2.41)) and (2.42]) have easy proofs when
F(z) has no zeros. Therefore, we need three lemmas to show that the presence of

the Blaschke product has a negligible effect on the limits.
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Lemma 2.51. Let F(z) be a function that is analytic and bounded by 1 in the
upper half-plane and does not vanish identically. If

9 fm |
h = lim inf —/ log |F(re')| sin 6 d,
0

r—0o0 T

then h > —oo and |F(z) exp(ihz)| < 1 in the upper half-plane.

Proof. 1f ¢ > 0 and p > 0, the function F(z + ie) exp(—ipz) is analytic in the upper
half-plane. It has a continuous extension to the closed half-plane and is bounded
by 1 on the real axis. By (2.4]) in the proof of the Phragmén—Lindelof principle, the

inequality

log | F'(z + i€) exp(—ipz)|

do

< a’ — |z)? /7r daylogt |F(ae® + i) exp(—ipae®)| sin 6
- 27 0

laei® — 2PJac—i — 2
is valid for |z| < a and y > 0. According to Corollary [2.3] the inequality can be

written as

log |F(z +i¢)| < do.

a? — |z|? /” 4ay max{—pasin 0, log | F(ae® + ic)|} sin 0
0

27 lae® — z|?|ae~0 — z|?

By the arbitrariness of p, we can take p — oo, and Fatou’s Lemma implies

a’ — |z|? /ﬂ 4aylog |F(ae? + ig)| sin 6
0

log |F(z +i¢)| < 5—db.
2m

lae?® — z|? |ae=10 — z|

Let ¢ — 0. Again, by Fatou’s Lemma, we have

log |[F(2)] <

a’ — |z)? /7r 4aylog | F(ae®)|sin f
0

27 |ae?® — z|? |ae= — z|?

for |z] < a and y > 0. Let @ — oo with z fixed. If |z/a| < €, where 0 < ¢ < 1, then

(1—eH (1 +e)log|F(2)] < (2y/m)a™ /07T log | F'(ae™)|sin 6 df.

Due to the arbitrariness of a and e, we can take the limits when ¢ — 0 and a — oo
to obtain log |F'(2)| < hy. O

Lemma 2.52. Let F(z) be a function that is analytic and bounded by 1 in the

upper half-plane and does not vanish identically. If
h = limsupy ' log |F(iy)],
Y—00

then h > —oo and |F(z) exp(ihz)| < 1 in the upper half-plane.
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Proof. Explicit proof is restricted to the special case in which F'(z) is continuous in
the closed half-plane. The general case follows by considering F'(z + ¢) where € > 0.
The result is immediate if h = 0. If h < 0, consider any number a > 0 such that
h < —a. According to the definition of h

y log |F(iy)| < —a

for large values of y, let us say y > N. For these values of y, we have e®™ |F'(iy)| < 1.
Since F'(iy) is bounded by 1, there exists a number M > 1 such that |F(iy)| < Me™®
for 4 > 0. In fact, we can take M = e*V for this inequality to hold true. We use this
inequality to obtain a rough estimate of F'(z) in the upper half-plane.

When y > 0, let \/z be the choice of square root which lies in the first quadrant.
TThen,

G(2) = M7 F(V/z) exp(—iay/z)
is analytic in the upper half-plane, has a continuous extension to the closed half-plane,
and is bounded by 1 on the real axis. Since F'(y/z) is bounded by 1, we have

log" |G(re”)| < ay/rsin(30)

and since

lim ! /07r Vrsin (36) sin6 df = 0,

r—00

we obtain

lim rt /07r log™ |G(re')|sin 6 df = 0.
By the Phragmén-Lindeldf principle in Theorem [2.2) G(z) is bounded by 1 in
the upper half-plane. It follows that F(z) exp(—iaz) is bounded by M in the first
quadrant. The same argument applied to F*(—z) will show that F'(z)exp(—iaz) is
bounded by M in the second quadrant. So F'(z)exp(—iaz) is bounded by M in the
upper half-plane, is continuous in C* and it is bounded by 1 on the real axis. By the
Phragmén—Lindelof principle, it is bounded by 1 in the upper half-plane. The lemma

follows by the arbitrariness of a. m

Lemma 2.53. If B(z) is a Blaschke product and h is a real number such that
| B(z) exp(ihz)| is bounded by 1 in the upper half-plane, then h > 0.

Proof. 1f B(z) = [1(1 — 2/zk) /(1 — 2/ Zy), let

Bu(z) = [[(1—2/2)/(1 = 2/Z).

k>n

By the convergence of the product for B(z), lim B, (z) = 1 as n — oo. Since

B(z) = Bi(z)(1 = z/z1)/(1 = z/z)
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and B(z) exp(ihz) is bounded by 1 in the upper half-plane, B;(z) exp(ihz) is bounded
in the upper half-plane.

If € > 0, then By(z +i¢) exp(ihz) is bounded in the upper half-plane and continuous
in the closed half-plane. According to from the proof of Lemma , this
function is bounded by (¢ — y1)/|e — y1| on the real axis. By the Phragmén-Lindel6f
principle, the function has the same bound in the upper half-plane. Due to the

arbitrariness of ¢, B;(z)exp(ihz) is bounded by 1 in the upper half-plane.

Continuing inductively in the obvious way, since B,(z)exp(ihz) is bounded by 1 in
the upper half-plane for every n, exp(ihz) is bounded by 1 in the upper half-plane,
and the result follows. O

Proof of Theorem [2.47. By the proof of Theorem [2.43] we can write

F(z) = B(z) exp(—ihz) P(2)/Q(2)

where P(z) and Q(z) are functions that are analytic and bounded by 1 in the upper

half-plane, have no zeros in the half-plane, and satisfy the following equations

_Y
—log |Q(z + )| / t—x (ST

and
y
“log |P( /
og |P(x + iy)| t—x (S

for some nondecreasing functions o(z) and v(y). As B (z) is bounded by 1, we have

by Lemmas 2.51] [2.52] and [2.53

0< hm(2/7r / log | B(re™)|sinfdf <0

and
0 < limsupy ' log|B(iy)| < 0.
Y—00

Therefore
hmsupy "og |B(iy)| = Lim (2/m)r™ / log | B(re)|sin 6 df = 0.
The theorem follows once we show that
0= lim y~" log |P(iy)|

and
0= lim (2/m)r" / log | P(re')| sin @ db, (2.43)

T—00

and that the same formulas hold with P(z) replaced by @Q(z). The first of these
formulas is true by the proof of Theorem The second formula follows for the
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following reason. If we define h as the right-hand side of and h < 0, then by
Lemma [2.51, we have —co < h and |P(z)e*| < 1. But this implies for z = iy that
|P(iy)le™™ < 1. So

[y~ log [P(iy)| < h

and when we take the lim sup on both sides, we have a contradiction with the first

formula. O

Proposition 2.54. Let F(z) be a function that is analytic and of bounded type in
the upper half-plane. Assume that |F'(z)| has a continuous extension to the closed

half-plane. If p(z) and G(z) are defined as in Theorem [2.43] m, then

y/ log |F'(1)

(i —2)2 2dt

Re G(z + iy)

for y > 0 and equality holds if |F(z)| # 0 for all real .

The proof of this proposition can be found in [Bra68, Problem 27]. The following

condition for bounded type is commonly used.

Theorem 2.55 (Conditions for bounded type). Let F(z) be a function that is
analytic in the upper half-plane, and assume that |F(z)| has a continuous extension
to the closed half-plane. Then, F'(z) is of bounded type in the half-plane if the

following conditions hold:

/°° (1+2) " log* |F(1)] dt < oo, (2.44)
and .
lim inf 702/0 log* ’F(rew)‘ sinfdf = 0, (2.45)
and
limsup y ' log | F(iy)| < oo. (2.46)
Yy—00

Proof. There exist{’] a function @, which is analytic and has no zeros for y > 0, such
that N
—log |Q(z + iy)| y/ log ‘F
(t — x)? 2
for y > 0. The function @Q(z) is bounded by 1 in the upper half-plane, |Q(z)| has a

continuous extension to the closed half-plane and

"t

11/Q(z)| = max(1, |F(x)]) (2.47)
for all real z. Let h be a real number chosen such that

h > limsupy ' log |F(iy)| . (2.48)
Y—00

5 Consider Q(z) = exp(—g(2)), with g given by Remark



2.4. Functions of bounded type 62

The function
de

" Q(2) explihz) F(2)
is analytic in the upper half-plane, |P(z)]| is continuous in the closed half-plane and
|P(z)] <1 for all real z by ([2.47)). Since

P(2)

T 1 .
0= lim ™" log|Q(iy)|
by Theorem [2.11] we have by definition of P, thatf]

limsupy ™' log | P(iy)| < 0.

Yy—00
It follows that P(z) is bounded on the imaginary axis. Since Q(z) is bounded by 1,
the hypotheses (2.45)) imply that

1 = A
lim inf —/ log* ’P(T@ZG)‘ sinfdf = 0. (2.49)
0

r—oo r

When y > 0, let \/z be the choice of square root which lies in the first quadrant.
Then G(2) “p (v/z) is analytic in the upper half-plane. Its modulus is continuous
in the closed half-plane and is bounded on the real axis. We want to apply the
Phragmén—Lindel6f principle. For this, we need to verify that

lirginfr_l/ log™ |G(e™)| sinfdf = 0. (2.50)
r—00 0
This follows because, taking r = 1/r and 6 = «/2 in (2.49), we have
Lo [ G0/2\ | o do
0 = lim inf r / log™ |P(y/re*®/?)| sin(a/2) 5
T—00 0

> lim inf rt /7T log™ |P(y/re’®/?)| sin(a/2) d—a

e n iy, Sin(a) da
= lim inf r~ / log™ |P(v/re )|c0s(a/2)
(1/4)11nl>1nfr /log |G (re'®)|sin(a) do
T—00 0

and for the last inequality, we only use that 1/ cos(a/2) is bounded below by 1 in this
domain of integration. So follows. Thus, by the Phragmén-Lindelof principle,
P(y/z) is bounded in the upper half-plane, implying that P(z) is bounded in the
first quadrant.

The same argument with P(z) replaced by P*(—z) will show that P(z) is bounded
in the upper half-plane. Since |P(z)| is continuous in the closed half-plane and is
bounded by 1 on the real axis. According to the Phragmén-Lindelof principle, P(z)
is bounded by 1 in C*. O

6 Otherwise, we have a contradiction with (2.48]) by the definition of lim sup.
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Bounded type theory is utilized to prove Cauchy’s formula in the upper half-plane.

Theorem 2.56 (Cauchy’s formula in a half-plane). Let f(z) be a function
that is analytic and of bounded type in the upper half-plane, and has a continuous
extension to the closed half-plane. Assume that the mean type of f(z) is not positive
and that [*_|f(t)| dt < co. Then

1 (o)
fo) =0 [ =2
for y > 0, and o
0= L (t— 2)" f(t) dt
for y < 0.

Proof. By Proposition [2.54] the hypotheses imply that

log | f(z + iy)| < %/OO log | f(t)]

———(t
—o0 (t — l‘)2 + y2

for y > 0. Since the inequality

1 00
y/ Oglf GO0 < 10g y/ £ @) ot
(t —x)? T oo (t — )%+ y?
holds by Jensen’s inequality, we obtain for y > 0

£ ()]

— At
(t — )%+ y?

i<t [

Since f € L*(R), we can apply Remark to conclude that there exists a function
g(z), which is analytic in the upper half-plane, such that

reste+in =1 [ R

dt

for y > 0. Then |f(z + iy)| < Reg(x + iy) for y > 0. Therefore, the function
g(z) — f(z) is analytic and has a nonnegative real part in the upper half-plane.
By Remark 2.7, Reg(z) has a continuous extension to the closed half-plane, and
|f(z)| = lim,_,0+ Reg(x + iy) for all real . Since f(z) has a continuous extension
to the closed half-plane, Re[g(z) — f(z)] has a continuous extension to the closed

half-plane and is equal to |f(x)] — Ref(x) on the boundary. By Theorem [2.11] there
is a number p > 0 such that

A |f(©)] — Re f(?)
/ (t —x)% 4 y?

Refg(2) — f(= dt

for y > 0. For the same reasons, there is a number ¢ > 0 such that

it 0 a2 O,
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for y > 0. By the definition of g(z), we can conclude that p = ¢ = 0 and that
Y Re f
R / dt
e flw+iy) (t— )2+ 12
for y > 0. Since the functions g(z) + if(z) and g(z) — if(z) are analytic in the

upper half-plane, and since the real parts of the functions are nonnegative, the same

argument will show that

Reif(x +iy) = y/ tf_{e;f th
for y > 0. It follows that
R
Ref(:x+z'y):y/ t—j:f 2dt
— (2mi)” 1[ (t— =) f(t) dt — (2mi)"! [w (t— 2 f(t) dt

for y > 0. But the first integral represents a function analytic in the upper half-plane,
and the second integral represents a function whose complex conjugate is analytic. If
a function and its conjugate are both analytic, then the derivative of the function
vanishes identically, and the function is a constant. Since [*_(t — z)~'f(t)dt is a

constant for y > 0 and

\/ (=27 f0)dt S/Z|f<t>|2dt/°;|t—z|-2dts<w/y>||f||§,

the integral vanishes identically. O]

2.5 A theorem of Krein

Remember that an entire function F': C — C is said to be of exponential type 7 if

limsup |z| ' log |F(2)] = 7 < oo.

|z]—o0

As we will see in this section, according to a theorem by Mark G. Krein, an entire
function is of exponential type if it is of bounded type in the upper and lower half-
planes. In this case, the exponential type of the function is equal to the maximum of
its mean types in the upper and lower half-planes. Thus, we can see that mean type

is a generalization of exponential type to functions that are not necessarily entire.

Theorem 2.57 (Krein). Let F': C — C be an entire function. The following are

equivalent:

(i) F has exponential type and

/ log" | F'()]

e dt < oo; (2.51)
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(ii) F and F* are of bounded type in the upper half-plane.

If one of these statements is true, and therefore both, we have
7(F) = max {v(F),v(F*)}. (2.52)

Proof. The first direction follows from the conditions for the bounded type in Theorem
Conversely, suppose that is true. In this part of the proof, we will show that

implies |(i)| and that (2.52)) is valid.
We start by proving (2.51)) using Nevanlinna’s factorization. By Theorem [2.43] we

have

F(z) = B(z) exp(—ihz)Fi(z), (2.53)

where B(z) is a Blaschke product, h is a real number, and F}(z) is a function analytic

and without zeros in the upper half-plane such that

log | Fy(z + iy)| =Y / t—x (ST (2.54)

for some real-valued function p(z) such that

o |dp|(t)
/m 1+2 =%

Claim 1. For any real number x,

- / log | F (1)] dt.
0

Proof of Claim 1. We have F(z) = exp [G(2)] = exp [U(z) — V(2)] by the proof of the
Nevanlinna factorization, where U and V' are analytic functions with a nonnegative

real part in the upper half-plane,

. y [ do(t)

Re U - f/ A\ —

eUlr +iy) =py+ 7 o (t— )2 + 2
and d(t)
. Yy [ v

ReV - f/ .

