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Resumo

Esta tese aprofunda a compreensão teórica das fases supersólidas e quasicristalinas

em condensados de Bose-Einstein, aplicando métodos variacionais baseados em séries

de Fourier normalizadas e validando-os com a solução numérica da equação de Gross-

Pitaevskii. O primeiro estudo explora como a inclinação do vetor de polarização dos

dipolos afeta a densidade modulada do estado fundamental em geometria planar, revelando

múltiplas fases (hexagonal, listras e favo de mel) e pontos críticos no diagrama de fases,

além de anisotropias e deformações dependentes do ângulo de inclinação. O segundo estudo

investiga, motivado por sistemas de QED em cavidade, como potenciais de interação

projetados em espaço de momento podem estabilizar fases quasicristalinas superfluídas

com simetrias octagonal, decagonal e dodecagonal, identificando as condições mínimas

para sua estabilização e destacando a robustez particular da estrutura dodecagonal devido

à sua rede vetorial única. Ambos os trabalhos mostram que essas fases exóticas apresentam

superfluidez e contribuem para o avanço no entendimento de condensados de Bose-Einstein

com interações inovadoras e propriedades emergentes.

Keywords: Supersólido. Quasicristal quântico. Condensado de Bose-Einstein. Campo

Médio Variacional. Fases Exóticas da Matéria.



Abstract

This thesis advances the theoretical understanding of supersolid and quasicrystalline

phases in Bose-Einstein condensates by applying variational methods based on normal-

ized Fourier series and validating them with numerical solutions of the Gross-Pitaevskii

equation. The first study investigates how tilting the dipole polarization vector in planar

geometry affects the ground-state modulated density, revealing multiple phases (hexagonal,

stripe, and honeycomb), critical points, and anisotropies in the phase diagram, as well as

deformations in the density modulation depending on the tilt angle. The second study,

motivated by cavity QED systems, explores how engineered interaction potentials in mo-

mentum space can stabilize superfluid quasicrystalline phases with octagonal, decagonal,

and dodecagonal symmetries, identifying the minimal conditions for their stabilization

and highlighting the particular robustness of the dodecagonal structure due to its unique

wave vector lattice. Both works demonstrate that these exotic phases exhibit superfluidity,

thus advancing the understanding of Bose-Einstein condensates with novel interactions

and emergent properties.

Keywords: Supersolid. Quantum quasicrystal. Bose-Einstein condensate. Variational

Mean-Field. Exotic Phases of Matter.
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1 State of the art on supersolids

“By convention sweet and by convention bitter, by convention

hot, by convention cold, by convention color; but in reality atoms and void.”

Democritus

The Greek atomist1 makes explicit the difference between the way which things

might appear to the mundane perceptions - in terms of the convention nomos (νóµoς) -

and how they are in reality - the nature physis (φύσις). From the early intuitions to the

contemporary understanding of Physics, the search for novel states of matter constitutes a

long history of fundamental research in the field of many-body quantum physics.

This start with the foreseen prediction of the exotic state of matter comprised by

macroscopic quantum effects, by hypothesizing a non-interacting Bose gas when cooled

down to zero temperature, a scenario introduced by Albert Einstein [18], inspired by a

work of Satyendra Bose [19] in 1924, who introduced the idea of counting microstates of

indistinguishable quantum particles, deducing the Planck’s distribution at the end of his

paper. Einstein extended further into the discussion of a non-interacting ideal monoatomic

gas. Another example is the discovery of superfluidity in liquid helium [20, 21], in which

the liquid flows without viscosity, which causes for example the spectacular fountain effect

[1][22], Figure 1.

Unlike a non-interacting gas, the interactions are relatively strong. The density of

the liquid helium is high, so the system departs considerably from an ideal Bose gas

description. The ground state has a small macroscopic occupancy2; hence, Einstein’s

approach would not suffice at the time. Additionally, the discovery of superconductivity

back in 1911 by Heike Kamerlingh Onnes [24] had added one more strange phase of matter

to be explained, which would satisfactorily happen more than 50 years later with the BCS

theory of superconductivity [25]. In this theory, the gas of electrons in a metal forms the

Cooper pairs, which is a result of the deformation of the positively charged ionic lattice

of the metal caused by the electrons. These fermionic pairs behave as composite bosons

that can undergo a condensation below a critical temperature, just as a weakly interacting

Bose gas. Thus, different physical phenomena are described by the same mathematical

pattern. Finally, the Bose-Einstein condensate (BEC from now on) of 87Rb was observed

only 71 years after the publication of Einstein and Bose, Fig. 2, by Anderson et al. [4].

The continuous development of theoretical physics has led to a deeper understanding
1 None of Democritus’ writings have survived; the knowledge of his vast body of work is almost wholly

reliant on doxographical evidence [17].
2 At T = 0, 4He occupies around 10% of its k = 0 one-body state [23].
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Figure 1 – Original schematics depiction
of the experimental setup cre-
ated by Allen and Jones [1].
Either by a heating coil or
by the thermal radiation of a
60 W bulb, only the inviscid
superfluid can flow through
the tubes obstructed with
tightly packed emery powder
or by cotton wool, and then
spill a height of over 16 cm.
In the heated region, there
are thermally excited states,
and the superfluid mode of
the liquid is diminished, then
superfluid diffuses into this
region, to restore the equi-
librium between normal li-
quid and superfluid (the two-
fluid model of Helium super-
fluid, explained by Landau in
1937 [2, 3]).

Figure 2 – The cloud’s velocity distribution is illustrated using false-color in a field of view
of each image is 200µm × by 270µ m. (a) An instant before the condensation.
(b) After the condensation. Source: Anderson et al. [4].

of the physis of phase transitions and phases of matter, encompassing the concept of

spontaneous symmetry breaking developed by Landau [26] and symmetry principles [27].

If the Lagrangian/Action of a system is invariant under transformations of a particular

symmetry, one says this system has a symmetry. By these principles, conserved quantities

and relevant observable objects can be determined. The phase transition is then associated

with a quantity called order parameter, which would be zero in the disordered phase and

non-zero in the ordered phase. For example, typically, in a two-dimensional ferromagnetic

system of spins, when the temperature T is greater than Tc ∼ 2.27K, the system has zero

average magnetization (the disordered phase), but when T < Tc, the magnetization is
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non-zero (ordered phase). The disordered phase is characterized by a ground state that

remains invariant under all symmetry transformations of the Lagrangian. Conversely, the

onset of order is marked by a non-zero order parameter. This ground state is no longer

symmetric; it spontaneously selects one direction from the set of degenerate possibilities,

thus breaking the original symmetry of the Lagrangian. These ideas have been applied to

explain a multitude of phenomena, ranging from superfluidity, BEC, and ferromagnetism

[26] in condensed matter physics, the electro-weak force in high energy physics [28, 29],

and even the stock market [30].

Among these examples, the spontaneous breaking of translational symmetry and

the global gauge symmetry of the Gross-Pitaevskii equation3 have been the subject of

investigation for a long time before the experimental realization of the BEC in 1995 [4]. The

capacity of a system to exhibit a particular modulated pattern, or more accurately, a type of

spatial order4, has been tackled by the tools of condensed matter [32]. The interparticle pair

interaction potential, v(r), existing among a system’s constituents, is the main ingredient

that promotes the self-assemble into modulated phases. Either for quantum systems, or

classical systems, it has been thoroughly proved that the capacity to form cluster crystals

depends on the dimension of the system (one-, two-, or three-dimensions), and the Fourier

transform of v(r), v̂(k). Let us focus on two-dimensional classical soft systems, for which

the v(r) is bounded. Let us denote by Q+-potential those systems whose v̂(k) has only

a positive part, and by Q±-potential those that change the signal. Then, systems with

Q+-potentials exhibit freezing followed by density-driven reentrance, e.g., Fig. 3(a) which

show that a fluid phase surrounds the solid phase5, as well as forming simple crystals (one

occupancy per lattice cell). Q±-systems, however, form stable solids at all temperatures

(no reentrance), revealing clustering as the dominant stabilization mechanism [33, 34]

(Fig. 4). In soft-core quantum systems, it is expected that the same conclusions from

classical systems hold for finite temperature and zero-temperature [35, 36, 37].

Although we already have a criterion for cluster-crystal self-assembly, nothing is

stated as to whether, for example, a two-dimensional system could self-assemble into an

indefinitely extended, spatially periodic crystalline lattice at any temperature. We must

avoid that assumption and move beyond a purely qualitative analysis. A more precise

description therefore requires consideration of both positional and orientational order.

As a starting point, in one- and two-dimensional systems with sufficiently short-

range interactions, the Mermin–Wagner theorem [32, 38, 39] prohibits spontaneous bre-
3 The Gross-Pitaevskii equation is the Schrödinger equation for the wavefunction of the condensate [31].
4 For solids, we would be most interested in the spatial correlation, the Debye-Waller factor, which is

the correlation ⟨ρ̂(r)ρ̂(0)⟩, whose Fourier transform gives the X-ray structure factor, as well as in the
orientational correlation function [32].

5 i.e., as we dislocate through a horizontal line of density/pressure in a phase diagram with the start point
at a homogeneous phase, as we vary the density along this horizontal line, eventually an inhomogeneous
phase is achieved, and, then, we reenter in a homogeneous phase back again.
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aking of continuous symmetries (e.g., global phase and translational) at any finite

temperature. Furthermore, regarding the two-dimensional melting [40]6, the Koster-

litz–Thouless–Halperin–Nelson–Young (KTHNY) theory [41, 42] shows that, above zero

temperature, two-dimensional systems lack true long-range positional order: they exhibit

only quasi-long-range order up to a critical temperature—marked by power-law decay of

spatial correlations [32]—and revert to exponential decay [32] above that temperature.

This remarkable result predicts a two-stage melting transition via an intermediate

hexatic phase, in which the orientational correlations decay algebraically [40]. The hexatic

phase arises from thermal unbinding of dislocation pairs, whereas the final transition to

the isotropic fluid is driven by proliferation of free disclinations [40].

(a) (b)

Figure 3 – (a) Phase diagram (pressure × temperature) of 2D GEM2, a Q+-potential that
exhibits reentrance, for low temperatures, the hexatic phase is a thin region
around the solid phase, with red dots at the computed solid-to-hexatic transition
points. (b), The orientational correlation function computed for different Monte
Carlo simulations, N = 2688 (red) and N = 6048 (blue). Top: log-log plot;
bottom: log-lin plot. As the temperature T increases from 0.0054 to 0.0059,
there is a qualitative change in the large-distance behaviour of correlation, from
constant (solid) to power-law decay (hexatic fluid), up to exponential decay
(normal fluid). Source: Prestipino et al. [5].