Vet =a+o oo (t— )2+ g2

for p,q > 0, o(x) and v(z) are real nondecreasing functions, and p(z) & o(x)—v(x).

By the proof of the Poisson representation in Theorem [2.15] we know that

o(z) = lim o ( ):/OxReU(thia) dt (2.55)

e—0

and

v(z) = lim v (z) = /0 "ReV(t + i) dt (2.56)
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for some subsequences. For any positive €, we have
log |Fi(z +ie)] = ReU(z +ie) — ReV(z +ic) Vze CH.

By taking a common subsequence in ([2.55) and (2.56)), we obtain that
hm/ log|F1(t+ze)|dt—hm/ ReU(t +ig)dt —lim [ ReV/(t +ic) dt
e—0Jo
=o(x) —v(zx) = p(z).

Let
p () & /0 log | F (t + ie)| dt.

We will now prove that

() = im prc(x / log | (£)] dt.

By analytic continuation, F} is analytic in an open set V such that C+ C V. This is
true because B(z) is analytic for an open set V. Through analytic continuation on

V', Fi(z) can have only a finite number of zeros in [0, z]. Because of this, we write

N
Fi( H z — ),
k=1
where F; is analytical and nonzero in (—z — 1,z + 1) UC™. So

K
log |F1(z)| = log |Fa(2)| + Z log |z — x|
k=1

and

lim p.(z) = hm/ log |F5(t +ic)| + Zlog|t — xp + ie| dt

e—0 el
:/ log|F2(t)|dt+lim/ Zlog|t—xk+i5|dt. (2.57)
0 e—=0.Jo el

The problem here is the sum over the zeros. To prove that we can take a limit over
the sum over zeros, consider one zero x and suppose, without loss of generality, that

x is equal to 0. If € is positive and sufficiently small, we have
| log [t + ie]| < [log [¢]|

for |t| < ¢ with 0 small. Since log |t + i¢| is bounded in § < [t| < z, we have, by the

Dominated Convergence Theorem, that

lim/ 10g|t+i5|dt:/ log |¢| dt.
e—0Jo 0
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Once we have proven the case xp = 0, the other cases follow analogously. We can
then conclude using (2.57)) that

xr K X T
,u(x)zlim,us(x):/o log|F2(t)|dt+Z/o log]t—xk|dt:/0 log | F (1)) dt.
k=1

e—0

This proves Claim 1 and implies that
du(t) = log | Fi(t)] dt. (2.58)
Furthermore, from ,
log |F(2)| =log |B(2)| + hy + log | F1(2)].
For z real, the first two terms on the right-hand side are zero, so
log |F(z)| = log |Fi(z)|

and by (2.58)
/OO log™ |[F(1)] ,, /°° |log [F(®)]| . /“ |dpl ()

e 1241 -

< 00

—o 1241 oo 241
This proves the condition (2.51)).

We will now prove that F' has finite exponential type. The strategy to prove this is

as follows:

(i) The “exponential type” of F' on the line z = iy implies the “exponential type”

of F on a cone Vj'.
(ii) The entire function F' has an order less than or equal to 2.
(iii) Apply the Phragmén-Lindel6f principle to prove the theorem.
We start with . Define, for 6 > 0, the cones

Vii={zeC:0<arg(z) <m—0}; Vy ={2€C: -0 <arg(z) < —m+d};
Wi ={zeC: -d<argz<d}; Wy ={z€eC:m—-d<argz<m+0d}.

Consider the Nevanlinna factorization of F' given in (2.53)), which implies that
log |F'(z)| < log|exp(—ihz)Fi(z)].
Let z = re?, then (2.54)) in polar coordinates becomes

iy, rsing oo du(t)
log | Fi(re™)] = T /—oo t2 — 2trcos@ +r?’ (2.59)
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Because | cosf| < 1 —n; in Vs©, we have
t2 —2trcosO+r* >t = 2r(1—ms) + 12 > 2 + 1% — (2 + 7)) (1 — n5)

= 775(752 + 7“2),

and ([2.59) becomes

- rsin® [ du(t)
log |Fy(re)| < / :
og |Fi(re™)] < m™ms JR T2+ 12

According to the Dominated Convergence Theorem

O8I0y L
—_— ]R .

lim su
p t2 + 7’2

r—00 rsin @ r—oo T

Given € > 0, there exists C' = C(g,d) such that |Fy(z)] < Cexp(ey) for all z € V',
In particular, this means that F; has mean type 0 in V", and by the definition of

Fy, we can conclude that
|F(2)] < eM|Fi(2)] < Ce?EM forall 2 e Vit
Applying the same argument to F*, we obtain
|F(2)] < CelIT+e) (2.60)

for all z € V;" UV and 7 4 max {h,h*}. By (2.60)), item |(i)|is proved. For now,
assume item i.e., that there exist «, > 0 such that for z in C

|F(2)] < ae®*,
Claim 2. If
|F(2)] < Ce™l for z € OW;;
|F(2)] < aexp Blzf%;
§ < m/4,
then |F(2)| < Ce™! in W'

Proof of Claim 2. Let G(z) = F(2)e~"*29)%_ Since x > |y| for z € W;", we obtain

|G(2)| < C, for z € W,
G (2)] < aexpflzf* (2.61)
§ < /4.

Let 1 : C — C be a clockwise rotation by an angle ¢ in the complex plane. Define

@y : C — C as p(z) = 22/™ mapping the cone ¢;(W;") to the upper half-plane.

Define G1((p2 0 ¢1)(2)) = G(z). For G, the conditions of (2.61]) are

|G1(2)| < C, for z € R;
|G1(2)] < aexp B|z[*/,
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and because 40 /7w < 1, we have
lim inf rt /07r log™ |G (re®)|sin @ df = 0.
By the Phragmén—Lindelof principle in Theorem [2.2] we conclude that
|G1(2)| < C for z € C*

and Claim 2 follows.

In particular, this impliesﬂ, together with the conclusion of item , that for all z € C
|F(2)] < CLelvlm+e) < L elAl(me),

Therefore, F' has exponential type and 7(F') < 7. Since 7 is reached in a direction of
the imaginary axis, by definition of the mean type, we obtain that 7(F") = 7. Finally,
we will prove item i.e., I has order less than or equal to 2.

Claim 3.

def log ‘F
d d . 2.62
/ / Zip1 WS (262)

Suppose for a moment that (2.62)) is valid.

Since log |F(w)| is subharmonic (because F is an entire function), then log™ |F(w)]
is subharmonic since it is the maximum of two subharmonic functions. By the mean

value property over the ball centered at w with radius |w|,

o)
—_ log™ |F(2)| dxdy
IR |F(2)]

1 log” |F(2)[(|2]* + 1)
= TP Jngw P+

IN

log™ |F'(w)]

dx dy,

and because |z|* + 1 < (2|w])* + 1 in By, (w), we have for |w| > 1

17| wl|*
mlwl?

log® |F(w)| < (16|w|* + 1)L < L = Clw|?.

mlwl?

So F has order 2 for |w| > 1, and taking « positive and large enough to control F' in

B(0,1) (entire function, so it has a maximum), we have

|F(w)] < ae’™’  for all we C.

Proof of Claim 3. Letff] ¢ : C* — D be a conformal map given by

z—1

Y(z) = P

7 We can do an analogous proof to conclude this bound in the cone Wy .

8 Here D C C is the unitary open disk.
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with inverse ¢ : D — C* also being a conformal map given by

p(s) = i<11jj)-

Define, for s € D, the function f(s) = F(p(s)). If log|F(2)| < U(z), where U is a
positive majorant that is harmonic (by Remark [2.44)), then u(s) = U(p(s)) satisfies

log |£(s)] < u(s). (2.63)

As the composition of a harmonic function and a conformal map is a harmonic

function, u is harmonic and positive. From ([2.63) we have

log™ | f(s)| < u(s).

Let s = a + tb, with » < 1. Then, by the mean value property, we have

/ log® |f(s)|dadb < / u(s) da db = 7r*u(0).
B, B

T

Using the Monotone Convergence Theorem, we can show that
/Dlog+ f(s)| dadb < 7u(0).
Since ¢'(z) = 2i/|z +i|?, by changing variables we have
0) = [ log" [F(p(s))|dadb= [ [* 1og+|F<z>||dew<z>|2dydx

oo |
_4/ / log" | F(2)] ddx.
|z 4 4|

Becausd’] |z +i|* < C(|z|* + 1) in the upper half-plane for some positive constant C,

% log™ log™ |[F'(2)]
dd <
// i1 Y

we have proved that

the analogous argument proves that
0 log* F
/ / & l dy dr < o0,
2|t +

and the result follows. O]

Corollary 2.58. Let ' : C — C be an entire function. If F'(z) and F*(z) are of
bounded type in the upper half-plane and F' is bounded on the imaginary axis, then

F' is constant.

Proof. By Theorem [2.57] F' is determined to have exponential type. Given that F' is
bounded over the imaginary axis, the formula implies that I’ has exponential
type 0. Since F'(iz) also has exponential type 0 and is bounded along the real axis,
this conclusion follows from Corollary [2.5] O

9 Split into |2| < 1 and |2| > 1, and use the maximum to obtain the desired inequality.
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Chapter 3

De Branges spaces

In this chapter, we will provide a brief introduction to de Branges spaces, denoted by
‘H(E), using the concepts developed in Chapter . In the first section, we will prove
the Paley-Wiener theorem without employing the powerful tools from harmonic

analysis, but rather utilizing the machinery of entire functions from the last chapter.

Moving on to the second section, we will define spaces H(F) and demonstrate that
they possess a reproducing kernel. In the third section, we will observe that de
Branges spaces have an alternative definition and are Hilbert spaces. Finally, we will
identify orthogonal sets in H(£) and provide an alternative characterization of these

spaces based on three universal properties for Hilbert spaces of entire functions.

3.1 Construction of Paley-Wiener spaces

Definition 3.1 (Paley-Wiener spaces). Let 6 > 0. The Paley-Wiener space
PW(279) consists of entire functions F' : C — C of exponential type at most 27

that are square integrable on the real axis.

Theorem 3.2 (Reproducing kernel). The space PW(270) is a Hilbert space with

the norm
1EBwims) = [ PO .

The function
def sin[27m6(z — w)]

Klw,2) (z — )

belongs to the space for every complex number w and the identity

Flw) = / Y PR (w, 1) dt

—00

holds for every element F'(z) of the space.

Proof. If F' € PW(2m0), then

/R(1 FIF®)P) 1+ ) dt < oo
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and by Jensen’s inequality with the normalized measure du(t) = (1 + t?)"dt, we

have

/log1+\F %)

1 U= /Rlog(l +[F(t)]*) du(t)

< log (/leL\F(t)\Zdu(t)) = log (i/}RWdQ < 00

/(1 4 2) M ogt |F(1)] dt < 0. (3.1)
R

Since F(z) is of exponential type, it follows from (3.1)) and from Theorem that
F(z) is of bounded type in the upper half-plane. From ({2.52)), the mean type of F'(z)

in the upper half-plane is at most 274, and €2™*F(z) has mean type nonpositive.
So Cauchy’s formula in Theorem ([2.56)) implies that

It follows that

2rie R (z) = [ (¢ =) R () dt

for y > 0 and

0= / Tt — )R dt

for y < 0. From ([2.52)) the same formulas hold with F(2) replaced by F*(z). Therefore,

we can combine these two formulas for y > 0 and y < 0 to get
27TiF(Z) — /(If . Z)—l[eiQmSte—iQmSz . e—i2ﬂ5t6i2w6z]F(t) dt
R
when z is nonreal. The formula can be written as
F(z) = / FOK(z,1) dt.
In principle, it is valid only when z is nonreal, but this relation remains true in the
other case. It is also valid in the limit of real zy by the Dominated Convergence
Theorenﬂ It is easily verified that the function K (w, z) belongs to the Paley-Wiener
space for every complex number w. We can, therefore, apply the Cauchy-Schwarz
inequality to obtain

sin(27(z — 2))
(z — 2)

[F@) < IF]Pwians)

for every element F'(z) of the Paley-Wiener space. Completeness follows from this
inequality. In fact, if {F,,(2)} is a Cauchy sequence in the space, then

sin(2wé(z — 2))
w(z — Z)

|Fu(2) — Fk(z)|2 <||Fn — Fk||$>W(2m$)

1 To establish this, divide the integral into two parts: one over the interval (zg — 1,20 + 1) and

the other over its complement. In the first part, the integrand is continuous and bounded; in
the second part, we can apply the Cauchy-Schwarz inequality and the Dominated Convergence
Theorem.
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for all complex z. The sequence F,,(z) converges uniformly on bounded sets, implying

that the limit function F(z) is entire and
/°° \F()? dt < 1%@/% B (12 dt < oo

by Fatou’s lemma. Since

sin(2md(z — 2))
(z — 2)

o , sin(4midy)
= [l fowers =575

2 1 2
[F(2)]" < nh_{lgo |l w2
the limit function F(2) is of exponential type at most?| 27d. By Fatou’s lemma
/ IF(t) — Fu(t)|?dt < liﬂgf/ FL(t) — Fi(t)[2 dt.
Assuming that the sequence {F,,} is Cauchy, it converges to F'(z) in the metric of
the Paley-Wiener space.
[

Theorem 3.3 (Paley-Wiener). Let 6 > 0. If f € L?*(R) and vanishes outside a

finite interval (—d, ), then
400 .
F(z) = / e 2 f(t) dt

—00

is an entire function of exponential type at most 274 such that

LIF@Fa= [ 5@k

Moreover, every entire function of exponential type at most 270 that is square

integrable on the real axis is of this form.

Proof. If f,(z) = €™ x(_s4) (), then

K(w Z) = Sil’l(27’(’(5<z — IID)) — /6 e—27ritz€27ritw dt
’ 7T(Z — ﬁ)) 5

belongs to the Paley-Wiener space. By Theorem [3.2] the identity

/ sin(276(t — wy) sin(2m(t — wy)) dt = (K(wy, ), K(ws,))

7T(t—7j)1) 7T<t—U)2)

4 ) -
— K(wl,wz) — / e—27rztw2627r7,tw1 dt

holds for all complex numbers w; and w,. Let

M (96) d:ef{f:]R—>C : f espan{f,}, with w € C}.

2 Take the square root and use the argument of sin with a factor of 2 to achieve the correct

exponential type.
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If f € M(5), write f(x) = Sh_, cxfu, (z) where wy, are complex numbers, and we

can conclude that
5 N ) N
F(Z) — /6 6727rthf Z / 727mtz]z'w]€ (t) dt = Z CkK(wk7 Z)
- k=1 k=1

belongs to the Paley-Wiener space and that

/R|F(t)\2dt:<;ckf((wk, 1S GK (w;, ) chkq (wp, ), K (w3, -))

i=1 k=11=1

g2t 2T gy — (f ) = /R | f(t)Pdt.

The same conclusion holds when f is in the closure of M (4) by continuity. In fact,
let I [—0, d]. If there exists a sequence {f,} C M(4) such that f,, — f in L*(I),
then by the isometry, {F),} is a Cauchy sequence in PW (274). Since this space is
complete, we have F,, — G in PW(27d) and

LR = tm [ 1f@Fd = in [ (F@0Fd= [ |GoPd.

We know that F(z) = [°5e 2™ f(t) dt € PW(2r6) by Theorem . Finally, because
G(z) = lim,, 0 F1n(2) (see the proof of Theorem [3.2)), we obtain for any z € C that

G(z) = F(2)] = lim |Fu(2) = F(2)| < C Jim |Fy, — F|| < C lim || — ]| =0,

n—oo

because the last inequality follows from the Cauchy—Schwarz inequality. According to

the Stone—Weierstrass theorem, we know that M (d) = C'(I) in the uniform topology.
Due to this, M(6) = L*(I). Consequently, T : L*(I) — PW(274) is an isometry, and
the range of T' is a closed subspace.

To prove that T is an isomorphism, it is sufficient to show that T is surjective. Let
F be orthogonal to T'(M(4)). In particular, (K (w,-), F') = 0 for all w € C and by

the reproducing kernel property, we have F(w) = 0 for every w.

]

3.2 Basic theory of de Branges spaces

A generalization of Fourier analysis is obtained when the Paley-Wiener spaces are
replaced by more general Hilbert spaces of entire functions. A de Branges space is

associated with any entire function £ : C — C which satisfies the inequality
|E*(2)| < |E(2)| forall z€ C". (3.2)

Definition 3.4 (Hermite-Biehler). An entire function E : C — C that satisfies
(3.2) is called a Hermite-Biehler function.
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Definition 3.5 (De Branges spaces). The de Branges space H(E) associated
with a function F that satisfies the Hermite-Biehler condition is the set of all entire

functions F': C — C such that
/ \F()PIE®)| 2 dt < oo (3.3)
R

and such that both ratios F'/E and F*/E are of bounded type and of nonpositive
mean type in the upper half-plane.

The space H(E) is a vector space over the complex numbers and an inner product is

defined in the space by

(F.Gpy = [ FOGHE®] 2t

Example 3.6. The Paley-Wiener space PW(274) is H(FE) in the case that F(z) =
e~2m9% n fact, let F be entire. Since E has modulus 1 over the real line, we observe
that the integrability condition is the same as F' being square integrable.
Suppose that F' € H(E). Since E has no zeros, both F'/E and F*/E are entire
functions of bounded type. Furthermore, given that E has bounded type, it follows
from Corollary that both F' and F™* also have bounded type, with

v(F) <max{v(F/FE),v(E)} =v(FE) =27
and
v(F*) <max{v(F*/E),v(E)} = 2m0.

According to Krein’s Theorem [2.57, F' has exponential type and
7(F) = max{v(F),v(F*)} < 2mo.
Therefore, H(E) C PW(2r4). Similarly, we have PW(27d) C H(E).

In the space H(E), we denote E(z) = A(z) — iB(z), where A(z) and B(z) are real
entire functions that are real for real z. These functions are given by
1 1

A(z) = E[E(Z) + E*(z)] and B(z)= i[E(z) — E*(2)]. (3.4)

Remark 3.7. If H(FE) is a given space, the function

K 2 B)Aw) — A(w)Bw)

7(w —w)

is a continuous function of w.

We will show that any space H(E) contains nonzero elements.
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Theorem 3.8 (Reproducing kernel for de Branges spaces). Let £ : C — C
be a given entire function that satisfies the Hermite-Biehler condition (3.2). Then

aes B(2)A(w) = A(z) B(w)

K(w,2) )

(3.5)

m(
belongs to H(E) as a function of z for every complex number w and for every
FeH(E)

F(w) = <F7K(w7 '))H(E)'

Remark 3.9. We can rewrite K (w, z) in terms of E, so

K(w,) - FEBWw) — BB 56

2mi(w — z)

Proof of Theorem[3.8. Given w and z complex numbers, we have

omi(w — 2) K (w, 2) = E(2)E(w) — E*(2)E(w),
where the function E*(z)/E(z) is bounded by 1 in the upper half-plane due to the
Hermite-Biehler condition. In particular, according to Remark [2.34] this function

has bounded type. So
_2mi(w — 2) K (w, 2)
G(z) = EC)

is bounded in the upper half-plane. By Proposition 2mi(w — z) is of bounded
type in the upper half-plane. Therefore, the quotient K (w, z)/E(z) is also of bounded

type in this domain. The mean type of the quotient is nonpositive according to
Corollary since a bounded function has nonpositive mean type (Remark ,
and a nonzero polynomial has zero mean type (Corollary 2.48)). For the same reasons,

K*(w,2)/E(z) = K(w, 2)/E(z)

is of bounded type and of nonpositive mean type for z € C*. Note that, for any w,
the function K (w, z) is entire in the variable z due to its expansion in terms of E.
Therefore, K(w, z)/FE(z) and K*(w, z)/FE(z) are of bounded type in variable z with

nonpositive mean type.

When w is not real, there exists a positive constant C' such that |w —t| > C for all

t € R. So,
/i

in this case, because the integrability of 1/|t — u_j\2 at infinity implies

J

2

E(t)E(w) — E*(t)E(w) Ut~ oo

2mi(w — t)E(t)

KE(I(Ut’)t)‘ =,

E(t)E(w)
2mi(w — t)E(t)

2
‘ dt < oo (3.7)
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and
2

EWEW@ |y o (3.9)

omi(w — t)E(t)

J

Note that E(t) can be equal to zero, but the singularities cancel in the integral.

If w = w is a real number, the integral is finite because the integrand is a continuous
function of ¢ in the interval (w — 1,w + 1). In fact, if E(w) # 0, the result holds true
as the numerator cancels the singularity of the denominator. Otherwise, we consider
a neighborhood of w where E is zero only at w. We express E(x) = (z —w)"h(z) and
the singularity of the denominator is canceled again by the zero of the numerator.
Since the last two integrals and converge in the complement of (w—1,w+1)
for the same reason as in the case of nonreal w, solely due to the integrability of
1/|t — w|? at infinity, it follows that K (w, z) belongs to H(F) as a function of z for

every w.

If F(z) belongs to H(E), then F(z)/E(z) is analytic in the upper half-plane and
continuous in the closed half-plane except for possible singularities at the real zeros
of E(z). However, it is continuous even at these points. In fact, if E(z) has a zero of
order r > 0 at a real point wy, then E(z) = (2 — wg)"G(z) for some entire function

G(z) which has a nonzero value in a neighborhood (wy — &, wy + €) of wy. Since

1P By = [ I =) F(0)/G0) de < o0

and .
wo—T¢€
/ (t —wp) M dt = oo

wo—¢&
for every positive integer k, F'(z) must have a zero of order r or more at wy. So the
ratio F'(z)/E(z) is therefore continuous at wy and has no singularities on the real
axis. By Cauchy’s formula in Theorem [2.50]

F(2)/E(2) = (2mi)~ /R (t— 2)"YF(t)/E(t) dt

and
0= /R (t—2)"'F(t)/E(t) dt
for z € C*. The formulas are also valid when F'(z) is replaced by F*(z). The four
formulas thus obtained imply, using the same argument as the proof of Theorem |3.2]
that
F(w) = (F, K(w, ")) nm) (3.9)

for all nonreal w. If w is real, choose a sequence {w,} of nonreal numbers such that
w = limw,,. Then
K(w,z)/E(z) = lim K (w,, z)/E(x)
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uniformly on every bounded subset of the real axis. If —oo < a < b < 0o, we have
/ab K (w, ) = K (wn, P E(1)| 2 dt = lim /ab K (wy, £) — K (wy, £)]2| E(£)] 2 dt.
Since
K ) = K G, ) PLE] 2 dt
= (K(wg,t) — K(wp,t), K(wg,t) — K(wy,t))
= K(wy, wg) — K(wn, wi) — K(wg, wy,) + K (wy,, w,)
it follows from Remark 3.7 that
/ab K (w, £) — K (w,, )| E(t)| 2 dt
< K(w,w) — K(wp,w) — K(w,w,) + K (w,, w,)

Given that a and b are arbitrary, the limit K (w,z) = lim K (w,, z) occurs in the
metric of H(E). From equation ({3.9), it can be deduced that for every F in H(FE)

F(w) = lim F(wy,) = im(F, K(wy, -))um) = (F, K(w,-))uE)-
]

Remark 3.10. Some authors, in the definition of de Branges spaces, do not require
strict inequality in for the function E, but require that E has no zeros in C*
and |E*(z)| < |E(z)|. However, in the case of equality |E*(29)| = |E(20)| for some
zp € CT, it follows that the associated space H(E) is the null space.

In fact, in this case, by analytic continuation (similar to the approach used in
Proposition with the maximum principle), we find that E*(z) = ¢’ E(z) for
some 6 € R. Therefore, G(z) = €%/2E(2) satisfies G*(2) = G(z) and H(E) = H(G)
for obvious reasons. Following the same steps as in the proof of Theorem (3.8, we can
conclude that if F' € H(G), then F(w) = (F, K(w, -))3u(q)- Since G is an entire real

function, from (3.6)), we have K(w,w) = 0 for complex nonreal w, thus

Because the function K (w,t) is continuous with respect to ¢, it follows that K (w,t) =
0 for real t. Consequently, F(w) = (F, K(w,))n@) = 0, implying that F' is null
in the upper half-plane, and therefore, F'(z) = 0 for all z € C through analytical

continuation. Therefore, H(G) is the null space.

Proposition 3.11. If H(F) is a given space, then FE(z) = S(z2)Ey(z) whenever
H(Ey) exists, Ey has no real zeros and S is a real entire function. Moreover, the
operator J : H(Ey) — H(E) given by J(F)(z) = S(2)F(z) is an isometric map.
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Proof. First, observe that we can decompose F in this way due to Proposition [2.24]
The well definition, linearity and the property of being isometric are easily obtained:
it suffices to write £ = EyS. Furthermore, to note that the map is surjective, observe
that the image of J is closed in H(FE) because the map is an isometry. As this image

contains Kp(w, z) for each w becausd’|
Kg(w,z) = S(2)Kg,(w, 2)S(w) = J(Kg,(w,-)S(w))(2), (3.10)
if an element is orthogonal to the image of 7, it must be orthogonal to Kg(w, z) for
all w € C, and therefore, it is identically zero.
O
Proposition 3.12. Let H(F) be a given space. If w is a nonreal number, then

F(z)/(z —w) belongs to H(FE) whenever F(z) belongs to H(E) and vanishes at w.

The same conclusion holds for a real number w if, and only if, E(w) # 0.

Proof. Let Uy, (z) = (z — w). First, let us assume that w is not a real number. It is
important to note that G(z) = F(z)/U(z) is an entire function since the singularity
is canceled out. Additionally, it meets the integrability condition of H(E) because
1/]t — w|* < C for some constant for any real ¢. Furthermore, it can be observed

that G/E has a mean type that is nonpositive
0>v(FE™) =v(U,GE™) =v(GE™) +v (Uy,) =v(GE™)

and the same holds for G*/E.

For the second part, note that the forward direction proceeds by contradiction:
assuming the validity of the result and the vanishing of E at a point w, we can use
induction on the order of the real zero w of F. Subsequently, we can see that the
integral diverges for this modified function at ¢t = w due to the zero of E at that

point. The remaining steps entail splitting the integral and making use of continuity.

]

Corollary 3.13. Let H(E) be a given de Branges space. Then K (w,w) = 0 if and
only if w € R and E(w) = 0.

Proof. By definition of K in terms of E in (3.6, the converse implication is obvious.

Suppose now that K(w,w) = 0. But

0=K(w,w) = (K(w,-), K(w, ))num = ||K(w, )H?—L(E)

3 To prove the first equality in ([3.10]) we just need to use the fact that S is real so S* = S.
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and we obtain that K (w,t) = 0 for all t € R. By the reproducing kernel property,
for any F' € H(E) we have

F(w) = (K(w,"), F)ys) = 0. (3.11)

This is enough to conclude the result. In fact, if we suppose, by contradiction, that
w ¢ R, it follows from Proposition [3.12|that F(z)/(z—w) € H(E) for a nonidentically
null F' € H(F). Applying this by induction over the order r of a zero w of F' (which
must be finite), we conclude that F(z)/(z — w)" € H(E). However, this function
does not satisfy (3.11]), a contradiction. Similarly, if w € R and E(w) # 0, then
F(2)/(z —w)" € H(E) by Proposition [3.12], and we encounter a contradiction again

with (3.11). 0

Lemma 3.14. Suppose that E(z) is a Hermite-Biehler function. So A(z) and B(z)
have only real zeros. If E has no zeros on the real line, then A(z) and B(z) have

only zeros of order one and cannot be the same.

Proof. By the Hermite-Biehle and ([3.4)), all zeros of A(z) and B(z) are real. Moreover,
the formula for K (w,w) obtained from ({3.5)) using L’Hépital’s rule
B'(w)A(w) — A'(w)B(w)

™

K(w,w) =

(3.12)

is valid. In particular

B'(z)A(x) — A'(x)B(x) ‘

K(xz,x) = -

(3.13)

So, if A(z) has a zero of order 2 at a point z, it follows that K (z,z) = 0. By Corollary
3.13] we have F(z) = 0, which is impossible because we assumed that F has no real

zeros. The same argument can be applied to the other cases.

O

3.3 Alternative definition and completeness

An alternative definition of the space H(E) involves an explicit estimate in the

complex plane.

Theorem 3.15. A necessary and sufficient condition for an entire function F' to

belong to H(E) is that F' satisfies (3.3) and that for all complex z

[FEP < N F 5y K (2 2). (3.14)

Proof. The necessity follows from applying the Cauchy-Schwarz inequality in Theorem
B.8 For the sufficiency, we only need to show that F'(z)/E(z) and F*(z)/E(z) are
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of bounded type and of nonpositive mean type in the upper half-plane. Bounded
type is obtained by Theorem [2.55| and for this, we will check its hypotheses. The
condition is satisfied with the same argument as the proof of Theorem (3.2
because F(x)/FE(z) is square summable over the real line. The growth hypothesis
in the upper half-plane follows from the fact that G(z) Y r (2)/E(z) satisfies

(K (2, 2)]
G <O
|E(2)]?
by (B-14) and
lim rt /7r log™ | K (re® re®)E(re) 2| sin 0 df = 0. (3.15)
T—00 0

In fact, (3.15) is true because from the definition of K in terms of E, we have

E(z)E(w) - E*(z) E(w) ’ < 2EG)E(w)]

27i(w — 2)

w2 =

27|z — w|

given that in the last inequality we used the Hermite-Biehler condition. In particular
K(re® re®) < C|E(re™)|?/(rsin )

for 0 < 6 < 7, so that
‘G(rew)r < ¢

~ rsinf’

(3.16)
As
lim r_2/ log® |1/(rsin@)|sinf df = 0,

0

700

the condition (2.45) follows from (3.16)). Finally, the condition (2.46) is obtained
using (3.16)) over the line iy, with § = 7/2 and r = y.