As an example, results of Monte Carlo simulations of two-dimensional GEM2 [5]

and GEM47 [43] systems are shown in Figs. 3 and 4. The KTHNY theory predicts the

algebraic decay ∼ r−η(T ) of the orientational correlation function in the hexatic phase

versus exponential decay in the fluid, and a universal exponent η = 1/4 at the hexatic-fluid
6 For a simple triangular crystal.
7 A GEMα system means a system whose interparticle interaction potential has the mathematical form

exp(−rα).
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transition, which was seen in Fig. 3. In both cases, the solid phase exhibited quasi-long-range

spatial order, which was accompanied by long-range orientational order.

Figure 4 – (Left) Phase diagram (density × temperature) of 2D GEM4, a Q±-potential
that exhibits no reentrance. (Right) The orientational correlation function
was computed by different Monte Carlo simulations. The black dashed line
represents a hypothetical decay r−1/4. Source: Prestipino et al. [6].

Another crucial aspect involves the spontaneous breaking of global gauge symmetry,

associated with the condensate wavefunction itself [44, 45, 23]. This symmetry breaking

occurs when the condensate’s wavefunction assumes a definite value. As the condensate

exists, its superfluid velocity, determined by its phase gradient [31], serves as the critical

velocity in Landau’s criterion for dissipationless flow [2, 31]. The behavior of the one-body

density matrix n(r, r′) → ρ0 for |r − r′| → ∞ is termed as off-diagonal long-range order

(ODLRO) [46], where the asymptotic value indicates the condensate fraction [46] of the

occupation of the ground-state quantum wavefunction of the condensate [23]. In two-

dimensional systems, for finite temperature, ODLRO is absent; however, for sufficiently

small temperature, the one-body density matrix decays algebraically (quasi-long-range

order). Only at T = 0 two-dimensional systems exhibit true ODLRO. Having established

these key aspects, we now focus exclusively on two-dimensional systems.

Landau’s criterion establishes the condition for dissipationless mass transport within

the condensate at velocities below a critical threshold [47], with superfluidity characterized

by the superfluid fraction. Intuitively, this fraction encompasses the lack of inertia that we

would normally expect as a response to an applied velocity [10]: a force along direction

α may produce a superfluid response along direction β, confirming that the superfluid

fraction is intrinsically tensorial. In Monte Carlo simulations, it is typically calculated

using the winding number of discretized paths [48], which reduces mathematically to the

projected area swept by the path [49]. An alternative method computes the expectation

value of the mechanical angular momentum [50], yielding well-defined maximum and

minimum superfluid fraction values [51]. A third approach directly utilizes the phase of
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the system’s quantum wave function in a frame co-moving with velocity v (where distinct

directions contribute independently), as implemented in Ref. [52]. Here, the phase gradient

is integrated to compute the laboratory-frame total momentum, deriving the superfluid

fraction tensor fij. For algorithmic details, see Appendix B; this is the method applied in

our work.

Thus, a quantum system can condense and sustain a significant superfluid fraction.

When density modulation coexists, a supersolid phase emerges – requiring simultaneous

crystalline order and superfluidity in two-dimensional quantum systems. For instance, a

two-dimensional system with an interparticle Gaussian potential has an isolant crystalline

phase [7], Fig. 5, due to the absence of superfluidity in its crystalline phase. This work

employed Monte Carlo simulations for a system with the Hamiltonian

Ĥ = −Λ

2

N
∑

i=1

∇2
i +

N
∑

i<j

exp
[

−1

2
r2

ij

]

, (1.1)

where Λ is the de Boer parameter, determining the quantum fluctuation, i.e., this parameter

essentially compares the de Broglie wavelength of particles to the interparticle spacing [53]8,

and a dimensionless interparticle distance rs ∝ 1/
√
ρ is used, and, by varying the density

density ρ and Λ, different phases could be achieved. As a result, this numerical investigation

of the phase diagram for this soft-core system revealed two distinct phases: a simple

crystalline (triangular) and a superfluid phase, the latter exhibiting reentrant behavior

at high densities (small rs), Fig. 5. Notably, neither cluster crystal nor supersolid phases

were observed. This absence aligns with two key factors: (1) the positive-definite nature of

the interaction potential in Fourier space, and (2) the cluster crystal stability conjecture

proposed in Ref. [54], which conjectured that adding an attractive component to the

interaction (making it non-positive definite in Fourier space) could allow the system to

become supersolid.
8 A large Λ indicates that quantum effects (like wave-like behavior) are significant. At the same time, a

small Λ suggests that the classical behavior dominates.
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(a) (b)

Figure 5 – (a) The phase diagram at zero temperature of 2D GEM2. (b) At Λ = 1/30, the
radial distribution function g(r) assumes a periodic value for the rs = 3, and
for rs = 4, the system re-enters the superfluid phase. Source: Kroiss et al. [7].

On the other hand, a simulation of another soft-core potential, this time with a

Q±-potential, Rydberg-dressed bosons showed a supersolid phase as follows. In this work,

Cinti et al. [8] ran a path-integral Monte Carlo simulation of a two-dimensional quantum

system whose Hamiltonian is

Ĥ = −
N
∑

i=1

∇2
i

2
+

N
∑

i<j

U

1 + r6
, (1.2)

where U is the interaction strength, and a scaled density R2
cρ is used because the spatial

units are rescaled by the soft-core distance Rc. This time, as the Fourier transform of

the potential has a negative part9, a Q±-potential. Thus, the interaction, even being

soft-core, might pull in atoms closer, enabling clustering, and, most importantly, wave

functions overlapping. This results in a non-zero superfluid fraction because atoms could

be transported from one site to another, Fig. 6.
9 The 2D Fourier transform of v(r) writes [55]

v̂(k) =

(

2π2

3

)(

e−k/2

k

)

(e−k/2 − 2 sin (π/6 −
√

3k/2)). (1.3)
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Figure 6 – (a) The phase diagram. (b) (i) For singular potentials characterized by pure
power-law repulsion, as highlighted in blue, the particles organize into a com-
mensurate, insulating crystalline phase. That would be the case for the GEM2
of Kroiss et al. [7]. (ii) Upon removal of the singularity, particle clustering
becomes possible and, under suitable conditions, leads to the formation of an
incommensurate crystal with a particle density exceeding the number of lattice
sites. The delocalization of defects via inter-site tunneling can subsequently
induce a finite superfluid response in the self-organized crystalline ground state.
Source: Cinti et al. [8].

1.1 Dipolar Bose-Einstein condensates in quasi-two-dimensional

systems

Alongside supersolids observed with Rydberg-dressed potentials, another companion

platform of studying self-assembly systems at zero-temperature involves using dipolar

Bose quantum gases10 trapped in a plane (the dynamics is frozen along an axis by a trap

potential), with interactions tuned via the Feshbach resonance[56, 57, 58, 59] 11.

Initially, associating the dipolar potential with soft-core potentials in two dimensions

at T = 0 may seem problematic since the former diverges at the origin while the latter

remains finite. The Fourier transform of the dipolar potential [60]

Ũ(k) =
4π

3

(

3
k2

z

k2 + k2
z

− 1

)

, (1.4)

may also diverge as (k, kz) → 0. However, by assuming a specific z-profile ϕ(z)—such

as a Thomas-Fermi or Gaussian profile, consistent with experimental confinement in

opto-magnetic traps—the z-dependence integrates out during the convolution
∫

drdr′v(r − r′)|ϕ(r)|2|ϕ(r′)|2. (1.5)

10 For more details on dipolar interaction, consult the Appendix A.

11 The Feshbach resonance is a(B) ∝ 1 − ∆

B −B0

, where a(B) is the dipole coupling parameter depends

on the magnetic field B, and ∆ is a resonance width[56, 58].
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This yields an effectiveQ±-class potential in the xy-plane, defining a quasi-two-dimensional

system. The resulting potential lacks divergence at the origin and decreases monotonically

in k, but unlike Q±-class potentials, exhibits no minima. Nevertheless, similar to Rydberg

systems, it may still promote crystal clustering. Consequently, pancake-shaped systems

could host supersolid phases within inhomogeneous phases.

Experimentally, the realization of BECs with dipolar atoms has been reported

[61, 62, 63, 64], and the supersolid phase has been observed in a modulated quasi-two-

dimensional BEC of dysprosium atoms [65, 9], such as in Fig. 7, and, likewise, with clear

evidence of superfluidity provided by the observation of quantum vortices [66] recently.

Figure 7 – Experimental realization of a dipolar modulated condensate. (a) Density profile.
(b) State after 36 ms time-of-flight (TOF) expansion. A hexagonal modulation
structure is explicitly observed. (c, d) Corresponding simulations for same trap,
and with N ≈ 4.4 × 104 atoms within the droplets. Source: T. Bland et al. [9].

Supersolid phases in dipolar BECs remain an active research frontier. Both Gross-

Pitaevskii equation solutions and variational approaches have been employed: Zhang et

al. [67] applied variational methods to identify hexagonal and honeycomb phases, later

extending this work to include stripe phases in Ref. [68]. Complementarily, Ripley et

al. [10] solved numerically the Gross-Pitaevskii equation, also revealing three supersolid

states – stripes, honeycomb, and hexagonal crystals (Fig. 8). Crucially, the stripe phase

exhibits maximally anisotropic superfluidity: the superfluid fraction tensor reaches its

maximum along the stripe direction while minimizing perpendicular to it (Fig. 8, phase

diagram).
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Figure 8 – At left, isosurfaces of probability of the condensate ground-state found when
solving the GPE for different combinations of density and interaction parameters
(ass/add). At right, ground-state phase diagrams showing (a) the contrast C
and (b) the superfluid fraction fs. Source: Ripley et al.[10].

Interestingly, homogeneous phases of strictly 2D dipolar condensates were examined

via hypernetted-chain equations (HNC) [69, 11]. This study revealed modulated instabilities

in the homogeneous phase, strongly suggesting stripe-phase formation as the dominant

instability pathway, as we can see in Fig. 9, in which the homogeneous instability of the

static structure function occurs only in the ky direction.
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Figure 9 – Static structure factor S(0, ky) as a function of ky. r0 is a scaled length whose
square normalizes the density (ρ0) and wavevector in the y-direction ky. As the
density approaches a critical density, a large peak develops. S(kx, 0), shown in
the inset, does not peak according to the variation of the density ρ0. Source:
Staudinger et al. [11].

Besides the variety of possible analyses, it was discovered that, in dipolar gases, the

zero-point energy correction of Bogoliubov excitations, the Lee-Huang-Yang interaction [70],

which adds beyond mean-field effects [71, 67, 72], have been theoretically proven essential

for stabilizing quantum droplets [73, 74, 75]. For example, very recently, Adhikari et al. [76]

showed that the inclusion of the Lee-Huang-Yang interaction further enriches the phase

diagram by enabling metastable states such as multi-droplet solitons in strongly dipolar

NaCs condensates (dipole strength > 10× Dy).