]

The explicit estimate of Theorem [3.15]is used to prove the completeness of the space.

Theorem 3.16. The space H(E) is a Hilbert space.

Proof. Consider any Cauchy sequence {F,(z)} in the metric of H(E). Since
[Fo(w) = Fo(w)” < || B = Fullayg) K (w, w) (3.17)

for all complex w, the sequence {F,(w)} is a Cauchy sequence for any fixed w. By
the completeness of C, F(w) = lim F,(w) exists. Since K (w,w) is continuous by
Remark [3.7] it remains bounded on any bounded set. The convergence is therefore

uniform on bounded sets, and the limit is entire. If (a,b) is any finite interval,

[ 1) ~ o)/ @R d = i [C(F) ~ Fu(o)/BOP di

< I — F|3
< lim ([ — Fl s
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where the limit on the right exists because the sequence is Cauchy. Thus, it follows
that
IF ~ EulBugy < Jim [|Fe— Fulle, (3.18)

By (3.17), we have
|[F(w) = Fy(w)[* = lim [Fy(w) — F,(w)[?
—00
: 2
< kh_{go | Fy — FTLHH(E) K(w,w)
: 2
< Jim (17 = Fllag) + I1F = Fall) ) K, 0)
= [|F = FnHi(E) K(w,w)
for all complex w. For the last equality, we take the limit in n in (3.18]) using the
fact that the sequence is Cauchy in the norms of the space. By Theorem
F — F, € H(FE). Since F,, € H(FE) and H(F) is a vector space, F' € H(F). Using

(3.18) and the fact that the given sequence is Cauchy, we conclude that it converges
to F'(z) in the metric of H(£). This completes the proof. O

3.4 Orthogonal sets and characterization of H(F)

Definition 3.17 (Phase function). Let E(z) be a given entire function that
satisfies the Hermite-Biehler condition. If there exists a continuous function ¢(z) of
real = such that FE(z)explip(z)] is real for all values of x, we call this function the

phase function associated with F(z).

Proposition 3.18. Let E(z) be a given entire function that satisfies the Hermite-
Biehler condition. Then there exists some phase function associated with F(z).

Moreover, if p(z) is any such function
¢ (z) = 7K (z,2)|E(x)]* >0
for all real z.
Proof. The Hermite-Biehler condition implies that G(z) = E*(z)/E(z) is analytic in

an open set V' C C such that C* C V. Since |G(z)| = 1 on the real line, we have
G(z) # 0 for z in an open set W C V with CT C W. Therefore, we can write

G(z) = exp(2ip(2)),

with z € W and ¢ analytical in W. Note that for z € R, we have ¢(x) € R, because
|G(x)| = 1. In particular, p(2) = ¢*(z) for z,z € W. In this case, by the definition
of G(z) we have

E*(2) exp(—ip(2)) = E(z) exp(—igp(2))
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and defining F'(z) = E(z)exp(—ip(z)), the last equality becomes F*(z) = F(z).
Because of this, F(z) is real for x € R and the first part is proved. For the second
part, note that

(E)()E(2) - E*()E'(2) _ . , \E"(2)
B = 2i¢'(2) .

Taking z = x real, we get that

(E)(2)E(x) — E*(2)E'(x) _ 7K(x, )

o) = 2 E@)P = TE@P (3.19)

because by L’Hopital’s rule

K, ) = ZOE @)~ (EY @)

By Corollary [3.13] we conclude that ¢'(z) > 0. The only potentially problematic
case would be when E(x) = 0, but the result still holds true. In fact, in this case, the
zeros of the numerator and denominator cancel each other out in equation (3.19)).
To see this, we can use Proposition to express E(z) = S(z)E(z), where E) has

no real zeros.

]

Proposition 3.19. Let H(E) be a given space and let ¢(z) be a phase function

associated with E(z). Let a, b, and ¢ be real numbers, with a and b distinct.

(i) The function E(c) 'K (c, z) belongs to H(E) and

KEC z)  E(z) — E*(z)exp (—2ip(c))
E

(;) 27i(c — z) ’

(ii) For every F(z) in H(E),

(iii)
1 — e2ile(d)—¢(a))

(Bla) ™ K(a, ), EG) K b)) = 5o (320)

Proof. The items and are trivial if F(c) is nonzero; it suffices to use the
definition of the phase function and the conjugation property of the inner product,
as well as the definition of the reproducing kernel. In case E(c) is 0, we must proceed
with more caution and employ Proposition to express E(z) = S(z)Ey(z) with
E; having no real zeros. We also utilize the fact that Kg(z) = S(2)Kg, (w, 2)S(w)
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to eliminate the singularities and the result remains valid. For , we can use the
item and conclude that

(E(a)™'K(a,), E(0) " K (b,"))uem) = E(b)" E(a) ' K(a,0)
_ E()E(a) - E*(b)E(@) _ 1 - et v
~ E(b)E(a)2mi(@a—b)  2mi(a—b)

]

Phase functions are used to construct orthogonal sets in H(FE), which yield a re-
markable formula for norms in the space. The motivation for this construction
comes from (3.20)), where we consider a and b as two distinct real numbers with

v(a) = (b) mod .

Theorem 3.20 (Orthogonal sets). Let H(E) be a given space and let ¢(x) be a

phase function associated with F(z). If « is a given real number, then
A, = {E’(tn)_l X K(tn, z) : t, € R with ¢(t,) = a mod 7r} (3.21)

is an orthogonal set in H(F). The only elements of H(FE) that are orthogonal to A,
are constant multiples of

eE(z) — e " E*(2).
If this function does not belong to space, then A, is a basis for H(E) and we have

the representation formulas

F(z) = ZF(tn)m (3.22)
and
F n 2
|F||H(E) = Z “ () = Enj ll((ii’i’n) (3.23)

for every F in H(E).

Corollary 3.21. Let o = 0 in the definition of A,. Then (3.21)) becomes, up to a

constant, equal to

So

and
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In the same way, if & = 7/2, we have

| Alz) wi _
Aﬁ/g_{(z_g).gek th A(€) o}.

It follows that
F(z) = (3.24)

and

1F (|5 = A%::o A BE) (3.25)

Proof. By the definition of the phase function
E*(z) = %@ E(x),

it follows that each ¢ where ¢(t) = 0 mod 7 is a zero of B(z). For the same reason,
each t where ¢(t) = /2 mod 7 is a zero of A. If A({) = 0, we have by ({3.5) and
(313) that

A(2)B(§) A'(§)B(§)
K =7 7 d K =2 2 2
Therefore, the formulas (3.24) and (3.25)) follow from the replacement of (3.26)) in
(13.22) and (]3.23)). The same occurs with formulas with zeros in B. O

Proof of Theorem[3.20, Orthogonality follows from Proposition [3.19] An explicit
proof of the theorem is restricted to the case a = 0. The general case then follows
because E(z) can be replaced by e“FE(z) without a change in the corresponding

space. Let

Ay = {E(tn)_l X K(t,, z) : t, € R with ¢(t,) =0 mod 7T}
and consider f(z) & —A(z)/B(z). Since A(z) and B(z) are real entire functions,
f*(z) = f(z). Additionally, K(z,z) > 0 and

B(2)A(z) — A(z)B(z) _ |B(x)” (A(E) _ A(z)>
z )

K(z,z) =

27y 2miy \B(z) B(z
_ BRI _
= RUCENE)
_ BRI
2L 21 )

when z is not real, it follows that Re(—if(z)) > 0 when z € C*. The idea here
is to apply Proposition [2.17, and for that, we need to check its hypotheses. The

singularities of f(z) are the real points where B(z) has a zero of higher multiplicity
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than A(z). Remember that Lemma implies that all the zeros of A and B are
real. If £ has no real zeros, the same lemma implies that the sets of zeros of A and
B are disjoint, and these zeros are all simple. So, if E has no real zeros, f(z) has
only simple zeros and simple poles. In the general case where F(z) = 0 for some real
z, we can write E(z) = Ey(2)5(z) as in Proposition [3.11] This implies that the poles
of f(z) are simple due to the cancellation of this zerﬂ By Corollary , the points
t, € R with ¢(t,) = 0 mod 7 are poles of f(z), as they correspond to the zeros of
B(z).

In summary, the function f(z) = A(z)/B(z) is analytic with a positive real part
in the upper half-plane. It has simple poles only on the real line at points where
¢(t,) = 0 mod m and simple zeros only on the real line at points where ¢(s,) =
7/2 mod 7. Therefore, by Proposition , there exist positive numbers {p,} and a

nonnegative number p such that
[f(2) = fw)]/(z = @) = p+ D paltn — 2) " (ts — @)
when z and w are not real. The numbers p,, are given by

P = lim (2 — ) A(2)/B(2) = A(t,)/B'(t).

z—tn

v, = 2B (1)~ (6)),

explicitly, the formula reads

K(w,z) = % ; 7rB’ ZB_(Zt)n) (5(_@?”) (3.27)

Written in this way, the formula is valid for all complex z and w. We will now show
that convergence takes place in the metric of H(F). Since ¢, is a zero of B(z), it
follows that E*(t,) = E(t,), so A(t,) = E(t,) and

E(t,) 7z —ta)B(ts) (2 —tn)

This implies that the functions on the right-hand side form an orthogonal sequence
in H(E). Moreover, note that

K(tw2) ___ B:)At) _ B()
t

>~ A(t.) B(t) B(w)
712::1 ﬂ-B/(t”) (t - tn) <U_J 13 ) H(E)

-5 (i) (7o) () [

If B(z) has a zero at a point z, then A(z) has the same zero but with one lower order.

2

(3.28)

H(E)

4
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and
1B(0)/(t = ta) 3y = 7B (tn) ™ K (ta, t), E(tn) " K (t, 1))
=T K (tn, tn)|E(t,)]|
= nB'(t,)/A(t,),
by the formula of K (x,z) in (3.13). So, it follows from (3.28) and (3.27)) that

i B(t)  B(w)
2 7B (b) (E— 1) (@ — £) |y,
ﬁj <7TB’ ) (f(_@i) (f(—th = K(w,w) - %B(M)F < K(w,w).

This means that the partial sums of the series are uniformly bounded in the metric
of H(E). Since H(E) is a Hilbert space by Theorem [3.16] the convergence of the
orthogonal series -
A(t,) B(t) B(w)

Xn: 7B/ (ty) t — ty @ — ty
occurs in the metric of H(F). In particular, the sum of the orthogonal series belongs
to H(E). Since K(w,z) belongs to H(E), it follows from that pB(z)B(w)
belongs to H(E). If F(z) is an element of H(F) that is orthogonal to Ag, then by
(13.27))

F(w> - <F7K(w7 '))"H(E) = <F7 (p/ﬂ-)B(w)B>"H(E) = B(w)<F> (p/T)B>"H(E)-

Due to the arbitrariness of w, it follows that F(w) = ¢B(w) for all w, for some
constant ¢ that does not depend on w. If B(z) does not belong to H(FE), then ¢ = 0,

and F'(z) vanishes identically, making the orthogonal set complete. In this case, we

can divide by the norm to obtain an orthonormal basis for H(E). In particular, if

F € H(E), we have by the properties of orthogonal sets

‘(F, E(t,) 'K (t,, ')>H(E)‘2

IF |3z = > = = 5
" HE(t”) K(t”’t)HH(E)
F(t)) F(t)[" =
B zn: K(tmtn) B ; E(tn) @l(tn)

and the last equality is valid due to (3.19)). For similar reasons,

o B, K(ta.2)
FC) = 3 g V) = EF) gty

O

Proposition 3.22. If H(F) is a given space, there is at most one real number «,
modulo 7, such that ¢’*F(z) — e **E*(z) belongs to H(F).
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Proof. Assume that there exist oy, as € R such that oy # as (mod 7) such that
F, (2) = E(z) — e "™ E*(z) € H(E)
and
F,,(2) = eE(2) — e " E*(z) € H(E).
Because H(E) is a Hilbert space, it follows that G(z) = €™ F, (z) — € *2F,,(2)
belongs to the space. But

G(z) = (¥ — ¥ ) [E(z) (3.29)

and since o # ap mod T, it follows that |e** — e?@2| > (). This, along with (3.29),
implies that £ € H(FE), which contradicts the integrability condition in (3.3)) because

1EWue) = [ IB@PIE®d = [ at
R R
and the last integral diverges.
O
Remark 3.23. In Theorem the set A, is not a basis for #(F) unless e’ E(z) —
e "“E*(z) € H(F). However, Proposition m guarantees that there is at most one

real a for which this condition holds. For all other real values of a;, A, becomes a
basis for H(F).

Proposition 3.24. Any space H(E) has the following properties:

(#4) Whenever F'(z) is in the space and has a nonreal zero w, the function
G(2) = F(2)(z —w)/(z — w)
is in the space and has the same norm as F(z).

(75) For every nonreal number w, the linear functional of evaluation defined on the

space by F(z) — F(w) is continuous.

(#5) The function F*(z) belongs to the space whenever F'(z) belongs to the space,

and it always has the same norm as F'(z).

Proof.

(#) Since w is nonreal, Proposition implies that J(z) = F(z)/(z — w) belongs
to H(E). In particular, J is an entire function such that J(z)/E(z) and J*(2)/E(z)
have mean type nonpositive; the same occurs with GG because polynomials have mean
type zero, as shown in Corollary . Moreover, the equality || F||uE) = ||G||lue) is

obvious.
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(#5) This is clear from the Cauchy—Schwarz inequality (or see Theorem |3.15)).
(#3) This is trivial by the definition of H(E).
[

Remark 3.25. If H(E) is a space, the function L(w, z) = 2mi(w — 2z) K (w, z) satisfies
the identity

L(w, z) = L(a, 2) L(a, @) ' L(w, @) + L(a, 2)L(a, @) L(w, &) (3.30)
for every nonreal number «.

Lemma 3.26. Let z — K(w, z) be an entire function of z defined for every nonreal

number w, such that

(i) K(z,w) = K(w,z) for all z,w € C\ R.
(ii) K(w,w) >0 for all w € C\R.
(iii) K(w,z) = K(w,z) for all nonreal w.
(iv) L(w,z) = 2mi(w — 2) K (w, z) satisfies for all « € C\ R.

Then there exist entire real functions A and B such that

B(2)A(w) — A(2) B(w)

K(w,z) = m(z —w)

and E(z) = A(z) —iB(z) is a Hermite-Biehler function.

Proof. In fact, let a be some nonreal number, and

BE(z) ¥ m (3.31)

We assert that F is the sought Hermite-Biehler function. If this is the case, we can

choose as usual .

A(z) =

and _
B(z) = W (L, 2) ~ L0, 2)).

We will now prove that this choice of E is correct. From property and the fact
that K(a, a) is real by [(i)} we get that L(a, ) is real. By [(iv)] we have

L(a,a) = —L(a, @). (3.32)
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Taking w = z in (3.30]), using equation ([3.32)) and properties|(i)|and , we conclude

that
1 1

— —|L 2 :
Lo, a) [E(a;2) Lo, a)
If we consider any fixed a € C*, we have L(a, ) > 0 by , and we can define the

entire function of the variable z as in (3.31]). From equation (3.33) and [(ii)} we find
that

L(z,2) = |L(a, 2)?

(3.33)

|E(a, 2)|* — |E(a, 2)|* = L(z, 2) = 47 Im(2) K (2,2) > 0

for all z € C*. This is the Hermite-Biehler property and the identity

L(w,z) = E(a, 2)E(a,w) — E(a, 2) E(a, W)
is equivalent to equation ({3.30)). H

The axioms (#), (#) and (44) of Proposition completely characterize H(E).

Theorem 3.27. A Hilbert space ‘H whose elements are entire functions, which
contains a nonzero element, and which satisfies (%), (74), and (#4) is isometrically

equal to some de Branges space H(FE).

Proof. Due to (%), it follows from the Riesz Representation Theorem that for every
w € C\ R, there exists a unique element z — K(w, z) € H such that

F<w) = <F7K<w> )>7—l

for every F'in H. The idea here is simply to prove that the function K (w, z) satisfies
the hypotheses |(1) of Lemma [3.26, Thus, we obtain our function £ to construct

Let w, z be nonreal numbers. So

K(w>z) = <K<w> ')7K(Z’ )>H = <K(Z’ -),K(w, )>7'l = K('Z?w)'

Let w € C\ R. The inequality K(w,w) = (K(w,-), K(w,+))3 > 0 holds due to
the positivity of an inner product. Therefore, if K (w,w) =0, then K(w,-) =0 and

F(’LU) = <F7K(wv')>7-l:0

for all F' € H. Since

the axiom (#4) implies that F(z)/(z — w) belongs to H whenever F(z) belongs to

‘H and has a zero at w. If every element of H vanishes at w, it follows inductively



3.4. Orthogonal sets and characterization of H(E) 91

that F'(z)/(z — w)™ belongs to ‘H and vanishes at w for every n € N. Then F' has a
root in w of infinite order and, being entire, it follows by Taylor expansion that F' is

identically null. The hypothesis that H contains a nonzero element therefore implies
that K (w,w) > 0.

Here we will apply the axiom (#3). It implies that if F' € H then F* € H and
| F|l;; = [|[£7],;- In particular, using polarization we conclude that

(F*,G")y = (G, F)y = (F,G),

for every F,G € H. Let w be a nonreal number. Then (K (w, z))* = K(w, z) belongs

to H for every nonreal number w, with

By the arbitrariness of F', we have K(w, z) = K(w, z).
Let a € C\ R. The function
2= K(w, 2) — K(o, 2)K (o, ) 'K (w, a)

belongs to H as a function of z for every nonreal number w. By (#), we have

K(a,2)K(w,a)| (z — a)
K(a, ) (z — )

G(z) Y | K(w,z) -

Note that G(a) = 0. Moreover, note that if F' and G are in H and both vanish at a,

then because of (#4), we can use polarization again to conclude that
(F)(t—a)(t —a) ", Gy = (F,(t— a)(t — &) 'G(t)n- (3.34)
Let F' € H such that F(a) = 0. Because of (3.34)), we have

(F.G)u = (Ft)(t —a)/(t — &), K(w,t) — K(a,t) K (a, 0) " K (w, )y

Flw)(w —a)/(w - a)
(F(t), [K(w,t) — K(a, ) K(a,a) " K(w,a)](@ — &)/ (@ — a))y.

Since [K (w, z) — K(a, 2)K(a,a) ' K(w,a)](w — &) /(w — «) vanishes at & and since

F' is an arbitrary element of H which vanishes at &, we can conclude that
G(2) = [K(w,2) — K(a,2)K(a,0) " K(w,a)|(w - a) /(@ - a).

This identity is equivalent to the identity in (3.30) from Remark [3.25

By Lemma |3.26], we obtain a space H(E) associated with E, with a reproducing
kernel K (w,z). We show that H(FE) is isometrically equal to H. The function

K (w, z) belongs to both spaces for every non-real number w. The inner product of
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two such functions is the same in H as it is in H(£). A finite linear combination
of such functions, therefore, has the same norm in H as it does in H(FE). In fact, if

F(z) =YY" 0, K(w;,z) € HNH(E) for w; € C\ R, then

2 ~ 2
1EN5 = > aidg K (wi, wy) = [ F 3y -
ij=1
Moreover, note that § %/ span{ K (w,z) : w € C\ R} is dense in H and H(E).
Otherwise, there exists a nonzero F' € H such that F' is orthogonal to .S in H, then

F(w) = <F7K(wv')>’H:0

for all w nonreal, and so F' is identically null because F' is entire. The same applies to
H(E). If F(2) is in H, there exists a sequence {F,,} C S such that F' = lim F,, in the
metric of H. Since the sequence is Cauchy in the metric of H and the approximating
functions have the same norms and inner products in H(F) as in H, the sequence is
also Cauchy in the metric of H(E). As H(FE) is a Hilbert space, G = lim F}, exists in
the metric of H(E). For every nonreal number w,

G(U)) = <G7 K(wa ')>H(E) = lim <Fn7 K(w7 '))H(E)

n—oo

= lim (F,, K(w,-))y = (F, K(w, )y = F(w).

n—oo

By the arbitrariness of w, it follows that G(z) = F(z) for every z by analytical

continuation. Also,

Gl = i [[Eyllz) = M ([Fafle = [[F]l3

n—oo n—oo

So H is contained isometrically in H(E). A similar argument will show that H(E) is

contained isometrically in H.

]
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Chapter 4

Some extremal problems in
Fourier analysis

This chapter addresses some extremal problems in Hilbert spaces of entire functions,
exploring weighted Paley-Wiener spaces and their connections with de Branges spaces
to understand the nature of some sharp constants in the context of Fourier analysis.

To study this type of problem, we need two definitions.

Definition 4.1 (Fourier optimization problem). A Fourier optimization problem
is a problem that seeks to optimize a functional or quantity over a set of functions,
with constraints imposed on their Fourier transforms to ensure the significance and
nontriviality of the problem. These constraints may be related to decay rates, support

restrictions or pointwise requirements, among others.

Definition 4.2 (Extremizer). In a Fourier optimization problem, an extremizer is
a function that represents the ideal solution that achieves the optimal value of the

objective functional while meeting the specified Fourier transform constraints.

The existence of an extremizer function depends on the specific problem formulation.
The quest for an optimizer involves employing mathematical techniques such as

Fourier analysis techniques, variational methods or optimization algorithms.

In the first section, we define Paley-Wiener spaces with weight and prove that they
are Hilbert spaces. In the second section, we introduce the principal extremal problem
(EP). Moving on to Section , we present an extremal problem related to the norm
of an inclusion operator and analyze the characteristics of this problem in connection

with the previous one to discover its properties.

In Section [4.4] we revisit the original problem with a sense of “déja vu”, providing a
new perspective. Finally, in Section [4.5, we delve into determining extremizers and
sharp constants in a more general setting within the theory of de Branges spaces
introduced and studied in Chapter
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4.1 Weighted Paley-Wiener spaces

Definition 4.3 (Weighted Paley-Wiener spaces). For « > —1 and § > 0, we
define H,(d; d) as the multidimensional weighted Paley-Wiener space. This space

consists of entire functions I : C? — C of exponential type at most § such that

1/2
1 Fllas = ([, @)l ) < oo, @1

Remark 4.4. We need the condition o > —1 to guarantee that the integral converges

in a neighborhood of 0. In fact, since F' : C* — C is entire, it follows that F' is

bounded in B; & {:1: ceR?: |z] < 1}. Also, since 2ae + 2 — d > —d, it follows that

/ |F(2) 2222 d < c/ 2 |22+24 4 < oo
B1 Bl

On the other hand, the integral over the ball B; diverges if & < —1 and F'(0) # 0.

Proposition 4.5. For o > > —1, there is an inclusion H,(d; d) C Hz(d; J) as sets.

Proof. Let a > 3 > —1 and F € H,(d;0). Since |z|>*+274 > |z|?P+2-4 for x € B,

we have
/,

Moreover, the integral over the ball B; converges, as shown in Remark [4.4]

F(2)[2] |42 de < /B |F(2)[22 22 de < oo (4.2)

c
1 1

]

Proposition 4.6. Let @ > —1 and § > 0. Suppose that F : C? — C satisfies the

condition (&.1). Then F € H,(d;6) if and only if F' (in distributional sense) has
support in the ball Bs/or.

Proof. Let us split the proof into two cases.

Case 1. (a > 2 —1).

Suppose that F' € H,(d;0). By Proposition , it follows that /' € L?(R?) and by
the classical Paley-Wiener Theorem [I.14] F' being entire with exponential type equal
to 0 implies that F has compact support in the ball Bs/orx.

If F' has compact support in the ball Bj/o., then by from Lemma m it
follows that F is entire. This, combined with the proof of Proposition [4.5] leads to
F € L*(R%). Therefore, according to Theorem [1.14] F is an entire function with
exponential type §.

Case 2. (a < 4 —1).
Suppose F' € H,(d;d), meaning F is an entire function of exponential type §. We
will use approximation techniques for this proof. Let € > 0 and ¢ € C*°(R%) be a
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function such that supp(¢) C Bc. Then the Fourier transform ¢ is an entire function
with 7(@) = e. It is worth noting that ¢ € S(R?), due to the Fourier transform being

an isomorphism in Schwartz space (as shown in Proposition 1.5]).

Let F.(x) el F(z)p(z). By the definition of exponential type, we have 7(F.) < J+e¢.
Additionally, since ¢ € S(R?), it follows that F. € L?*(R?) and by Theorem [1.14]

—

supp(Ft) C B(sie)/2n- (4.3)

Note that F. = F ¢, where @(x) = o(—z). Although F is initially only a tempered
distribution, F ¢ is a function (as discussed in (T.3)), given by F.(z) = F(7,¢).
The formula for f/?; and imply that suppﬁ C B(s+2¢)/2x in the distributional
sense. This is because for any x with |z| > (§ + 2¢) /27, there exists a neighborhood

of z where F and 0 are equal as distributions. Since ¢ is arbitrary, we conclude that

~

supp(F) C Bsjar.

If F (in a distributional sense) has support in the ball Bj/ar, it follows from Lemma
that F'is entire. According to the Paley-Wiener-Schwartz Theorem there

exist positive constants C' and N such that
|F(2)] < C(1+ |2))Ned'mEl = 01 + |2)N el < (1 4 |2])N el

and in the last equality we use the fact that |z| = ||z|| for z purely complex or real.

In the language of lim sup, we can see that 7(F') < 4, and the result follows.

[]

One important fact about these spaces is the following.

Theorem 4.7. Let « > —1 and 6 > 0. Then H,(d;d) with norm given by (4.1)) is a
Hilbert space.

Proof. Without loss of generality we can take 6 = 27, because we have that F' €
Ha(d; 6) if and only if G(2) =4 F(2mz/6) is such that G € H,(d;27).

Let {F,} C Ha(d;27) be a Cauchy sequence. We can identify the norm of this
Paley-Wiener space with the norm of the weighted space L?(|z|?**™2~% dz, R?), which
is a Hilbert space. In particular, there exists F' € L?(|z|?***2~¢dx,R?) such that
F, — F in this norm. We need to prove that F is a restriction to R? of an entire
function of exponential type 27, and for this, we will split the proof of this theorem

into two parts.
d
Case 1. (a > § —1).
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By Proposition[4.5] it follows that H,(d; 2r) C L*(R?) as sets. According to Nazarov's

Theorem (see |[Jam07]), it follows from Fatou’s Lemma that
2 o 2
/Rd (F — F,)(2)|*dx < 1%1£f/w (Fp — ) (2)|? dz
< Climinf [/ (F,, — F,)(2)|* dv + / \F(E, — Fo) ()] dz
i Bf

m—00

= Climinf [ |[(F, — F,)(z)]*dx
B

m—00 ¢

< Climinf [ [(Fp — E,)(z) |z da
Be

m—00 ¢

and the equality above follows because every F, has compact support in the ball By
by the Paley-Wiener Theorem [1.14] Taking n — oo, we obtain that F,, — F' in the
L*(R?) norm and in particular F' € L?(R?). As the Fourier transform is an isometry

in L?(R%), it follows from F, having compact support that

/|(|dm+h / F(F — E)(x)|? dz
BC n—oo C

1

= lim | |F(F = F)()de = lim | |(F~F,)(x)]*dz = 0.
R

n—o0 Rd n—oo

So F has compact support in the ball B;. By Theorem , we conclude that F'is a
restriction of an entire function of exponential type equal to 27.

Case 2. (a < £ —1).

Here we will use approximation arguments. Let € > 0 and ¢ € C°°(R%) be a function

such that supp(¢) C B.. Then ¢ is an entire function with 7(p) = ¢.

de

Define for each n € N the functions F,,(x) e F,:(x)p(x) and F(x) a7/ F(z)p(x).
Note that, by the definition of exponential type, we have 7(F,(z)®) < d+e&. Moreover,
@ € S(R?) implies F(;,.)(z) = F. in the L*(R%) norm when n — oo, because

HF(%E)(:E) — F;

d—2—-2a|~
;= 5P (I 18(@)1) 1 = Fll g ofasa-a go e
=C HFn - FHL2(|I|2"‘+2_‘1 dz,R4)

Therefore, due to the first case, F. € L*(R?) is an entire function of exponential
type 0 + &. By the proof of Proposition (case 2), we observe that supp F C Bs 2
According to the same proposition, F' € H,(d; ), and the result follows.

]

Now that we have covered some fundamental properties of weighted Paley-Wiener
spaces, we can move on to discussing extremal problems. But first, let us delve into

one of the most classic problems in Fourier optimization: the one-delta problem.
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Example 4.8 (One-delta problem - dimension d = 1). The classical one-delta
problem seeks to determine the infimum value denoted by A; given by

A= inf | f(w)dz,

where the class C; comprises real entire functions f : C — C of exponential type
at most 27 that act as majorants for the delta function at the origin, satisfying
f(z) >0 for all z € R and f(0) > 1. It is known that .4; = 1 and is achieved by
the function f(z) = (sin(rz)/mz)?. This result can be established by leveraging two
fundamental tools in harmonic analysis: Plancherel’s Theorem (Theorem and
the Poisson summation formula (Theorem [1.11).

Several of its variations are named after Carathéodory, Fejér, and Turan. After this
problem was studied and solved, an interesting question arose about what would
happen in higher dimensions. The answer to this question was provided by Holt and

Vaaler, as we will see in the next example.

Example 4.9 (One-delta problem - multidimensional formulation). Find

As= inf | F(z)dz,

FeCy JRd

where the class Cy consists of real entire functions F : C* — C of exponential type
at most 1 which are majorants of a delta function at the origin, i.e., F'(xz) > 0 for
all z € R? and F(0) > 1. This question was solved by Holt and Vaaler in 1996
(see the paper [HV96]) and the proof of this result requires the use of weighted
Paley-Wiener spaces and connections with the theory of de Branges spaces. We know
that Ay = d2¢17%/%1(d/2).