Dipolar supersolids also exhibit recurrent characteristics in different dimensions.

Blakie et al. [12] studied a tube-dipolar system with confinement in the xy-plane, the

dipoles oriented along the y-axis, and the axis of the tube oriented along the z-axis. This

one-dimensional cigar-shaped dipolar condensate has first-order phase transitions: for

low and high densities, discontinuous transitions take place between inhomogeneous and

homogeneous phases [12], Fig. 10. For the two-dimensional case, under proper conditions

(specifically, the new condition we are presenting here), this can be compared to the

transitions between different modulated phases.
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Figure 10 – Continuous transition for density n ∈ [nlow, nhigh], and the s-wave scattering
length as in units of atomic Bohr length a0. The dashed red line represents
the roton instability of the uniform BEC. For values of density n out of the
interval [nlow, nhigh], the system suddenly exhibits a modulated phase, which
can be either a supersolid phase or insulating droplets. The sudden change
from a homogeneous phase to a modulated phase is a first-order transition.
Between the black continuous line, with n in the interval [nlow, nhigh], the
system changes smoothly from a homogeneous phase to a modulated phase,
i.e., it is a second-order phase transition. For more details on this work, see
Ref. [12]. Author: Blakie et all[12].

As mentioned, Zhang et al. [68] computed the phase diagram for a single-component

dipolar BEC, which consists of a hexagonal, stripe, and a honeycomb phase. This work is

a chronological evolution from a previous, less evolved work on supersolids [67], in which

they did not treat the stripe phase. Then, in another work on one- and two-component

dipolar BECs, Zhang et al. [77] reported ring-lattice structures in two-dimensional dipolar

bosons: these are metastable phases that consist of a mesh-up between triangular and

honeycomb states.

In all these works on two-dimensional dipolar bosons mentioned, the dipolar po-

larization of the BEC is set along the z-axis, with no tilting angle relative to this axis,

always perpendicular to the plane of the condensate. Also, in contrast to the cigar-shaped

dipolar BEC, there is only one point of second-order phase transition, a triple point

hexagonal-stripe-honeycomb phase at the boundary with the homogeneous phase, and

the boundary between the homogeneous and the modulated phase is entirely a first-order

transition.

1.2 Quasicrystals

In this section, we review key aspects of quasicrystals in bosonic condensates. First,

we examine a foundational soft-matter classical system. Subsequently, we discuss its

quantum counterpart. Finally, we identify critical research directions emerging from this
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comparison.

We will have tailored special potentials in the reciprocal space according to a specific

choice of the number of potential wells, the distance ratio among these wells, the pattern

of how these potentials can be arranged, and their depth. These potentials decay to zero

as k approaches infinity. For example, Barkan et al. [13] proposed a two-dimensional

classical soft-matter system, whose interacting potential, the Lifshitz-Petrich-Gauss (LPG)

potential, writes

Ũ(k) = exp

(

− k2

2σ2

)

(D0 +D2k
2 +D4k

4 +D6k
6 +D8k

8), (1.6)

whose Fourier transform in the real space has the same functional form

U(r) = exp

(

−σ2r2

2

)

(C0 + C2r
2 + C4r

4 + C6r
6 + C8r

8), (1.7)

where Ci coefficients are linear functions of the coefficients Di. The set of coefficients were

chosen such that U(0) = C0 = 1 and Ũ(1) = Ũ(k̃n) equal to some value less than 0.1. For

example, the potential displayed in Fig.11 depicts different cases which lead to distinct

geometric patterns.

Figure 11 – a) Graph of the potential U(r). b) In the Fourier transform Ũ(k), the first
minimum consistently appears at k = 1, with subsequent minima at k4 =

√
2

(blue), k5 = (1 +
√

5)/2 (red), k6 =
√

3 (brown), k12 =
√

2 +
√

3 (green), and
k∞ = 2 (cyan). The inset magnifies these features. Each kind of potential
(color) is associated to a different quasicrystal pattern. Source: Barkan et
al. [13].

While the potentials are nearly indistinguishable in real space (Fig. 11(a)), making

it difficult to predict their stabilized cluster crystals, they exhibit distinct features in

reciprocal space (Fig. 11(b)) where the wavenumber ratio q, which is the ratio between the

distance of the second well in relation to the first well, becomes apparent. This highlights

an important constraint: any realistic potential must be carefully tuned in real space to

achieve the required Fourier-space minima. The LPG potential, based on simultaneous

instability at two length scales, leads to clusters of quasicrystals [78, 13]. The Fig. 12

displays particle distributions, as the radial distribution function g(r) describes an angular
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averaged distribution, providing a glimpse of the geometric pattern. The item Fig. 12(a)

makes more visually explicit how the radial distribution behaves differently for each

geometric pattern, as it is indicated by the diffraction diagrams.

Figure 12 – Results from dynamics simulation (top), mean-field prediction (insets in
grayscale), diffraction diagrams (middle), and radial distribution functions
(bottom). For more details, consult the source of the Figure. (a) stripes, periodic
(b) tetragonal and (c) hexagonal, as well as quasiperiodic (d) decagonal and
(e) dodecagonal clusters. Source: Barkan et al.[13].

In two-dimensional bosonic condensates, it has been verified that Lifshitz-type

potentials can also lead to quasicrystals. Pupillo et al. [14] implemented the Path-Integral

Monte Carlo simulation of an ensemble of N = 213 = 8192 particles of a system whose

Hamiltonian is

Ĥ = −Λ2

2

N
∑

i=1

∇2
i +

N
∑

i<j

U(|ri − rj|), (1.8)

where the authors guaranteed V (|ri − rj|) to be equal to the one reported in Ref. [13]

of the classical system simulation, Λ is the de Boer parameter [79, 80] which encodes

the magnitude of quantum fluctuations. At finite temperature, this simulation found

dodecagonal quasicrystals with finite superfluidity [14], and a phase diagram was also

constructed which also contain a cluster solid and supersolid phases. Nonetheless, as the

absolute-temperature goes to zero, the cluster solid phase is persistent, and the quasicrystal

phase exists between a range of temperature above the zero-temperature, as it can be seen

in the phase diagram, Fig. 13.
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Figure 13 – Phase diagram constructed with multiple simulations of path-integral Monte
Carlo simulation with N = 8192 particles. The thick black line denotes the
Berezinskii-Kosterlitz-Thouless transition that separates the superfluid from
the normal fluid. Note that at t0 there is no quantum quasicrystal. Source:
Pupillo et al. [14]

At zero temperature, Mendoza-Coto et al. [81] studied a two-dimensional system with

a three-well Lifshitz potential, discovering a stable dodecagonal quasicrystalline lattice

with finite superfluidity—a hallmark of supersolid-quasicrystal behavior. Their variational

mean-field approach employed a Fourier-based ansatz, revealing 12-fold symmetric patterns

with persistent superfluid properties. The work further established a comprehensive phase

diagram (Fig. 14), demonstrating the coexistence of quasiperiodic order and superfluidity.

Figure 14 – Phase diagrams composed of superfluid (SF) phase, QCP, TCP, and SqCP
stand for 12-fold quasicrystal phase, triangular crystal phase, and square
crystal phase, respectively. Vertical axis is a normalized depth of the Fourier
transform potential v̂(k) at the origin (bottom inset), and at a secondary
minimum at q0 (top inset). Horizontal axis is the scaled density ρλ2 times the
potential intensity U . Source: Mendoza-Coto et al. [15].

While the Lifshitz potential provides a convenient mathematical framework for

studying quasicrystal formation, it has no confirmed experimental realization so far.

Meanwhile, optical-cavity platforms have emerged as promising experimental tools for

producing effective interactions that stabilize modulated phases in ultracold gases [82,
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83, 84, 85, 68, 86]. In such experiments, a mirror array confines light to create cavity

modes with selected resonances. Repeated bouncing of light within the cavity mediates

interactions between particles via photons supplied by an external pump [85]. Such systems

provide exceptional control over the form and spatial extent of interactions, making them

ideal for exploring quantum many-particle behavior.

Advances in high-finesse optical cavities have recently enabled the design of photon-

mediated forces that act as fully programmable effective interactions between ultracold

particles, allowing one to tune their sign, spatial profile, and interaction range [16], as

sketched in the experimental setup of Fig. 15. A Bose–Einstein condensate is positioned

along the z-axis of an optical cavity with resonance frequency ωc and photon decay rate

κ. Inside the cavity, atoms interact with the electromagnetic mode through a position-

dependent Rabi coupling g(z) = g0 cos(2πz/λc), where g0 is the maximum coupling strength

and λc = 2πc/ωc sets the wavelength of the cavity mode. A condensate of longitudinal

length L is irradiated by a narrow laser beam with waist w ≪ L and local frequency

Ω(r, t); the beam is dynamically swept over the sample along a trajectory r0(t), in a raster

pattern whose horizontal passes are spaced by l [16]. For a laser operating at frequency

ωL, detunings from the atomic and cavity resonances are defined as ∆a = ωL − ωa and

∆c = ωL−ωc, respectively, where ωa denotes the natural atomic transition frequency. In this

configuration, two atoms interact via an effective cavity-photon-mediated potential [87, 16]

that can be expressed as

v(r, r′) = gδ(r − r
′) +

2∆cg
2
0

∆2
a(κ2 + ∆2

c)
Ω(r, t)Ω(r′, t) (1.9)

where g is the contact interaction strength between atoms and the time average of the

laser scanning over one period is

Ω(r, t)Ω(r′, t) =
1

T

∫ T

0
dtΩ(r(t) − r0(t))Ω(r′(t) − r0(t)) (1.10)

being v the scanning velocity, and the period T = L2/lv. The temporal average 1.10 can

then be written as

Ω(r, t)Ω(r′, t) =
1

T

∑

yn

∫ T

0
dtΩ(r(t) − r0(t))Ω(r′(t) − r0(t)) (1.11)

where the trajectory of each scanning line follows r0(t) = (x(t), y) = (vt, yn), with yn = nl

for n = 1, 2, · · · , L/l. We extended each horizontal line integral to ±∞, justified by the

laser’s finite range which ensures the integrand vanishes sufficiently far from both r and

r
′. From Eq. 1.11, we convert the time integral to a spatial integration over x. Moreover,

when the line spacing l is smaller than the laser’s characteristic width w (l < w), the

discrete sum over n becomes expressible as a continuous integral over y, yielding:

Ω(r, t)Ω(r′, t) =
1

L2

∫

∞

−∞

dy
∫

∞

−∞

dxΩ(r − (x, y))Ω(r′ − (x, y)). (1.12)
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We now implement the coordinate transformation (x, y) → r
′ + (x, y). Exploiting the laser

profile’s radial symmetry Ω(r) = Ω(−r), we obtain:

Ω(r, t)Ω(r′, t) =
1

L2

∫

∞

−∞

dy
∫

∞

−∞

dxΩ(r − r
′ − (x, y))Ω((x, y)) =

1

L2
(Ω ∗ Ω)(r − r

′).

(1.13)

The time-averaging process constitutes a spatial convolution dependent solely on distance.

Within this framework, the laser profile decomposes as Ω(r) = Ω0(r)h(r), where Ω0 denotes

the laser intensity and h(r) represents a dimensionless spatial form factor. Following

Eq. 1.13, the pair interaction potential 1.9 becomes

v(r, r′) = gδ(r − r
′) +

2∆cg
2
0

∆2
a(κ2 + ∆2

c)

Ω2
0

L2
(h ∗ h)(r − r

′), (1.14)

with Fourier transform

v̂(q) = g − ν0ĥ
2(q), (1.15)

where

ν0 =
2∆cg

2
0

∆2
a(κ2 + ∆2

c)

Ω2
0

L2
. (1.16)

Current experimental capabilities [16, 85] enable nearly unconstrained implementation

of such interaction potentials. In the context, the parameter g is introduced as a constraint,

such that the admissible values of the function characterizing the laser intensity profile do

not exceed the magnitude of the pairwise contact interaction. To model ĥ2(q), in our work

"Engineering interaction potentials for stabilizing quantum quasicrystal phases", we employ

Gaussian basis functions, because we consider as a flexible approach enabling precise

control over reciprocal-space potential minima positions and depths. This tunability

facilitates systematic investigation of competing length scales governing spontaneous

pattern formation. Building on the methodology of Mendoza-Coto et al. [15], we implement

a variational mean-field treatment of the energy density functional to systematically

investigate quantum condensate ground states.
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Figure 15 – The experimental configuration couples a BEC (gray) to an optical cavity
mode (light red confined between blue mirrors) with resonant frequency ωc,
where the BEC is confined in a plane perpendicular to the cavity axis. A
scanning laser with mode function Ω(r, t) and frequency ωL periodically
illuminates the sample along horizontal lines, while photons escaping at rate κ
enable real-time monitoring. The magnified region highlights the microscopic
mechanism: only atoms within the laser’s transverse field interact via photon
exchange. This local process, determined by the laser profile Ω(r, t), yields
an effective many-body interaction potential after time averaging across the
entire system [16]. Source: Bonifacio et al. [16].

1.3 Open questions

In summary, recent studies of dipolar bosonic systems polarized perpendicular to a

planar geometry [67, 10, 77, 88, 89] have identified three modulated ground-state phases:

a low-density hexagonal solid, an intermediate-density stripe phase, and a high-density

honeycomb lattice. Transitions between these phases have been described as continuous

transitions of second-order, converging to a critical point in the thermodynamic limit

characterized by the meeting point of three inhomogeneous phases [68]. This observation

contrasts with soft-core bosonic supersolids, where first-order transitions dominate between

homogeneous and modulated phases [90, 91, 55, 92]. The potential for a continuous

supersolid-superfluid transition in 2D systems could simplify experimental realization by

reducing metastability [9].

The fundamental question is whether continuous transitions between distinct phases

represent universal behaviour. How would an eventual tilting of the trap potential relative

to the z-axis affect this phenomenon? Could first-order transition lines emerge? While

a Ginzburg-Landau approach describes second-order transitions, its domain of validity

requires careful examination. Additionally, how would such tilting affect superfluidity?

Analogous to cigar-shaped dipolar BECs, the second transition might only exist within a

specific density range. Would critical points between stripe, honeycomb, and hexagonal

phases persist under variable tilting angles? How would the phase diagram change? Our
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work Supersolid dipolar phases in planar geometry addresses these questions.

Regarding quasicrystals, quantum soft matter systems exhibit phases with quasiperi-

odic long-range order displaying dodecagonal symmetry [14, 15], governed by two or three

characteristic length scales. Concurrently, the variational approach (which is significantly

less computationally intensive than dynamical simulations of a quantum system) of the

Ref. [15] revealed 12−fold symmetry quasicrystals using a novel triple-well potential of

Lifshitz’s type [15]. This raises two key questions: (1) How does the number of potential

wells influence emergent symmetries? If two competing length scales might drive a quasi-

crystal, what about three or more? And what about varying their depth? (2) How does

the depth ratio between wells modify the phase behaviour? Could novel symmetries (e.g.,

octagonal) emerge? These questions and more form the basis of Engineering interaction

potentials for stabilizing quantum quasicrystal phases.
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The behavior of dipolar Bose-Einstein condensates in planar geometries is investigated, focusing
on the effects of the polarization orientation. While perpendicular polarization produces a phase
diagram with hexagonal, stripes, and honeycomb phases ending at a single critical point, the presence
of an in-plane polarization component transforms the critical point into three critical lines, separating
two phases at a time and changing radically the appearance of the phase diagram. All transition
lines contain first- and second-order regions, while the phase diagram itself shows a resemblance
with those displayed by quasi-one-dimensional dipolar systems. Finally, we investigate the effect of
introducing an in-plane polarization on the structural properties of the phases and determine the
superfluid fraction. Our results show that this process induces an axial deformation on the hexagonal
and honeycomb phases, resulting in an anisotropic behavior in the long distance properties of the
system like superfluidity. We expect that the rich phenomenology observed provides motivation for
new experiments and theoretical works.

I. INTRODUCTION

The study of patterns with unconventional symmetries
such as stripes phases [1–4], smectic liquid crystals [5–
7], cluster crystals [8–13], and quasicrystals [14–19], has
become a central topic of modern many-body physics.
These systems reveal a variety of phenomena over differ-
ent physics fields, including soft matter [20, 21], super-
conductivity [22, 23], cavity QED systems [24], and long-
range interacting systems [25]. Ultracold atomic systems
have emerged as an ideal platform [26] to investigate such
exotic states of matter, thanks to their unprecedented
controllability and tunability [27]. In particular, dipo-
lar Bose-Einstein condensates (BECs), characterized by
long-range dipole-dipole interactions, have proven to be a
quite versatile system in this context [25, 28–30]. Recent
experiments have demonstrated the formation of quan-
tum droplets and supersolids [28, 31, 32]. In many cases,
the existence of such states can be seen as a macroscopic
manifestation of quantum fluctuations [33], since these
effects stabilize phases that would otherwise undergo col-
lapse due to the presence of attractive interactions [34–
36].

In the case of supersolids, a phase that simultane-
ously displays discrete translational symmetry and su-
perfluidity [37, 38], initial experimental studies focused
on quasi-one-dimensional systems, where density modu-
lations are induced along an elongated trap [39]. How-
ever, recent breakthroughs have enabled the realization
of two-dimensional supersolids [40, 41], producing new
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structural transitions and a large variety of crystalline
phases. Theoretical investigations [42–47] have predicted
complex phase diagrams that include hexagonal, stripes
and honeycomb configurations, with phase transitions
governed by density and interaction parameters [48, 49].
Notably, the emergence of metastable states, such as
ring-lattice patterns, highlights the intricate competition
between different symmetries and interactions [44].

Recently, a series of works [43, 44, 49–51] have ad-
dressed in detail the study of the ground-state phase di-
agram of a Bose dipolar gas in planar geometry when
the system is polarized perpendicular to its plane. Those
works have shown that, in such conditions, the system
develops three modulated phases: a hexagonal solid at
low densities; a stripes phase at intermediate densities;
and a honeycomb phase at high densities. The transition
between these phases is always first order, except at the
critical point of the system in which all phase bound-
aries converge. The existence of this critical point in
the thermodynamic limit is particularly interesting con-
sidering that soft-core bosonic supersolid phases usually
display a first-order transition between the homogeneous
and the modulated phases [52–55]. Moreover, from the
experimental point of view, the existence of a continuous
supersolid-superfluid transition could facilitate the pro-
duction of the 2D supersolid phase [41], since typically
metastable states are produced when the system is driven
from the superfluid to the supersolid phase.

In this work, we study the effects of arbitrary polar-
ization orientation for a dipolar boson system in planar
geometry. Our results show that when the polarization
vector exhibits a component along the system’s plane,
the critical point predicted for the case of perpendicular
polarization evolves into multiple critical lines. As an ex-
ample, in Fig. 1(a), we show the phase diagram obtained
for a tilting angle α = 30◦. We were able to identify
three different modulated phases according to the den-
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Figure 1. Phase diagram and modulated phases developed
by a dipolar planar bosonic gas for a polarization orientation
α = 30◦, with respect to the normal direction to the plane
of the system. In (a), we present the phase diagram of the
system at a fixed polarization orientation varying the average
density of particles ρ and the ratio as/add. In (b-d) we show
slice density plots of the 3D density patterns exhibited by the
system in the modulated phases identified. The areal average
density of particles is measured along the plane perpendicular
to the polarization vector.

sity pattern in the xy-plane of the system: a compressed
hexagonal lattice, a stripes phase, and a stretched hon-
eycomb phase (see Fig. 1(b-d)). As can be observed, the
topology of the phase diagram obtained differs signifi-
cantly from the one known for perpendicular polariza-
tion, displaying some similarities with the phase diagram
of quasi-one-dimensional cigar-shaped dipolar systems.
Indeed, as can be observed, the system presents a wide
intermediate density region in which the transition from
the one-dimensional modulated pattern (stripes) to the
homogeneous superfluid phase is second order. Moreover,
we investigate how the polarization orientation impacts
the structural properties of the ground-state phases and
the superfluid fraction.

This paper is organized as follows: Sec. II introduces
the microscopic model and outlines the theoretical frame-
work used to describe the modulated phases of a BEC in
planar geometry with tilted polarization. Sec. III is dedi-
cated to presenting the evolution of the phase diagram of
the single-mode system as the tilting polarization angle is
varied. Furthermore, Sec. IV focuses on the study of the
properties of the system using fully converged spectral
expansions. Here, we present a comparison with single-

mode results and investigate in detail the structural prop-
erties of the system as well as the impact of the tilted
polarization on the superfluid properties. Finally, Sec. V
delivers an ending discussion and concluding remarks.