4.2 The critical extremal problem

In this section, we will introduce the central extremal problem, which is an analogous

problem mentioned in the previous section with an additional monotonicity restriction.

Extremal Problem EP (Radial nonincreasing delta majorant): Let R*(d;20)
be the class of real entire functions M : C? — C that satisfy the following properties:

(i) M has exponential type at most 20;
(ii) M is nonnegative and radial nonincreasing on RY;

(iii) M(0) > 1.
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Find the value of
def .

BP)(d;0) < il [ M(2)de. 4.4

EP)(&:5) & e [ M) ds (1.4)
This problem is not trivial, particularly the sharp value of (4.4) when d is odd is
unknown. In dimension 1 and § = m, with this additional restriction, the sharp
constant satisfies 1.2750 < (EP)(1;7) < 1.27714 and the proof of this fact uses the
specific decomposition of the Paley-Wiener space into an orthogonal basis (for more
details, see the paper [Chi+23]).

Monotone problems like these are important in analysis, not just for the theory
of Fourier optimization but also for other fields like analytical number theory. A
prime example of this is the application of these techniques to establish the Weighted
Hilbert-Montgomery-Vaughan inequality, as detailed in the paper [CL24].

The purpose of this chapter is to prove the existence of extremizers for all dimensions
and compute explicitly the values of the constant (EP)(d; ) in even dimensions. To
achieve this, we need to introduce another interesting extremal problem in Fourier
analysis that has a direct connection with this one and the theory of Paley-Wiener

spaces.

4.3 Embeddings between Paley-Wiener spaces

Proposition 4.10. For any o > 3 > —1, the inclusion map [ : H,(d; ) — Hz(d;9)

is a bounded operator.

Proof. Let a > > —1. To prove the continuity of the inclusion operator, we will
use the fact that H(d, ) is a Hilbert space and apply the Closed Graph Theorem.
Assume F,, — F in H(d,«) and F,, — G in H(d, 3). Using (4.2)), we have

H(F - G)XB{

) < H(Fn - G)XBf

< ||(Fu = G

HdP) + H(Fn — F)xBe

H(d,B H(d,B)

1(d,8) + H(Fn - F)XB{

< “Fn - GHH(d,ﬁ) + HFn - FH’H(d,a)

H(d,ox)

and taking the limit as n — oo, we conclude that [|(F — G)xs, [l3(4,5 = 0-

Since F' and G are entire functions, they are equal in Bf. By analytical continuation,
we have F(z) = G(z) for all z € C%.

]

Given the previous proposition, we turn our attention to examining the operator
norm associated with the embedding I : H,(d;0) — Hg(d;9).
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Extremal Problem EP1: For real parameters a > > —1, § > 0, and a natural

number d, determine the value of

def . Jra \F(:z:)|2|x|2a+2_d dx
EP1)(«, B:d;0) = .
(EP1) (e, 5; d; 0) Fe?};t;(od;d) Jra |F ()Pl P24 du

Note that the expression
-2
(BP1) (v, 555 6) = (11, a4,
is always greater than zero. This inequality can be interpreted as a Fourier uncertainty
principle, as shown in Proposition [£.6] According to the Fourier uncertainty paradigm,
the mass of F' cannot be too concentrated around the origin. The (EP1) problem is
not only interesting on its own but also helps in solving the problem discussed in the

previous section.

Theorem 4.11. There exist extremizers for EP(d; 0) and

(EP)(d: 6) = ““(EP1)(4, 05 1:), (4.5)

where wq_1 = 27%?T (d/2)"" is the surface area of the unit sphere S*! c R%.

To prove this, we can first study the properties of (EP1) and then come back to
(EP).

Proposition 4.12. By dilation

(EP1)(a, B; d; 6) = 6*°2*(EP1)(a, B; d; 1). (4.6)

Proof. Observe that F(-) € H,(d;9) if and only if F(-/§) € H(d;1). This change of
variables proves (4.6)).
[

The first nontrivial observation about the extremal problem (EP1) addresses the
existence of extremizers in dimension d = 1. This is indeed the most important case
because, as we will see, the solution in higher dimensions can be derived from this

one-dimensional case.

Theorem 4.13 (Existence of even extremizers in dimension d = 1). Let
a > > —1and d > 0 be real parameters. There is an extremizer for the problem
(EP1)(«v, 5;1; ) and it must be an even function.
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Proof. We will divide the proof into two steps:

Step 1. (Existence of extremizers): By Proposition , we only need to consider
the case where § = 1. For brevity, we will denote (EP1)(«, 5;1;1) as (EP1) in this
proof. Additionally, assume a > f3.

Let {fn}n>1 C Ha(l;1) be an extremizing sequence, normalized so that || f,|[#. 1) =
1. This means that

| fal 25 11) — (EPL) 7!

Because H,(1;1) is a Hilbert space and the sequence of norms is bounded, it follows

by reflexivity (up to a subsequence) that f,, — ¢ for some g € H,(1;1). In particular,

1911311y < Hminf || fol[ag,01) = 1.

Since Ho(1;1) = H(E,) as sets, with norms differing by a multiplicative constant
(Lemma [A9), this is a reproducing kernel Hilbert space. Then, for any w € C, we

have the pointwise convergence

fn(w) = <fm Ka<w7 ')>H(Ea) — <g, Ka(“’a ')>H(Ea) = g(w).

By the Cauchy-Schwarz inequality, we also get that

[fa(w)] = 1{fas Kalw, Nausa) < Wfallsa 1Ka(w, s = e Ka(w, w)'?

and since K, (w, w) is a continuous function by Remark , we get that f,, is uniformly
bounded in compact subsets of C. In particular, we have that the convergence f,, — g
is uniform on every compact subset K C C. We will use this fact in the following

way.

For any 0 < a < (EP1)~!, there exists an Ny = Ny(a) such that for n > Ny we have
a< / @)l da

Fule) Pl et [ ) Pl d

|z|<R

< [ @R e B[ g @)l
|z|<R lz|>R

= /| | | fu(@) |2 da + RP 2 (4.7)
z|<R

for any fixed R, where we have used that o > 5 and || f,||,(1;1) = 1. Letting n — oo
and applying the Dominated Convergence Theorem in (4.7)), we get

SR [ o) Pl e < [ Jg(o)Pla s (48)
R

|<R

Letting R — oo in (4.8)), we arrive at

a < [ lg(a)Plz do.
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This shows that g # 0 and, since a < (EP1)~! is arbitrary, we conclude by the limit
that
EP1)~" < [ |g(a)Plal?*! do. (4.9)
R

Step 2. (The extremizer is even): Let g € H,(1;d) be an extremizer of (EP1)(a, f5;1;9).

We can express
9(2) = ge(2) + go(2),

where ¢.(2) 1 +(9(2) + g(—2)) and g,(z) Lf +(g9(z) — g(—=z)) represent the even
and odd parts of g, respectively. Due to the orthogonality between g. and g, observe
that

(EP1) (e, 85 1;9) =

Jr lg(2) P |z**H da
Jr lg(@)P|z|*+ dx
. <geage>7{a(1;5) +2Re <geago>7.[a(1;5) + (go,go%{a(l;(;)
<ge, ge>7.[ﬁ(1;5) +2Re <ge> go)yﬁ(l;(s) + <goa go)yﬁ(l;(s)
Jr |ge(@)P|z[**  dz + fp |go(®)*[x[**Fldz acy a +
I g @Ple P e + Ji g () Plafide T et d

(4.10)

Assume g, is not identically zero. Since g, and g, are both in H,(1;0), by (4.10]), we

observe that g, must also be an extremizer.

In fact, if g. = 0, this result is obvious. If g. # 0 and b/d > (EP1)(«, 3;1;0), then
a/c < (EP1)(e, B;1;6), and this is a contradiction.

We may write g,(z) = zh(z) with h € Hno41(1;0) C Ha(1;6). Then, by the setup of
our problem,

fR ‘h(x)|2‘x|2a+3dx B fR |go<$)|2‘$|2a+1da:
Jo (@)l i |go(a) Plaf1de

Jo|h(@)? |z da
Je h()Plaf?ot d

(4.11)
Let du(x) = |h(z)*|z|**T! do and assume, without loss of generality, that du is

= (EP1)(«, 5;1;9) <

normalized such that [p du(z) = 1. The inequality in (4.11) can be expressed as

L 1al? 2 dute) < ([ 1ol dut@) ) ([ Jof? di)) (4.12)

with v = a — 8 > 0. On the other hand, by Hoélder’s inequality we have

1o dute) < ([ 1o dua) ) (/ du( ) (4.13)
[ Jof? du) < ([ fol*? dﬂ(w));” (/ dmx))ﬁ?. (4.14)

Multiplying (4.13) by (4.14) and using the fact that du is normalized, we get

([ el du@) ([ 1aP dpt@)) < [ 2P dp(a). (4.15)

and
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By (4.12) and (4.15)), the inequalities (4.13)) and (4.14]) become equalities. Using the

case of equality in Holder’s inequality, this implies that |z|*’*? is constant in the

support of du, which leads to a contradiction. Therefore, we can conclude that our

original extremizer must be an even function.

Theorem 4.14 (Dimension shifts). We have
(EP1)(a, §; d; 0) = (EP1)(c, 5; 15 9). (4.16)

To prove this theorem, we introduce Extremal Problem [EP2, which is based on suitable
radial symmetrization mechanisms. Furthermore, it is an extremely interesting

auxiliary problem in itself.

Extremal Problem EP2: Let o« > f > —1 and 6 > 0 be real parameters, and
d € N. Define W (d; 26) as the set of real entire functions M : C¢ — C of exponential

type at most 29 that are nonnegative on R? and such that
/d M (z)|z|**T* 4 dr < .
R

Hind Jpa M (@)|z***+?~1d
def ) ra M (2)|2|** "% dx
EP2)(a, B;d;6) = f .

(EF2)(o, 5 ;) MW (@25) Jga M ()| P20 dz

(4.17)

Proof of Theorem[{.14 The idea here is to prove that (EP2) satisfies the dimension
equality (4.16]) and pass this property to (EP1) via inequalities. First, observe that if
M € W(d;26), by Theorem [A7 (Appendix [A.2), we have that M € W (d;20) and

/ M(a:)]x\Q”H_ddaz :/ M(.ﬂ?)‘x|2y+2_dd$
R4 Rd

for any v > —1. In particular, we can restrict our search for the infimum in (4.17)) to
functions M € W (d;26) that are radial on R

According to Corollary (Appendix |A.2), such M corresponds to the lift L4(f)
of an even entire function f € W7 (1;20) and vice versa. Utilizing the equality (A5]

from Theorem (Appendix |A.2)), we have

Jpa M(2)x 27 dr (wa1/2) ™" fpa La(F) (@) dw fy f(a)]a]**H da
Jaa M(2) |22~ 0de— (wa—1/2) Jpa La(f)(@)]aPP2~4de g f(2)]]?PH da

and we conclude that
(EP2)(a, B; d; 6) = (EP2)(a, §; 1; ). (4.18)
Now, if F' € H,(d;0) then M(z) = F(2)F*(z) € W} (d;26). Hence

(EP1)(ev, B d; 6) > (EP2)(v, B; d; ). (4.19)
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By Krein’s decomposition (see Lemmas and |A10)), every f € W,(1;20) can be
written as f(z) = g(2)g*(2) with g € Ho(1;6) and conversely. This implies that

(EP2)(a, B;1;9) = (EP1)(av, 8515 9). (4.20)

By Theorem [4.13] there exists an even extremizer g € H,(1;4) for (EP1)(«, 5;1;0).
According to Theorem (see Appendix [A.2)), we have L4(g) € Ha(d;d) and we
find that

_ Jelg@) PP de fea |[Lag) (@) P d
Jo lg@ PP dr ~ foa [Lalg) (@) PlalP72 T da

(EP1)(c, B;150) > (EP2)(a, 3; d; 6).

(4.21)

Combining (4.19)), (4.18)), (4.20), and (4.21)), we arrive at

(EP1)(a, 8; d; )
> (EP2)(a, B; d; ) = (EP2)(«, B; 1;6) = (EP1)(e, 8; 1;0) > (EP1)(a, B d; 6),

hence we must have
(EP1)(a, B; d; 6) = (EP2)(cv, B85 d; 0) = (EP2)(a, B; 1;6) = (EP1)(ev, B 150). (4.22)
O

Theorem 4.15 (Radial extremizers in higher dimensions). Let o > § > —1

and 6 > 0 be real parameters. There exists a radial extremizer for (EP1)(«, 5;d; ).

Proof. Let g be an extremizer for (EP1)(«, 5;1;0). By Theorem 4.13], g is an even
function. From Theorems and , one can plainly verify that the lift £4(g) is a
radial extremizer for (EP1)(«, 3;d;9). O

Remark 4.16. Based on the proof of Theorem and equation (4.22), we can

deduce the existence of extremizers for (EP2).

The idea now is to compute the sharp value of (EP1) for the cases where a« = 4+ k
for k € N. The solution is given in terms of the smallest positive solution to a specific

determinant equation involving Bessel functions. Let
O<j1/,1 <jl/,2<j1/,3<

denote the sequence of positive zeros of the Bessel function J, (see Appendix |A.1)),

and define the meromorphic function[!]

L See Appendix Definition
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Theorem 4.17 (Sharp constants for (EP1)). For 5 > —1 and k € N, let \¢ be
defined as A, =/ ((EP1)(B + k, B;1;1))"/**.

(i) If k=1, we have A\g = jz.1.

(i) If & > 2, set ¢ 1 |k/2]. Then )\q is the smallest positive solution of the
equation
As(\) det V5() = 0
where V() is the ¢ x ¢ matrix with entries

k—1
(Vﬁ()‘»mj _ Z wT(4€—2m—2j+3)CB (wr)\) :

r=0

for 1 <m,j </{and w def emifk,

Moreover, the extremizers for (EP1)(8+k, 8; 1;1) are, when k = 1, complex multiples

of A5(2)
1%4
Z)= ———2—,
fe) (2% — Jg’g)
and, when k£ > 2, have the form
A _As(z)
jﬁ n)

Z anjﬁ n

where (a1, as, ..., ar) belongs to the kernel of a certain ¢ x ¢ matrix (here ¢ = |k/2]),

and each a,, for n > £, is given in terms of ay, ..., a,.

The approach to prove this theorem involves connecting the Extremal Problem (EP1)
with the powerful theory of de Branges spaces of entire functions. In fact, Theorem
[4.17] turns out to be a special case of the much more general Theorems [£.20] and [£.21]
which will be proved in Section [4.5] These last two theorems address an extremal
problem related to the operator of multiplication by z* in a de Branges space. Refer
to Remark [4.22] for more details.