II. MODEL AND METHODS

We consider a three-dimensional system of N iden-
tical dipolar bosons with mass m at zero temperature,
confined along the z-direction by a harmonic trap with
potential U (x) = ω2z2/2, where ω corresponds to the
frequency of the trap (see Fig. 1). The particles in-
teract through collisions, modeled as a zero-range in-
teraction with scattering length as as well as through
a non-local dipolar interaction, characterized by a scat-
tering length add. Moreover, we consider that the mag-
netic moment of all particles is polarized along the di-
rection (sin (α) , 0, cos (α)), i.e., forming an angle α with
the trapping direction. For simplicity in the mathe-
matical description, we work in a rotated coordinate
system of the form x′ = x cos (α) − z sin (α), y′ = y
and z′ = z cos (α) + x sin (α). In this new coordi-
nate system, the polarization direction coincides with
the z′-axis, the central plane of the system is given by
z′ = tan (α)x′ and the trapping potential is written as

U (x′) = 1
2ω

2 (z′ cos (α)− x′ sin (α))
2
. To avoid cumber-

some notation, from now on we will omit the prime sym-
bol in our calculations to refer to the new coordinate
system. Taking as units of length δl = 12πadd and time
δt = mδl2/ℏ, respectively, the mean-field energy per par-
ticle functional can be expressed as

E

N
=

∫

dr

{

1

2
|∇ψ|2 + U (x, z) |ψ|2 + 2

5
N3/2γ|ψ|5

+N
as
6add

|ψ|4 + N

8π

∫

dr′V (r − r
′) |ψ (r)|2|ψ (r′)|2

}

,

(1)

where the Lee-Huang-Yang (LHY) [33]
coefficient can be written as γ =
4

3π2 (as/(3add))
5/2 [

1 + 3
2 (add/as)

2
]

[56–58]. Finally,
the dipole-dipole interaction potential V (r) for a system
polarized along the z-direction is given by

V (r) =
1

r3

(

1− 3z2

r2

)

. (2)

The ground-state phase diagram of the model in the
thermodynamic limit can be accessed by minimizing the
energy per particle functional subject to the constraint
∫

dr|ψ (r)|2 = 1. Here, the integration domain extends
over the region [0, Lx]× [0, Ly], such that Lx × Ly → ∞
while z ∈ (−∞,+∞). Moreover, the number of particles
in the system is given by N = ρLxLy, where ρ stands for
the areal density of particles along the xy-plane perpen-
dicular to polarization direction [59].
In agreement with the scenario in which the magnetiza-

tion is oriented perpendicular to the plane of the system
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(α = 0), we consider a ground-state wave function of the
form

ψ (r) =
1√
A
ϕ (x, y)χ (z⊥ (x, z)) , (3)

where A = LxLy stands for the area of the system,
z⊥ = z cos (α) − x sin (α), and χ2 (z⊥ (x, z)) describes
the localized density profile produced by the confining
potential U (z⊥ (x, z)) on the transversal direction (see
Fig. 1). Without generality loss, we replace the nor-
malization condition for ψ (x) by the following two inde-
pendent normalization conditions for χ (z⊥) and ϕ (x, y),
∫

dzχ2 (z⊥ (x, z)) = 1 and
∫

A
dxdy|ϕ (x, y)|2 = A. In

analogy with previous works [43, 48], we consider that
χ2 (z⊥) follows a Thomas-Fermi profile of the form

χ2 (z⊥) =
3 cos (α)

4σ

(

1− z2⊥
σ2

)

Θ(σ − |z⊥|) , (4)

where σ represents the width of the system to be deter-
mined variationally and Θ (u) stands for the Heaviside
step function. Replacing the proposed ansatz for ψ (x)
in Eq. (1), we obtain that the energy per particle of the
system can be rewritten as

E

N
=

∫

dr

A

{

1

2
|∇ϕ (r)|2 + ω2σ2

10

+
9
√
3π

256

γ (ρ cos (α))
3/2

σ3/2
|ϕ (r)|5 + ρ cos (α)

10σ

as
add

|ϕ (r)|4

+
ρ cos (α)

2σ

∫

dr′Veff (r − r
′) |ϕ (r)|2|ϕ (r′)|2

}

,

(5)

where r stands for the vector position in the xy-
plane and the effective potential Veff (r) is defined

by its form in momentum space V̂eff (k) = 2/5 −
F (kxσ/ cos (α) , kyσ/ cos (α) , α) where

F (qx, qy, α) =

∞
∫

−∞

dq

2π

(

3 (−q cos (q) + sin (q))

q3

)2

×
q2y + (qx − q tan (α))

2

q2y + q2 + (qx − q tan (α))
2 .

(6)

It is worth mentioning that in Eq. (5) the kinetic energy
contribution along the z-direction has been neglected as
usual within the Thomas-Fermi approximation. This
procedure has been validated by previous works report-
ing similar results with or without such an approxima-
tion [43, 48].

Now that the energy per particle functional for the 2D
effective problem associated with the configurations of
ϕ (r) have been constructed, the ground-state properties
of the system, including its phase diagram, can be deter-
mined from the direct minimization of such functional.
With this goal, we consider three different kinds of pos-
sible solutions: a homogeneous state, a stripes configura-
tion along the x-axis, and a 2D solution with hexagonal

symmetry that can be stretched or compressed along the
x-axis as well. The x-axis, in our case, coincides with the
direction of the in-plane polarization of the system.

A. Homogeneous state

In the case of the homogeneous state we have ϕh (r) =
1, resulting in an energy per particle of the form

Eh

N
=
ω2σ2

10
+

9
√
3π

256

γ (ρ cos (α))
3/2

σ3/2
+
ρ cos (α)

10σ

as
add

+
ρ cos (α)

5σ

(

1− 3

2
sin2 (α)

)

.

(7)

The properties of this phase are then obtained after the
minimization of Eh/N with respect to the single parame-
ter σ. Moreover, we verified that the value of σ for all the
modulated solutions that will be presented shortly does
not differ significantly from its corresponding value for
the homogeneous solution. For this reason, to simplify
the numerical evaluation, we will approximate the value
of σ in those cases by the corresponding value obtained
for the homogeneous solution.

B. Stripes state

In this case, we consider that the ground-state wave
function takes the form

ϕst (r) =
1 +

∑

n≥1 cn cos (nk0y)

1 + 1
2

∑

n≥1 c
2
n

, (8)

where the set of coefficients cn’s are taken as variational
parameters as well as the wave vector of the modulation
k0. The normalization factor introduced in the denom-
inator of the right-hand side of Eq. (8) is required to
guarantee the normalization condition previously men-
tioned for ϕ (r). An important aspect to be noticed is
that we have explicitly considered that the stripes are
oriented along the in-plane component of the polariza-
tion vector, which in our case coincides with the x-axis.
This alignment is produced by the attractive component
of the dipolar interaction that creates an anisotropy min-
imizing the energy in such configuration.

C. Hexagonal solid and honeycomb states

In analogy with the results obtained for dipolar gases
confined in a planar geometry, we also consider com-
pressed or stretched solutions with hexagonal symmetry
of the form

ϕhx (r) =
1 + 1

2

∑
′

m,n cm,n cos (k0emn · r)
1 + 1

4

∑′

m,n c
2
m,n

, (9)
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where emn = me1 + ne2, with e1 = (0, 1) and e2 =
(1/2 cot (θ) ,−1/2) and m and n integers. The prime on
top of the sum symbol excludes the case (m,n) = (0, 0).
The form of the selected basis {e1, e2} is general enough
to allow simultaneously homogeneous axial deformations
of the hexagonal pattern along the x-axis and to recover
continuously the energy functional corresponding to the
fully symmetric hexagonal pattern, when we have α = 0
and θ = π/6. It is worth noticing that a solution with
θ < (>) π/6 corresponds to a hexagonal pattern com-
pressed (stretched) along the x-axis. Moreover, to pre-
serve the symmetries of these patterns under axial de-
formations along the x-direction, the variational coeffi-
cients cm,n’s are set to be equal when they correspond to
equivalent wave vectors k0emn by inversion and reflection
symmetries with respect to the x and y axes. It is impor-
tant to mention that in this case, besides the variational
parameters cm,n’s, the characteristic wave vector k0 and
the parameter θ are determined from the minimization
of the energy per particle in Eq. (5) evaluated for the
ansatz in Eq. (9). Finally, it should be noticed that since
the hexagonal solid (honeycomb) phase is identified as
a triangular lattice of clusters (voids) of particles, the
dominant Fourier amplitudes c1,0 and c0,1 which corre-
sponds to the lowest non zero wave vectors of the pattern,
will be both positive (negative). In general, given that
both solutions could simultaneously exist as metastable
states, it is important to consider these two possibilities
as initial conditions in the energy minimization process,
in addition to the stripes and homogeneous states, when
selecting the actual ground-state of the system for a cer-
tain set of parameters.

D. Variational method

The substitution of the wave function ansätze for the
homogeneous, stripes and axially deformed hexagonal or
honeycomb solution into the energy per particle func-
tional in Eq. (5) allow us to obtain closed analytical ex-
pressions for the energy of these phases in terms of the
variational parameters c’s, the characteristic wave vector
k0, θ and σ. Hence the global minimum of these energy
functions, resulting from the minimization respect to the
variational parameters, correspond to the energy of each
corresponding phase. Naturally, the ground-state of the
system is identified as the solution providing the lowest
energy value.

The numerical minimization of the energy function for
each ansatz is performed using the Wolfram Mathemat-
ica platform. We employed an interior point minimiza-
tion method, setting 12 to 16 working precision digits,
and a precision and accuracy goal of 10 to 16 digits. The
accurate determination of the variational energies is key
for the determination of smooth phase boundaries since
the relative energy difference between the various solu-
tions can be rather small. See appendix A for further
details of the variational method and related approxima-

tions employed.
The main advantage of the spectral method described

over standard finite difference methods is related to the
fact that, unless we go deep into the modulated regions
of the phase diagram, the number of relevant Fourier am-
plitudes is usually quite limited, improving significantly
the computational cost of the variational problem.

E. Superfluid tensor

As discussed in literature [49, 60], the superfluid frac-
tion tensor for a supersolid of mass M can be defined
from the reduction of its translational inertia when we
consider that the system is confined by moving walls.
Thus, the superfluid tensor is defined as

f ijs = δij − lim
v→0

1

M

∂Pi

∂vj
, i, j = {x, y} (10)

where vj stands for the j-component of the moving walls
and Pi represents the equilibrium momentum of the sys-
tem. Considering the problem of the equilibrium state
of the system with such boundary conditions, it is pos-
sible to conclude that the superfluid fraction tensor can
be operationally computed as [60–62]

f ijs = δij −
∫

dr

A
|ϕ (r)|2 ∂Ki

∂rj
, (11)

where the auxiliary functions Kx (r) and Ky (r) satisfies
respectively the equations

∇ · (ρ (r)∇Ki (r)) =
∂ρ (r)

∂ri
, (12)

where ρ (r) = |ϕ (x cos (α) , y)|2. This expression for ρ (r)
corresponds to the probability density along the central
plane of our system, which is the one to be considered if
we want to study its planar-superfluid properties.

To proceed, instead of directly solving the problem
posed by Eq. (12), we took a different route to deter-
mineKx,y (r). Our approach is based on recognizing that
Eq. (12) corresponds to the Euler-Lagrange equation of
the action

S [Ki (r)] =

∫

dr

A

(

Ki (r)
∂ρ (r)

∂ri
+
ρ (r)

2
(∇Ki (r))

2

)

.

(13)
It is not difficult to realize that the above functional for
i = {x, y} is convex, hence the solutions of Eq. (12) cor-
respond to their respective global minimum. We should
notice that since the density profile has the generic form
ρ (r) =

∑

m,n bm,n cos (k0emn · r), we have

∂ρ (r)

∂ri
= −

∑

m,n

k0bm,n sin (k0emn · r) e(i)mn, (14)

where e
(i)
mn stands for the i-component of emn. This

means that ∂ρ (r) /∂xi is an odd function, satisfying
∂ρ (−r) /∂xi = −∂ρ (r) /∂xi.
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Moreover, the most general solution that can be con-
structed for Ki (r) which is consistent with the period-
icity of the corresponding density pattern ρ (r) has the
form

Ki (r) =
∑

m,n

a(i)m,n sin (k0emn · r)+
∑

m,n

b(i)m,n cos (k0emn · r).

(15)
We can notice here that the expansion containing the
cosine (sine) terms corresponds to an even (odd) com-
ponent of Ki (r), named hereafter as K+

i (r)
(

K−
i (r)

)

.
As expected, the even (odd) component of Ki (r) sat-

isfy K
+(−)
i (−r) = + (−)K

+(−)
i (r). Replacing Ki (r) =

K+
i (r) + K−

i (r) into Eq. (13) and taking into account
the parity of ∂ρ (r) /∂xi and K±

i (r), we can conclude
that

S [Ki (r)] =

∫

dr

A

(

K−
i (r)

∂ρ (r)

∂ri
+
ρ (r)

2

(

∇K−
i (r)

)2

+
ρ (r)

2

(

∇K+
i (r)

)2
)

.

(16)

The functional S[Ki(r)] in Eq. (16) is written as the sum
of two independent contributions, each depending solely
on K+

i (r) and K−
i (r), respectively. The first contribu-

tion is given by S1

[

K+
i

]

=
∫

dr/A ρ (r)
(

∇K+
i (r)

)2
/2,

while the second takes the form S2

[

K−
i

]

=
∫

dr/A
(

K−
i (r) ∂iρ (r) + ρ (r) (∇K−

i (r))2/2
)

. As a
result, the absolute minimum of S [Ki] can be de-
termined through the independent minimizations of
S1

[

K+
i

]

and S2

[

K−
i

]

. It is possible to notice that
since ρ (r) is strictly positive, the absolute minimum
of S1[K

+
i ] is zero, and is achieved when K+

i (r) is a
constant. Given that the superfluid fraction tensor f ijs ,
computed via Eq. (11), depends only on the spatial
derivatives of Ki (r) and not on its overall value, we are
free to set this constant to zero without altering the
resulting f ijs . As a consequence, all Fourier coefficients

b
(i)
m,n are zero and hence we have

Ki (r) = K−
i (r) =

∑

m,n

a(i)m,n sin (k0emn · r) , (17)

where r = (x cos (α) , y) and emn is defined as in Eq. (9).
Inserting the ansatz forKi (r) and the ground-state prob-
ability density ρ (r) in Eq. (13) allows us to obtain upon

integration a closed expression for the action, S[{a(i)m,n}],
in terms of the Fourier amplitudes {a(i)m,n}. The min-
imization of such many-variables functions allow us to

determine the Fourier amplitudes {a(i)m,n} of the expan-
sion of Ki (r) and naturally provides a direct route to
calculate the components of the superfluid fraction ten-
sor. The main advantage of the method proposed resides
in the fact that in most cases a quite limited number
of Fourier amplitudes are needed to achieve convergence
in the expansions of Kx,y (r), speeding up significantly

the numerical evaluation of the superfluid properties of
the system from the knowledge of the ground-state wave
function.

III. SINGLE-MODE RESULTS

Upon minimization of the energy per particle func-
tions for the different kinds of solutions considered, the
ground-state phase diagram of the system can be con-
structed in the density ρ and as/add plane, for a fixed
polarization orientation α. Here it is worth to remember
that the case α = 0 corresponds to the scenario where
polarization is normal to the plane of the system. To
understand the main effects of tilting the polarization
vector, we firstly focus on the study of the critical regime
of the modulated phases. In this regime, the modula-
tion amplitude is expected to be small and consequently
among all the Fourier modes in the expansion of ϕ (r),
those corresponding to the zero and the lowest non-zero
Fourier wave vectors dominates the solution. Hence, con-
sidering ground-state ansätze of this form and following
the variational method outlined in Sec. IID, we are able
to calculate the phase diagram of the system within the
single-mode approximation.

In Fig. 2, we present a sequence of phase diagrams
varying the polarization tilting angle α for a frequency
trap ω = 0.08. As can be observed in Fig. 2(a), the result-
ing phase diagram for the case in which the polarization
is perpendicular to the plane of the sample agrees with
previous works [48, 49]. In this case, the system displays
homogeneous, hexagonal, honeycomb and stripes phases
converging all at a single critical point (C.P.), firstly re-
ported by Zhang et al. [48] and improved posteriorly
upon inclusion of the stripes phase [44, 49]. Interestingly,
as shown in Fig. 2(b-f), when the polarization vector is
tilted with respect to the plane of the system (α > 0), the
critical point at α = 0 turns into three second order crit-
ical lines – plotted as dashed lines in Fig. 2 – which ends
at critical points. Beyond the critical points, the phase
boundaries correspond to first order phase transitions,
which in Fig. 2 are presented with full lines. Second and
first order phase boundaries are identified by monitoring
the behavior of the characteristic Fourier mode serving
as order parameter for each kind of phase. In our case,
these parameters are selected as c0,1 for the hexagonal
and honeycomb phases and c1 for the stripes phase, see
Sec. II B and Sec. II C. As expected, we classify a tran-
sition as second order when the corresponding order pa-
rameter goes continuously to zero at the phase boundary
and first order when it remains finite at the transition.
Hence, C.P.’s mark those places over the phase boundary
where the first order phase boundary turns continuously
into second order.

For α > 0, we identify the same kind of phases observed
for α = 0, the main geometrical difference is the develop-
ment of an uniaxial anisotropy producing the compres-
sion of the hexagonal pattern (θ < π/6) and the stretch-
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Figure 2. Ground-state phase diagrams for a fixed trap frequency ω = 0.08 for different values of the tilting angle α. Four
distinct phases are observed: a homogeneous phase, a hexagonal compressed phase, a honeycomb stretched (Hc.) phase, and
a stripes phase. Dashed lines correspond to continuous transition, while full lines correspond to first-order transitions between
these phases. The acronyms C.P. and T.P. stand for critical point and triple point, respectively.

ing of the honeycomb structure (θ > π/6) along the x-
axis. The sequence of phase diagrams clearly shows the
crossover process in which the critical lines continuously
decrease their extension until they converge to a single
critical point at α→ 0. On the other hand, as the tilting
angle α is increased, the extension of the second order
critical lines grows as well as the stability region of the
stripes phase. This makes the stripes phase the domi-
nant modulated phase for large values of α. Moreover,
for α > 0, two different triple points (T.P.) are developed
in the system, one at low densities where the hexagonal,
stripes, and homogeneous phases meet and another at
high densities where the honeycomb, stripes and homo-
geneous phases converge.

A natural question one might ask at this point is how
general the results obtained within the single-mode ap-
proximation are. The single-mode study presented here
and in many previous works [39, 43, 44, 48] do not seek
numerical accuracy in the description of the phase dia-
gram, but to capture qualitatively its main features. One
of the main messages of the present work is to show that
a tilted polarization creates an anisotropy in the planar
configuration that turns the α = 0 critical point into
three independent critical lines for α > 0. Interestingly,
it is possible to present an analytical argument (see ap-
pendix B) based on the single-mode approximation ex-
plaining the origin of this behavior. The reason is ul-
timately related to the presence of the axial anisotropy
which changes the rotational symmetry of the hexagonal-
like patterns from six- to two-fold producing a Ginzburg-
Landau (G.L.) expansion for the energy per particle con-
taining only even powers of the characteristic Fourier am-

plitude of the hexagonal pattern. This property of the
Ginzburg–Landau expansion, together with the presence
of two independent control parameters in our case, ρ and
as/add, accounts for the emergence of critical lines in the
phase diagram, in contrast to the behavior observed for
α = 0.

IV. MANY-MODES RESULTS

Now, we explore the effects of higher-order Fourier
modes on the ground-state wave function. To this end,
we allowed a large enough Fourier basis to achieve a
fully converged solution. We choose arbitrarily the cases
α = 30◦ and α = 50◦ to compare the many-modes and
the single-mode phase diagrams. As can be observed in
Fig. 3, the presence of the secondary modes does not alter
the stripes-homogeneous critical line (blue dashed). This
occurs because higher-order harmonics in the stripes so-
lution become sub-leading at this phase boundary, turn-
ing the single-mode approximation exact in this region.
Meanwhile, the critical lines corresponding to the con-
tinuous transitions from compressed hexagonal to stripes
phase and from stretched honeycomb to stripes phase –
represented with dashed red lines in Fig. 3 – are weakly
affected by the higher-order harmonics for α = 30◦ and
more strongly for α = 50◦. This behavior arise because
these phase boundaries are located inside the bulk of the
stripes phase where the stripes solution always contain
higher-order harmonics, thus affecting the position of the
critical line when higher-order harmonics are included.
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Figure 3. Comparison between the many-modes phase di-
agram and the single-mode phase diagram for a tilting an-
gle α = 30◦ and a trap frequency ω = 0.08. Red and blue
lines correspond to the many-modes calculation, while gray
lines correspond to the single-mode case already presented in
Fig. 2. The notation employed to name phases and charac-
teristic points is the same followed in Fig. 2. Dots (crosses)
mark the limits of the critical lines and triple points for the
many-modes (single-mode) case.

Despite the quantitative differences between the sin-
gle and the many-modes phase diagrams, a comparison
between Fig. 2 and Fig. 3 confirms the main qualitative
predictions of our single-mode study regarding the de-
velopment of critical lines, critical and triple points for
α > 0, as well as the growth of these critical lines and
the stripe phase as the tilting angle α is increased. It is
worth to notice the stability enhancement of the stripes
phase when considering the many-modes ansatz. This
behavior is somewhat expected since this is the kind of
modulated solution most affected by the single-mode ap-
proximation, while the hexagonal solution contains two
independent variational Fourier amplitudes, at this level
of approximation, the stripes solution contains only one.