4.4 Déja vu: revisiting the original problem

Remember the original problem (EP)(d; §) from Section [4.2] Now that we have the

necessary tools, we can prove the Theorem {4.11}

Proof of Theorem[[. 11, Let M € R*(d;20) and assume that [pqs M (z)dzx < oo. By
Corollary [A8] we know that M is the lift £4(f) of a real entire function f: C — C

of exponential type at most 2J that is also radial (even) and nonincreasing with

/Rd M(z)dz = %Wd—l/]RJ“(ZL")IIICI‘1 dz. (4.23)
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The fact that M(0) > 1 implies that f(0) > 1. We can assume that f(0) = 1. Let
g = f'. Since f has exponential type at most 26 and belongs to L'(R) by (4.23)), by

a classical result of Plancherel and Pdlya [PP36], so does g. We can then write
f@) = [ glu)du (4.24)

Using (4.24) and Fubini’s theorem, we arrive at

[ @t dw =~ [ lgGu)lluldu. (4.25)

Note that H(z) = —zg(z) is a function of exponential type at most 2§, nonnegative
on R and belongs to L'(R). Using Krein’s decomposition from Lemma [A10} we can
express H(z) = 2?h(z)h*(z), where h has exponential type at most d. This implies
that

9(2) = —zh(2)h*(2).
Since g is odd, the condition f(0) = 1 implies ||g||, = 2. Therefore, by definition of h

llrsy = [ 1Bl du = [ Jge)|du =2 (4.2

In particular, h € Ho(1;0). The quantity we want to minimize now is byE| (4.23) and
@25)

Wd—1 21, |d+1 Wd—1 Wd—1 || “d/2(175)
h dU = — h H e
2d /R| (U)| |U| 2d “ || a/2(1;9) d ( HhHHo(l;é)

and we can conclude that

Wd—1
d

(EP)(d; 6) > “L(BP1) (£,0;1;0) .

Conversely, by Theorem [4.13} the extremal problem (EP1) (g, 0;1; 5) has an extrem-
izer h € Ha/2(1;9) that is even. Using the normalization , we can reverse the
steps by defining ¢ as before, then f as in (£.24)), and finally M as L4(f). So M
belongs to R*(d; 26) and by Theorem [A5]

Wd—1

d

(EP)(d: 8) < = (EP1) (§.0: 1;6)

We therefore conclude (4.5)

Wd-1

(EP)(d; ) = “(BP1) (£,0;1;0)

and that extremizers exist for (EP)(d;d) by Theorem [£.15]

2 Remember that h € Has2(1;6) by Proposition
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From Theorems [.11] and [£.17], we obtain the exact solution to the extremal problem
(EP) when the dimension d is even. The characterization of the extremizers is also
obtained through Theorem [4.17] and radial symmetrization considerations from
Theorem .15 Below is a table with the initial values for § = 1:

d=2 d=4 d=6 d=8 | d=10 | d=12 | d=14

(EP)(d; 1)) [ 4.26... | 4.76... [ 523... | 566...]6.07...]645...|6.81...

4.5 Sharp constants: settings in de Branges spaces

Let E(z) = A(z) —iB(z) be a Hermite-Biehler function, with A and B real entire

functions, and H(F) be the associated de Branges space.

(¢1) E has no real zeros.

(G) The function z — E(iz) is real entire (or, equivalently, A is even and B is odd).
(Gs) AEH(E).

Extremal Problem EP3 (de Branges Spaces setting): Let k£ € N and let E be
a Hermite-Biehler function satisfying conditions (¢), (), and (¢3). Suppose that A
has at least k + 1 zeros. Determine

def [EalE
(EP3)(E3k) = nf =
o£fen(B) || fll3m

(4.27)
Remember that Lemma implies that all the zeros of A and B are real. Since
E has no real zeros, the same lemma implies that the sets of zeros of A and B are
disjoint (in particular A(0) # 0) and these zeros are all simple. Condition (G3) is
generic and allows for the use of the interpolation formulas in Corollary [3.21] The
minor technical assumption that A has at least k + 1 zeros guarantees that the

subspace
X(B) < {f e H(E) : 2 f € H(E))

is nonempty. In fact, if &, ..., &1 are zeros of A, then for each j € {1,...,k+ 1}
the functions K (§;, z) = A(z)/m(2—&;) belong to H(E). A proper linear combination
of these functions will decay as |A(z)/z*"| as |z| — oo, and therefore, it will be in
X (E).

We will first establish a few qualitative properties about the extremal problem (EP3).

Proposition 4.18. The following statements are true:

(i) (EP3)(E;k) > 0.
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(ii) There exist extremizers for (EP3)(F; k).

(iii) Any extremizer for (EP3)(E; k) must be an even function.

Proof. |(i)| Let f € Xj,(E) be such that [|f|[3, ) = 1. By Theorem we have
11 < 1y K (2, 2) (4.28)

for all z € C. Since K (z,z) is a continuous function, as stated in Remark we can
set M ¥ max{K(z,z) : —1 < x < 1}. Define du(x) &/ |E(z)|"2dx and choose
n < 1such that M [_, . du(x) < % (this 7 exists because 1/E(z) is continuous for

real z). By (4.28)

1
[ @Pdua) < [ K@) <M [ dyta) <

and we obtain a positive lower bound that does not depend on f but only on K and
E

12" 13y = |f ()P |2 dp(z) = n** F@)Pdu(z) > = > 0.
[—n.ml° [—n.ml° 2
Let {fu}tn>1 C Xi(E) be an extremizing sequence, normalized so that ||2* f,,| |y =
1. This normalization implies that ||f,|/%z — (EP3)(E;k)~'. By the reflexivity
of the space, we can extract a subsequence such that f, — g for some g € H(FE).
The reproducing kernel identity ensures that f, — ¢ pointwise everywhere, and
Fatou’s lemma implies ||2¥g||3 ) < 1. Thus, g € X, (E). Additionally, from (4.28),
we observe that f,, is uniformly bounded in compact subsets of C. The proof that

19113,z > (EP3)(E; k)~ (and hence g is the desired extremizer) follows a similar

argument as in (4.7]), (4.8), and (4.9).
The proof follows the same reasoning as the proof of step 2 of Theorem m

Note that in our case, x — |E(z)|™? is an even function. O

The last proposition implies that any extremizer for (EP3)(E; k) in (4.27) must be
an even function. If f is an extremizer, we can write f(z) = g(z) — ih(z), where g
and h are real entire functions. This means that g = (f + f*)/2 and h = i(f — f*)/2.
For z € R, we have |f(z)|* = |g(x)|* + |h(z)|*. Similar to ([4.10]), we can see that g
and h must also be extremizers (unless they are identically zero). The proof below
will show that the set of real entire extremizers forms a finite-dimensional vector
space over R. Hence, the full space of extremizers is the span over C of the real entire

extremizers.

Using the fact that A is even by condition (), we can group the zeros +¢ and —¢ in
the interpolation formula (3.24)) of Corollary [3.21} If f € H(E) is an even function,
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we get
= 26/(&)  Al2)
T0=2 %) - 42
and if f € H(E) is odd, we obtain
f(z) = i 2/{6n) _2A(2) (4.30)

o AG) (2= &)
Both representations in (4.29) and (4.30) are uniformly convergent on compact

subsets of the complex plane, as proved in Theorem |3.20]

Proposition 4.19. If f € X (E), then g(z) & 2% f(2) € H(E), and we have the

following constraints

g(0) =4'(0)=...=g* D) =0. (4.31)

Reciprocally, if g € H(E) satisfies ([4.31)), then g(2) = 2¥f(2) with f € X (E).

Proof. The first part is obvious because f is entire, so 0 is a zero of order greater
than or equal to k of ¢g. For the other direction, we use and the power series
of g to see that 0 is a zero of order greater than or equal to k. The result follows by
induction in n for 1 < n < k and by Proposition because E has no real zeros.

[]

Theorem 4.20 (Sharp constants for (EP3)). Let £ € Nand A 1 ((EP3)(E; k))"/**.

(i) If k =1, we have \g = &;.

(ii) If £ > 2, set £ &f |k/2]. Then g is the smallest positive solution of the
equation
Ag(A)det V(X)) =0
where V() is the £ x ¢ matrix with entries

k—1
(V()\>>m] _ Z wr(4£72m72j+3)0 (er)

r=0

for 1 <m,j <€ andw % emi/k

We are also able to classify the extremizers for (EP3)(E; k). In what follows, let

o oder A
! B(&n)

From ({3.12)), note that ¢, > 0. Also, for { = |k/2] (when k > 2), let T be the ¢ x ¢

Vandermonde matrix with entries

(4.32)

Toi = EX7% for 1 <m,j <, (4.33)

m
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with 7! denoting its inverse, and let Q(\) be the £ x ¢ matrix with entries

QN)mj = {2]{)\%4“2771123'3 it 1<m,j<¢

Theorem 4.21 (Classification of extremizers). Let k € Nand o = ((EP3)(E; k))"/?*.

(i) If k =1, the extremizers for (EP3)(E; k) are spanned over C by the real entire

function

Alz)
(2 = €7)’
(i) If k> 2, set ¢ & |k/2]. The extremizers for (EP3)(E; k) are spanned over C

by the real entire functions

f(z) =

it
where
Zle Ciai( 522 (T, ) (f% A(Q)k>
e (626 = A3
and (a1, as, ..., a;) € RY\ {0} belongs to ker W()g), where W()\o) is the £ x ¢

matrix with entries

a, = for n > ¢,

W)y = (& =N (T71)'Q)), i 1 <mj <L,
Remark 4.22. Note that Theorem [4.17]is a specialization of Theorem |4.20|in the
case where E(z) = Eg(z) = Ag(z) —iBs(z), with Ag and Bg introduced in Appendix
In fact, if @« = 8+ k, note that f € H,(1;1) if and only if f € Aj(Ejp), and from
Lemma [A9] we plainly have

(EPL)(8 + &, 3: 1; 1) = (EP3)(Ey; k).

The extremizers in Theorem can be obtained from Theorem with £ = Ejg,
and hence &, = jz,,. In this case, due to (A4), we have that ¢, =1 for all n > 1.

Proof of Theorems and[{.21 Let us split the proof into two parts.
Case 1. Let k = 2¢ with £ € N. Let f € X (FE) be an even and real entire function.
In this case, since g(z) &S f(2) is even, half of the conditions in (4.31]) are already

taken care of, and we only need to look for

9(0) = gP(0) = ... = g*““ V() =0. (4.34)

From the representation (4.29)), we have

E (&) Alz)
e ane

(4.35)
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Then ¢(0) = 0 if and only if we have
0 ¢k—1

Since the series in (4.35)) converges uniformly, we can proceed inductively by differ-
entiating term by term and plugging in z = 0 (the initial case being (4.36))). This
leads us to the conclusion that (4.34)) is equivalent to

>, HTLE(E,)
2 G

(4.36)

=0 forall je{l,2,...,¢}. (4.37)

Let a, %/ f(&) /A (&) Note that a, is a real number since we are assuming that
f is real entire. Using the definition of the positive constant ¢, in (4.32)) and the

interpolation formulas (3.24]) - (3.25]) of Corollary we obtain from f being even
that

||f||3{(E) =2m Z Cnai and szfH?H(E) =2m Z Cnaigzk- (4.38)
n=1 n=1

Letting Ao % ((EP3)(E;k))Y?*, an equivalent formulation of (EP3) is given by

(14.38):
00 CL2 2k
Ak = inf w7 4.39
O fanyed 2 chal (4:39)
where the infimum is taken over the class A of real-valued sequences {a,},>1,

nonidentically zero, such thatf]

(i) X021 enandst < oo;

(ii) the sequence verifies the ¢ conditions given by (4.37)), i.e.,

Y a2 =0 forall je{l,2,....(}. (4.40)
n=1

Recall the definition of the ¢ x ¢ Vandermonde matrix 7 in (4.33)). This system of
equations (4.40) states that we can express the variables ay, as, ..., a; in terms of
the variables {a, },~¢. In fact, defining for each j € {1,2,...,/¢}

S; &S g, 20 (4.41)
n>{
we have by (4.40|) that
(al,...,ag)T: (—Sl,—SQ,...,—Sg). (442)
3 The function K(0,z) = A(0)B(z)/(rz) belongs to H(E), and by we have

>on2 11/ (cn€?) < oo. From this and the condition Y ¢,a2&2F < oo, we have an alter-
native way to see that (4.40)) is absolutely summable by applying the Cauchy-Schwarz inequality.
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and using (4.41)) we can deduce that for each ¢ € {1,2,... ¢} the following holds

r=1 \n>/{

— Zl ST Ni=-Y (Z anai“j“) (T i (4.43)

An easy choice for {a,}n>¢ is agp = 1 and a,, = 0 for n > £ + 1. Then, {a;}{_, are
given by (4.43]) and they are not all zero since T is invertible. Therefore, using the
test sequence, we find that

l 2 2k 2k l 2 2k 2k
Zn+1 Cna 5 < CZ-HSZ—I—I + Zn:l Cnangn < c€+1ff+l 2k

£+l = = Se+1
Yoni Cn@ Ce+1 Co1

2k
AO _

and hence \g < &41. From (4.43)), we can consider

n>/ n>{

¢ ¢ 2
F({antie) < X c (Z (Zf) <T-1>m~) &+ 2 gyl
. . 2
Gq%hw??gm<z(zm&“”ﬁwﬁm)+§kmi

r=1 \n>/ n>{

and now the problem (4.39)) is to minimize F' ({ay, }n>¢) /G ({@n }n>e) over all the class

A; of real-valued sequences {a, },~¢, nonidentically zero, that verify the condition

Z cna2€* < 0.
n>¢
From Proposition 4.18] we know that there exists an extremal sequence denoted by
{a} }n>¢. This means that
o F({a o)
G ({a:z}n>€) 7

and if we perturb this sequence by considering {a’ + b, },~¢, where {b,},~, € A;

(4.44)

and ¢ is small, we find that the function

F ({a;, + bnn>e)
G ({a, + bnfn>e)

is differentiable. Moreover, as ¢ has a minimum at zero by (4.44)), it follows that

p(e) =

¢'(0) = 0. In particular, for any m € N, with the perturbation {b,},~¢ given by

b, =1if n = ¢+ m and b, = 0 otherwise, we arrive at the Lagrange multipliers

aai({an}n%) /\S’fgi ({a} }ns0) (4.45)

for all n > ¢. Using (4.43]), we have

J4 J4
gaF {an}n>€ Z 202'611‘) (Z 5721Z2T+1<T1)M’> 512]6 + chan’fika
n i=1 r=1

aG J4 J4
% n}n>£ Z QCiai) <Z 5727,€_2T+I(T_1)ri> + 2cnan-
n i=1 r=1
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Dividing the last identities by 2, we find that (4.45) is equivalent to

a6 =) = Yt (L& T ) €@ -0 o
for all n > ¢. Since we have already established that \g < &1, we find that
(Ze . 525 (T, ) (5% )\(Q)k)

ea (€28 = 23F)
for all n > ¢. In particular, note that (aj, a3, ..., a;) # (0,0,...,0), as T is invertible.
If we multiply both sides of by €272+ and sum over n > ¢, using (4.41)), we

getfl]

(4.47)

_ Z a*£2£72j+1 _ zg:Cia% Z ( f% 2r+1( ) ) (5% )\%k) 526723#1'

2k
n>{ i=1 n>¢ Cn, (fgk - )‘0 )

Recall from (4.42)) that for each j € {1,2,...,¢} we have

¢ ‘
* 20—25+1
== aTy==>ag "
i=1 i=1
If we subtract these two equations, we get

¢ (Ele §i£—2r+1(7~—1)ﬂ) (fi% _ )\%k)giﬂ—%—ﬂ

L

0= Y ae =Y al

n>1 i=1

20—2j+1

>

n>{

+ &

(4.48)
for each j € {1,2,...,¢}. Denote by W(A) the ¢ x ¢ matrix with entries

i (Sry (T, 9 2 20-2j+1
(W()\))ij = (Z ‘ ( cn(E26 — )28 ) >> (& P\ k) +5¢K a ) (4.49)

n>0

what we have seen from (4.48) is that we must have det W()\g) = 0, because the
vector (a},as,...,a;) € RY\ {0} belongs to ker W()\).