Now we turn our attention to the impact on the struc-
tural properties of tilting the polarization of the system.
As already mentioned in Sec. III, the phases with hexag-
onal symmetry for α = 0 are deformed when α > 0. In
general, the presence of a tilted polarization with respect
to the plane of the system creates an additional effective
attractive dipolar interaction between the clusters of par-
ticles in the direction of the in-plane polarization. This

leads to a compression of the hexagonal solid phase and a
stretching of the lattice of voids in the honeycomb phase
along the x-direction. This effect can be measured by the
ratio between the distance to the next nearest clusters
(voids) along the x-direction (Dx) and along the diago-
nal direction (Dd). It is not hard to show that given the
ansatz for ϕhx (r), we have that Dx/Dd = 2 sin (θ). Here
Dx and Dd are measured between the center of clusters
(voids) and on a plane perpendicular to the polarization
vector, which sets the 3D filaments orientation.
In Fig. 4(a-b) and Fig. 4(d-e) we show two examples of

the probability density patterns ϕ2 (r) for two different
points in the (ρ, as/add) plane for α = 30◦, the definition
of Dx and Dd as well as the behavior of the correspond-
ing ratio Dx/Dd varying α. We can observe that, for the
example values considered, the deformation of the hexag-
onal phase is much greater than the one experienced by
the honeycomb phase as the polarization tilting angle α
is increased. This seems to be reflecting a higher resis-
tance to deformations of the honeycomb in comparison
with the hexagonal pattern. Such deformations of the
solutions not only affect the geometric features of the
density pattern but, more interestingly, they impact the
superfluid properties of the system.
As discussed in literature, long wavelength proper-

ties in a system with hexagonal symmetry are typically
isotropic, this occurs for instance with the elastic re-
sponse and also occurs with the superfluid fraction ten-
sor [60, 63]. In this sense, a natural check of the tech-
nique employed to compute the superfluid fraction ten-
sor is to recover the same values for fxxs and fyys for
the hexagonally symmetric configurations obtained when
α = 0. As can be observed in Fig. 4(c) and Fig. 4(f),
the superfluid tensor components along the x and y di-
rections are indeed equal for perpendicular polarization
(α = 0). Moreover, the off-diagonal components of the
superfluid fraction tensor remain zero for all α’s. A nat-
ural result, since both hexagonally symmetric patterns
and stripes patterns have zero off-diagonal components
when the configuration is symmetric against reflections
with respect to the x and y axes. To complement our
discussion of the superfluid properties we simultaneously
present in Fig. 4(c) and Fig. 4(f) the contrast of the cor-
responding modulated phases, defined as

C =
Max

(

|ψ|2
)

−Min
(

|ψ|2
)

Max (|ψ|2) +Min (|ψ|2) . (18)

The results show that as the polarization develops a com-
ponent along the x-direction (α > 0) the superfluid frac-
tion along this direction (fxxs ) grows steadily while the
y component decreases as long as we remain within the
hexagonal and honeycomb phases. In the case of the
hexagonal phase, this is a response to the tendency of the
system of approximate clusters along the x-direction and
make them further apart in the other directions when α is
increased. Interestingly, despite the significant variation
of the superfluid properties, the contrast of the modu-
lated phases does not display a significant variation along
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Figure 4. Variation of structural properties with the tilting
angle α for the points (120, 0.755) (a-c) and (350, 0.779) (d-
f) in the (ρ, as/add) plane. Figs. (a) and (d) present the
density profiles for α = 30◦. Figs. (b) and (e) show the evo-
lution of the ratio Dx/Dd for the two examples considered.
Finally, Figs. (c) and (f) presents the evolution increasing α
of the superfluid fraction tensor components fxx

s (orange tri-
angles) and fyy

s (purple diamonds) as well as the contrast (C)
(blue circles) for the two example points considered. The pink
stripe localizing the transition between modulated phases in
(c) and (f) has a width equal to 1◦.

this process.

In the case of the honeycomb phase, a smaller
anisotropy between fxxs and fyys is observed when com-
pared with the hexagonal case. In this scenario, the lead-
ing mechanism for the variation of the superfluidity as α
is increased does not seem to be related to the deforma-
tion of the honeycomb lattice since it remains at small
values over the whole phase (see Fig. 4(e)). The varia-
tion of the superfluidity with α in this case is produced by
a process of particle redistribution in which the regions
linking maximum density points along the x-direction in
a “zig-zag” trajectory (see Fig. 4(d)) gets more homoge-
neous and wider, while regions linking maxima along the
y-direction becomes more localized.

Within the stripes region we have fxxs (α) = 1,
while fyys (α) develops a decreasing behavior with α (see
Fig. 4(c) and (f)). This behavior is produced by an in-
crease of the attraction between particles in a given stripe
as in plane polarization component is increased, which
promotes particle localization along the y-axis and hin-
ders superfluidity between stripes. At the same time, as α
is increased the variational condensate width σ decreases
(see Fig. 5(b)) which decreases the dipolar repulsion of
the homogeneous configuration up to a point in which a
transition to the homogeneous state becomes favorable.
We verified that this a strong first order transition as the
stripes configuration is metaestable in the vicinity of the
phase boundary with the homogeneous state.

V. FINAL DISCUSSION

In the last few years, a surge of interest in the possi-
ble impacts of topological ingredients on Bose-Einstein
condensation has emerged as a hot topic in the search
for exotic phases in the field of ultracold quantum gases.
Different authors have considered bubble, torus, cylinder
among other possible geometries to study how different
configurations produce non-trivial condensate properties
and modulated phases [13, 64–67]. In this sense, we con-
sider in the present work a relatively simple setup that
has remained unexplored so far [28–30], a planar polar-
ized dipolar Bose gas with tilted polarization with respect
to the plane of the system. Our results show that tilting
the polarization orientation has a major impact on the
quantum critical behavior of the system when compared
with the already known case with perpendicular polar-
ization. In this case, as the polarization angle departs
from the normal direction the isolated quantum critical
point present at α = 0 breaks into three critical lines sep-
arating two phases at a time. Besides changing the crit-
ical behavior, a tilted polarization also produces struc-
tural changes in the modulated phases, mainly in the
hexagonal and honeycomb phases, which develop axially
anisotropic properties. In this respect, we obtain that
this axial anisotropy induced by the in-plane polariza-
tion favors superfluidity along this direction and hinders
it in the orthogonal direction. This result offers an in-
teresting avenue to manipulate the superfluid properties
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of hexagonal and honeycomb dipolar supersolids, which
otherwise (α = 0) present an isotropic behavior.

On another subject, it is important to remark that
despite the existence of significant literature exploring
the physics of strictly 2D dipolar systems with tilted po-
larization, the physical behavior of the analog quasi-2D
systems is radically different and significantly under re-
searched. Only recently the ground-state phase diagram
of quasi-2D dipolar systems with perpendicular polariza-
tion was established [49], and the effects of the tilted
polarization concerning the plane of the system remain
unexplored until now.

We conclude by discussing the important aspect of
the experimental realizations. The regime of parame-
ters used for analytical calculations is compatible with
current experimental capabilities [28, 32, 68–70]. A po-
tential experiment using 162Dy would allow a wide range
of s-wave scattering lengths as. Considering the dipo-
lar length add ≈ 7 nm, we will have a range of as/add
consistent with the values considered in this work. For
162Dy, the characteristic units of length and time will
be ℓ = 0.26µm and t0 = 0.18ms. Hence, a trap-
ping dimensionless frequency ωz t0 = 0.08 is equiva-
lent to ωz ≈ 450Hz. As an example, let us consider
the configuration presented in Fig. 4(a) corresponding to
as/add = 0.755, ρ = 120 and α = 30◦, in this case, we will
have σ ≈ 6.78µm and a peak 3D density along the middle
plane of the system 3ρ/4σ ≈ 1.9× 1014 cm−3. For these
conditions, the ground-state characteristic wave vector of
the compressed hexagonal solid is k0 ≈ 0.4, which results
in a lattice spacing Dx = 4π tan (θ) /k0 ≈ 4.59µm and
Dd = 2π sec (θ) /k0 ≈ 4.75µm, i.e., a sufficiently small
value that allows studying long-distance physical proper-
ties experimentally.
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Appendix A: Variational procedure details

To illustrate how the variational method is applied in
this work, Fig. 5(a) shows an example of the behavior
of the energy difference of the modulated solutions with
respect to the homogeneous state for ω = 0.08, α = 0 and
as/add = 0.780 as the density (ρ) is varied. As expected,
the phase boundaries are located at the crossing points
of the energy curves, and the phases are identified by the

regions in which each curve presents the lowest values
among all of them.

Figure 5. Variational behaviour of the energy per particle
and condensate width for a trap frequency ω = 0.08. Fig. (a)
corresponds to the energy per particle difference of the mod-
ulated and homogeneous solutions as the density ρ is varied
for as/add = 0.78 and α = 0. The green, blue, and red curves
correspond to the hexagonal solid, stripe,s and honeycomb so-
lutions. Fig. (b) shows the behavior of the condensate width
σ as a function of the tilting angle for the homogeneous solu-
tion (red curve) and for the relevant modulated solution (blue
curve). The square, circle and triangle symbols corresponds
to (ρ, as/add) values equal to (120, 0.765), (210, 0.775) and
(290, 0.785), respectively.

One additional feature of the variational method em-
ployed in this work is related to the treatment given to
the variable associated to the condensate width σ. In
general, for weak to moderate modulations, the varia-
tional width of the condensate for non-homogeneous so-
lutions is expected to be very close to that of the ho-
mogeneous phase for the same set of parameters. As an
example, in Fig. 5(b) we present a comparison between
the value of this parameter determined variationally for
the relevant modulated solution and for the homogeneous
phase for the points (b), (c), and (d) in the phase diagram
depicted in Fig. 1. The proximity between the curves
σ (α) for the homogeneous and modulated solutions at
low and moderate values of the tilting angle confirms the
validity of the discussed approximation. However, we
should note that the decreasing behavior of the width of
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the condensate as the tilting angle is increased produces
a progressive increment of the relative difference of the
condensate width for the homogeneous and modulated
solutions that ultimately, limits the validity of this ap-
proximation to low and moderate tilting angles.

In this way, for the more extensive part of our compu-
tations, which corresponds to the construction of phase
diagrams at low and moderate values of α (see Fig. 1,
Fig. 2 and Fig. 3), we make use of the approximation dis-
cussed above for the variational parameter σ. Conversely,
for the phase diagrams exploring the large α behavior of
the system presented in Fig. 4, the condensate width σ
is considered a variational parameter for the modulated
phases as well.