Conversely, if 0 < Ay < 41 is such that det W(\g) = 0, and we let (aj,a’, ..., a}) be
a nonzero element in ker W(\g), we may define a for n > ¢ using (4.47). Then, the
constraints (4.40) are reduced to (4.48)). Multiplying ([4.47)) by c¢,a’¢2F and summing

4

S will be used in place of S; for the sequence {a;, }n>¢.
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over n > {, we can check that 3,5 ¢, (a})%¢2F < oo, becausd]

2k )4 4
S (06 = 3 (g ) o Yot (6T ) (€ -
n =1

n>¢ n>{ r=1
¢ ¢
< C«Za; Zcia: (Z 52@ 2r+1( ) ) (5219 )\(Q)k)
n>¢ =1 r=1

¢ ¢
<O ciap Y, (Z aiﬁie_wl) (T )nil&" = X5
=1 r=1 \n>/
¢
< czcz (zs* (7 ) (&~ 2
<C Z ci(al)?(NF — 2%y (4.50)
Working backward, (4.46|) follows from (4.47)). Using the same argument as in (4.50)),

we obtain by
ch(a:;) ( /\Qk Za ZCZ <Z 526 2r+1 ) Z) (ngk o )\gk)

n>{ n>€ i=1
— Z ci(a >\2k o €2k>
So, we can rewrite the last equality as

ZnZl Cn (GZ)ngk
> on>1 Cn<a2)2

The conclusion is that the desired value )\ is the smallest positive solution of the

_ 2k
_)\O

equation det W(\) = 0, and all the real-valued extremal sequences are given by (4.47))
with

{0} # (af, a3, ...,a)) € ker W(Xg).
The idea now is to work with the determinant of the matrix W(\), as given by
(4.49), in order to describe it in terms of the functions A and B that define the

de Branges space H(E). Note that A — det W()) is a continuous function on the
interval (0, &p41).

Observe first that, by the definition of (4.49) and using the identity

¢
Z §2€—27‘+1n(7-—1)ri — 5m

r=1

5 We make use of ([4.41)) and (4.43)), as well as the fact that there exists a positive constant C
such that £2F < C(&2% — A\2F) for all n > ¢, because \g < &1 1.
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for 1 <i</and1l<n </ we obtain

[ 20—2j+1 v 40—2r—2§4+2 (T —1Y\ |
o (e2k _ \2k & (ZT=1 &n (T )”)
W) = ci(&; A™) Ci(é}% — \2k) +n§>:€ (€28 — \2F)
= ¢;(E* — \*) —572%é_2j+15{n¢} +3 (Zle 5LLK_QT_QFFZ(7-_1)”)
1 (638 = NF) = Cn (878 — A%F)
—c (éZk _ )\2k) 3 <Z£ ! 546_2T_2j+2(7-_1)7“i)
l =1 en (638 =A%)
= (€ =2 ((T7ew), - (4.51)
Let Q(A) be the ¢ x ¢ matrix with entries given by
o0 543—2m—2j+2
(QNImi = 2 a3
for 1 <m,j < /. From (4.51)), we arrive at
det(W (H ci(E2F — \*F) ) (det T)~*det Q(N), (4.52)

and now we need to work on this last determinant. The next lemma is helpful to

rewrite each entry (Q(\))y,; in terms of the companion functions A and B.
Lemma 4.23. Let & € N and set def e2mi/k For s € 7 with 0 < s < k-1, we have
k—1 C*T‘S B kxkfsflys

2

o —Cy by

as rational functions of the variables x and y.

Proof. We briefly argue via series expansions. Observe that

kil CTS 11621 _T 1kZIC T’SZCTM()W 1i Zcrms
r=0 ¥~ TOl_Cr(f) xmzo =
k m k ys k s—1 s
_ vy =
o mzzzo (””) T xs ( )
m=s (mod k)
and the last equality follows from the geometric series formula. O

The even function K(0,z) = A(0)B(z)/(rz) belongs to H(E). From (4.29) and
(4.32)), we have
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Then, with C(z) = B(2)/A(2),

Clz) & 1
2 @ —

— 22)’

By setting ¢ = e*™/* we can utilize Lemma with z = €2 and y = A% Then, we

can apply the last equation to obtain

oo é—4ﬁ—2m—2j+2
n

(QWms = 2. ear

n=1

) 40—2m—275+42 \ 2k—40+2m~+2j—4
5 1 € A

— k>\2k74€+2m+2374 Cn (5721k _ )\Qk)

1 k—1 C—r(k—2l+m+j—2)

- ngl e \2k—40+2m+2j—4 7;] e (€2 = (TN2)
k—1 C—r(k—2€+m+j—2) 00 1

S RN T e (G = (N)
ko1 cor(k=2ttmt=2) C (CT/Q)\)

- 2_% fo \2k—att2amt2j—4 9(r/2)

(VA))mj
(2k) \2k—40+2m+2j -3 (4.53)

where V() is the £ x ¢ matrix with entries

(Vi) = S 19C(ur)

r=0

for 1 <m,j</{and w def emifk,

Recall that we are only interested in the roots of our original determinant in the
open interval (0, &,11). Since the power of A in the denominator of (Q(\)),; in (4.53)
depends only on m + j, when the determinant is multiplied out, there will be a
common power of A that can be factored out. Also, the expression [{_, c;(£2% — \2F)
appearing in (4.52)) can be replaced by A(\), which shares the same zeros in the
interval (0,&,,1). Therefore, in the range (0,&,.1), det W(A\) = 0 if and only if
A(N) det V() = 0.

Case 2. Let k = 204+ 1 with ¢ € Z,. Let f € Xx(F) be an even and real entire
function. In this case, note that g(z) Ly 2P f(2) is odd.

If k = 1, there are no nontrivial conditions in (4.31)), and we get

o] 2¢2

2 : Zn:l Cnangn
Ao = inf =0
{an}eA Y2074 cpay,

= ¢,

with the only extremal sequences are those where the first term a; is nonzero, and

all subsequent terms a,, are zero for n > 2.
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If £ > 3,i.e. £>1, then more than half of the conditions in (4.31)) are already taken

care of, and we only need to look for
g0)=g¢g®0)=...=g¢g*D0)=0. (4.54)

From the representation (4.30]), we have

& 2kf(E) FAR)
=2 e @-ey (4.55)

and then ¢’(0) = 0 if and only if

gl & éfi“ 0. (4.56)

Proceeding inductively by differentiating (4.55)) and plugging in z = 0 (the initial
case being ([4.56[)), we come to the conclusion that (4.54) is equivalent to the set of

identities . 52872],“]8(& )
> A

The rest of the proof follows the same steps as in Case I for even k. The variables k

=0 forall je{l,2,...,¢(}.

and ¢ were controlled independently in the previous argument to allow for a direct

application of the same reasoning to this case.
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Appendix

A.1 Properties of gamma and Bessel functions

Given a real and positive number x, we define the gamma function as
o0
['(x) &/ / t" et dt.
0

It can be shown that I'(x) is absolutely convergent for each positive z. This real
function I" extends to a holomorphic function in the half-plane Re(z) > 0, and this
extension further has an analytic continuation to a meromorphic function in C whose
only singularities are simple poles at negative integers (see [SS10, 6§1]). Therefore,
whenever we refer to the gamma function, we are referring to this meromorphic
function. From these definitions, we obtain interesting properties condensed in the

following result.

Theorem A1l. For z,w € C with Re (z) > 0, the following equalities hold:

T(z+1)=2T(2) and T(w)(1-w)=— . (A1)

sin(mw)

Finally, for > 0, the d-dimensional volume of the ball B, des {xr eR?: |x| <r}is

d/2pd
m(B,) = T2+ 1) (A42)
and the surface area is 92d/2yd—1
_ (A3)

B =Ty

Proof. The proof of (Al]) can be found in [SS10], Chapter 6§1, Lemma 1.2 and
Theorem 1.4, respectively. The proof of (A2)) and (A3) can be found in [Fol99),
Chapter 2§7, Proposition 2.54 and Corollary 2.55.

O

For simplicity, we use the notation wy_1 def w(B;) when B; C RY,

Definition A2 (Bessel function). Let v € R\ {—1,—2,...}. The Bessel function
of the first kind, J,(x), is defined by

UOES i n!r(i_j:+ 1) <;)V+2n’

n=0

where I'(x) is the gamma function. If v is a negative integer, we define

T, (x) = (=1)"J_(x).
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If v is an integer, then J,(x) defines an entire analytic function. For non-integer v,
it has a branch point at the origin and then we choose the principal branch of the

logarithm when defining z”.

Definition A3. For v > —1,let A, : C — C and B, : C — C be the real entire
functions defined by

dof & (=1)" (2/2)*" .
S e S

B,(2) & i (=D (2/2)™"

—nlv+1)(v+2)---(r+n+1)

These functions are related to the classical Bessel functions of the first kind by the

following identities:

A(2)=T(w+1)(2/2)"" J.(2);
By(2) = T +1) (+/2) Jua(2).

Both A, and B, have only real, simple zeros and do not share any common zeros.
For example, when v = —1/2, A_;,5(2) = cos(z) and B_y/3(2) = sin(z). A, is even,
B, is odd, and both have 7(A,) = 7(B,) = 1. Moreover, they satisfy the system of
differential equations
A,(2) = =B, (2); (A4)
Bl (z) = A,(2) — (2v +1)27'B,(2).

A.2 Lifts and radial symmetrizations

Definition A4 (Lift). Let F': C — C be an even entire function such that
2) =Y 2
k=0

The lift L4(F): C* — C is defined as the entire function given by

[e.9]

Z zl+22 -—i—zfl)k.

Theorem A5. Let F': C — C be an even entire function. Then F' has exponential
type if and only if £4(F’) has exponential type, and 7(F') = 7(L4(F)). Moreover, we
have

fwd VL IF@) e dr = [ |£a(F) @) | de

where —1 < v. If the integrals in the above inequalities are finite, then

1
o / F(2) |22+ do = / La(F) )|z da. (A5)
R R4
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The proof of Theorem [A5|is provided in [HV96, Lemma 18|. For N > 2, SO(d) is
the topological group of real orthogonal d x d matrices M with det M = 1. Let o
be the unique left-invariant Haar measure on the Borel subsets of SO(d), such that

0(SO(d)) = 1. Since SO(d) is compact, o is also a right-invariant Haar measure.

For a d x d matrix A with d? complex variables and a column vector z with d complex
variables, (A, z) — Az is a polynomial map from C#+d to C?, making it an analytic
function. If F: C¢ — C is entire, then (A, z) — F(Az) is an entire function of d? + d
complex variables. Since SO(d) is compact in R*, the map A — F(Az) is integrable

with respect to o for each z in CZ.

Definition A6 (Radial symmetrization). Let F': C? — C be an entire function.
We define its radial symmetrization F : C¢ — C by

}%@:iém@FUW@daMﬂ. (A6)

If d = 1, it will be convenient to write F(z) = (F(z) 4+ F(—z))/2 for the even part of
F'. The principal theorem about radial symmetrization is the following and its proof
can be found in [HV96, Lemma 19].

Theorem A7. Let F : C¢ — C be an entire function. Then F : C? — C is an entire

function that satisfies the following conditions:

(i) F has a power series expansion of the form

ﬁ(z) = ch(zf+z§+...+z§)k;
k=0

(ii) If the function F satisfies the property F(x) > 0 for all x in R?, then by (A6,
the corresponding property also holds for F.

(iii) If F has exponential type, then F' also has exponential type and 7(F) < 7(F);
(iv) If =1 < v, then
i 2v+2—d Ww42—d 7 ..
LNF@Ilaf 2 de < [ |F@)][af+* da:
(v) If the integral on the right of is finite, then

w2—d 3. _ 7 w+2—d
Aﬁ@m w_&mmﬂ dz.

Using the last two theorems, we have the following result (see [HV96, Corollary 20]).

Corollary A8. Let F : C? — C be an entire function, and suppose that d > 2. Then

the following conditions are equivalent:
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(i) F(z) = F(Mz) for all M € SO(d) and for all z € C%
(ii) F(z) = F(2) for all z in C%

(iii) F has a power series expansion of the form

F(z) = ezt +2+ ...+ 2)" (AT)

k=0

(iv) F(z) = La(f)(2), where f : C — C is an entire even function, expressed in the

form

f(z) = i 2,
k=0

using the same notation as in (A7)).

A.3 Homogeneous spaces and Krein decomposi-
tion

If —1 < v, a de Branges space H(FE) is considered homogeneous of order v if, for
all 0 < a <1 and all f € H(FE), the function z — a*™!f(az) is in H(FE) and has
the same norm as f. Louis de Branges provided a characterization of such spaces in

[Bra62] and in [Bra68|, Section 50].

Consider the real entire functions A, and B, defined in Appendix [A.T] Define the
function E,(z) & A,(z) —iB,(z), which happens to be a Hermite-Biehler function

with no real zeros. The space H(FE,) is a homogeneous space of order v, with
7(A) =7(B,) =7(E,) = 1.

Additionally, A, and B, belong to H(FE,) due to the behavior of the Bessel function
J,, at infinity. The formulas in Corollary are applicable in this context. Further
details can be found in [Bra68, Section 50].

Lemma A9. Let v > —1. The following properties hold:

(i) There exist positive constants a, and b, such that
a, [ < |By(2)] % < by |2
for all € R with |z] > 1.
(ii) For f € H(E,), we have the identity
LI @PIE@I 2 de = ¢, [ 1) da,

with ¢, = 72727 T(v + 1) 2.
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(iii) An entire function f belongs to H(F,) if and only if f has exponential type at

most 1 and

L1 @)Rlaf? ! do < oo.
R

The proof of Lemma [A9| can be found in [HV96, Lemma 16]. Let us revisit a useful
version of a classical result attributed to Krein concerning the decomposition of
entire functions of exponential type that are nonnegative on R. The version stated
below is a special case derived from a more general version applicable to de Branges

spaces. The proof is available in [CL14, Lemma 14].

Lemma A10 (Krein’s decomposition). Let v > —1 and 6 > 0. Let f : C — C
be a real entire function of exponential type at most 26, that is nonnegative on R
and belongs to L' (R, |z|* ™! dz). Then there exists g € H(FE,) such that

f(z) = g(02)g"(d2).
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