Appendix B: Ginsburg-Landau theory for Hexagonal

to Stripes transition

The nature of the hexagonal to stripes phase transi-
tions can be studied formally using a Ginzburg-Landau
(G.L.) approach. For simplicity, let us consider initially
that such transition takes place between weak modulated
patterns, hence, the single-mode approximation is valid
to describe both states. In this case, the ground-state
wave function reads

ϕhx (r) =

[

1 + c1,0 cos (k0y)

+c0,1 cos

(

k0x cot (θ)

2
+
k0y

2

)

+c0,1 cos

(

k0x cot (θ)

2
− k0y

2

)]

/Z,

(B1)

with Z = 1 + c21,0/2 + c20,1. The energy per par-
ticle function resulting from the evaluation of the
functional in Eq. (5) has the generic form ϵhx =
G (c1,0, c0,1, θ, k0, as/add, ρ). The explicit form of the
function G (...) is straightforward to obtain, however,
since it is a lengthy expression we do not present it here.

Following the G.L. approach, we consider that in the
region close to the stripes-hexagonal phase transition, the
value of c0,1 corresponding to the minimum of G (...) with
respect to the variational parameters is small, justifying
to rewrite G (...) as its expansion in powers of c0,1. Differ-
ently from the scenario where α = 0, in which c0,1 = c1,0
and θ = π/6, due to the presence of the six-fold rotational
symmetry [43], in this case the expansion in powers of c0,1
only contains even contributions. This produces a G.L.
energy of the form

ϵhx = G (c0,1 = 0) +
1

2!

∂2G

∂c20,1

∣

∣

∣

∣

c0,1=0

c20,1

+
1

4!

∂4G

∂c40,1

∣

∣

∣

∣

c0,1=0

c40,1 +O
(

c40,1
)

,

(B2)

from which we can identify the conditions producing a
phase transition from a stripes phase (c∗1,0 ̸= 0 and c∗0,1 =
0) to a generic hexagonal phase (c∗1,0 ̸= 0 and c∗0,1 ̸= 0).
Here, the asterisk symbol indicates the variational value
of the corresponding parameter, resulting from the mini-
mization of ϵhx. As expected, a scenario in which the sys-
tem displays a second order phase transition is obtained
when ∂4G (c∗1.0, c0,1 = 0, θ∗, k∗0 , as/add, ρ) /∂c

4
0,1 > 0 and

∂2G
(

c∗1,0, c0,1 = 0, θ∗, k∗0 , as/add, ρ
)

/∂c20,1 changes from
negative to positive as as/add and ρ are varied. In the
case where the fourth order derivative becomes negative,
higher order terms in the expansion should be included
to guarantee the stability of the system. Typically, the
inclusion of higher order terms changes the nature of the
transition to first order, explaining why the phase bound-
aries observed contain regions with continuous and dis-
continuous transitions.

Moreover, the position of the second order phase
boundary will be determined from the set of equations

∂G

∂c1,0

(

c∗1,0, c0,1 = 0, θ∗, k∗0 , as/add, ρ
)

= 0,

∂2G

∂c20,1

(

c∗1,0, c0,1 = 0, θ∗, k∗0 , as/add, ρ
)

= 0,

∂G

∂k0

(

c∗1,0, c0,1 = 0, θ∗, k∗0 , as/add, ρ
)

= 0,

∂

∂θ

∂2G

∂c20,1

(

c∗1,0, c0,1 = 0, θ∗, k∗0 , as/add, ρ
)

= 0.

(B3)

The solution of this set of equations allows the determi-
nation of c1,0, θ and k0 at the transition, as well as as/add
(ρ) considering ρ (as/add) as a running free parameter.
As the running parameter is varied, a continuum of crit-
ical points are obtained as the set of equations is solved
generating our critical lines. In other words, the existence
of critical lines in our case is also a consequence of the
dimensionality of the space of parameters of our prob-
lem. Furthermore, we should notice that the discussion
presented here can be directly generalized to the many-
modes scenario as well as to the stripes-homogeneous
phase transition. The main point to keep in mind in both
cases is that the expansion of the energy per particle will
contain only even powers of the Fourier amplitude taken
as order parameter, for each of these transitions. Hence,
the qualitative picture discussed above will hold in these
scenarios too.
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V. Novotná, Phys. Rev. Lett. 131, 228101 (2023).

[21] J. Xia and Y. Han, Phys. Rev. Res. 6, 033232 (2024).
[22] A. Bianconi, International Journal of Modern Physics B

14, 3289 (2000).
[23] A. Bianconi, D. Di Castro, N. Saini, and G. Bian-

coni, “Superstripes,” in Phase Transitions and Self-
Organization in Electronic and Molecular Networks,
edited by M. F. Thorpe and J. C. Phillips (Springer US,
Boston, MA, 2001) pp. 375–388.

[24] T. D. Farokh Mivehvar, Francesco Piazza and H. Ritsch,
Advances in Physics 70, 1 (2021).

[25] L. Chomaz, I. Ferrier-Barbut, F. Ferlaino, B. Laburthe-
Tolra, B. L. Lev, and T. Pfau, Reports on Progress in
Physics 86, 026401 (2022).

[26] L. Mathey, S.-W. Tsai, and A. H. Castro Neto, “Ultra-
cold atomic gases: Novel states of matter,” in Encyclope-
dia of Complexity and Systems Science, edited by R. A.
Meyers (Springer New York, New York, NY, 2009) pp.
9679–9705.
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C. Gabbanini, R. N. Bisset, L. Santos, and G. Modugno,
Phys. Rev. Lett. 122, 130405 (2019).

[29] M. Lu, N. Q. Burdick, S. H. Youn, and B. L. Lev, Phys.
Rev. Lett. 107, 190401 (2011).

[30] K. Aikawa, A. Frisch, M. Mark, S. Baier, A. Rietzler,
R. Grimm, and F. Ferlaino, Phys. Rev. Lett. 108, 210401
(2012).

[31] L. Chomaz, D. Petter, P. Ilzhöfer, G. Natale, A. Traut-
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We investigate the necessary features of the pair interaction for the stabilization of self-assembled
quantum quasicrystals in two-dimensional bosonic systems. Unlike the classical scenario, our re-
sults show that two-dimensional octagonal, decagonal, and dodecagonal aperiodic phases require a
distinct number of properly tuned characteristic length scales for their stabilization. By using a
mean field spectral variational approach and Gross-Pitaevskii numerical calculations, we determine
that the dodecagonal quasicrystal structure requires at least two characteristic length scales for its
stabilization, while the decagonal and octagonal patterns need at least three and four length scales,
respectively. The family of pair interaction potentials considered, albeit simple, is well justified in
terms of a novel experimental platform based on laser-painted interactions in a cavity QED setup.
Finally, we perform a structural characterization of the quasicrystal patterns obtained and show that
these phases coexist with a finite superfluid fraction, forming what can be called a super quasicrystal
phase.

I. INTRODUCTION

The self-assembly of complex phases such as clus-
ter crystals1–4, quasicrystals5–15, supersolids16–21, and
topological phases22–28 is a central topic of many-body
physics, with applications in soft matter29–34 and hard
condensed matter35–42. In particular, quasicrystals in
two and three dimensions are characterized by a lack
of spatial periodicity while exhibiting long-range n-fold
rotational symmetry (with n > 6) forbidden by con-
ventional crystallography43–45. One singular realization
of this kind of system are the so-called cluster qua-
sicrystals10,12. These systems are typically produced by
isotropic soft-core pair potentials with a degenerate two
minima structure in momentum space properly tuned, at
moderate temperatures46,47. To be precise, the relative
position of the two competing unstable wave vectors con-
trols the self-assembling process and hence the rotational
symmetry of the stabilized quasicrystal10. Such inter-
play between length scales has been extensively studied
using the Lifshitz-Petrich-Gaussian model10,48 due to its
mathematical flexibility, which allows the stabilization of
periodic and aperiodic phases as the minima structure of
the potential and thermal fluctuations are tuned.

These insights have recently guided the search for novel
quantum phases, showing that the combined effect of tai-
lored interactions and quantum fluctuations can similarly
stabilize quantum quasicrystals12–14,49. Interestingly, all
studies focusing on quantum self-assembled quasicrystals
analogous to the one considered by Barkan et al.10, but at
zero temperature, have been related to the stabilization

∗ matheus.grossklags@posgrad.ufsc.br
† v.zamproniopedroso@unifi.it
‡ fabio.cinti@unifi.it
§ alejandro.mendoza@ufsc.br

of a dodecagonal phase. In this case, the literature13,50

seems to indicate that to enhance stability or even to
achieve the stabilization of these phases at all, either the
higher momentum minimum should be deeper than the
low momentum minimum, or extra resonant incommen-
surate minima should be added to the pair interaction
potential. In this scenario, to push forward the compre-
hension of the necessary properties of the pair interaction
potential for the stabilization of quantum quasicrystals,
it is essential to consider scenarios with different rota-
tional symmetries.

Ultracold atoms provide a versatile platform for in-
vestigating quantum quasicrystals. With precise con-
trol over both internal and external degrees of freedom,
these systems have been used to simulate a wide range
of quantum phases51–56. However, the realization of qua-
sicrystals54,57 and other exotic phases58,59 often requires
long-range or oscillatory interactions, which are not typ-
ically accessible in systems of quantum gases. One novel
approach involves the use of a high-finesse optical cav-
ity and a beam shaped laser scanning the system to
produce tailored effective sign-changing interactions be-
tween the atoms of the system60. In this work, the au-
thors show that the effective interaction having the form
V̂ (q) = gaa−∆ Ω̂ (q)

2
, is controlled by the Fourier trans-

form of the Rabi frequency profile of the laser Ω̂ (q), the
original contact interaction between atoms gaa and the
parameter ∆ accounting for microscopic details of the
quantum mechanism involved in the interaction process.
The resulting expression offers an unprecedented degree
of customization, providing the same level of flexibility of
the Lifshitz-Petrich-Gaussian model for the production of
classical quasicrystals and other modulated phases. Al-
though this pioneering protocol has not been tested ex-
perimentally yet, similar setups have been successfully
used already to stabilize supersolids61,62, spin textured
phases54,58,63, and extended Hubbard models64,65.
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In the present paper, we use a mean field spectral vari-
ational approach13,14,66 to explore the engineering princi-
ples of the pair interaction potential in Fourier space for
the stabilization of three prominent quantum quasicrys-
tal phases with octagonal, decagonal, and dodecagonal
rotational symmetries. We systematically consider the
effects of having two or more competing length scales in
the pair potential properly tuned in order to stabilize the
corresponding quasicrystal phase and enhance its exten-
sion in the ground state phase diagram. We show that,
in contrast to the classical scenario, the stabilization of
quantum quasicrystals with different rotational symme-
tries requires pair interaction potentials with a very dis-
tinct minima structure. Next, we investigate the rea-
sons for the much greater stability of the dodecagonal
structure in comparison to the decagonal and octago-
nal patterns and present a geometric argument clarifying
the origin of such phenomenon. Moreover, to deepen
our understanding on the reported phases, we analyze
the behavior of the superfluid fraction in three particu-
lar cases showing that quasicrystalline order can coexist
with global superfluidity, exhibiting a phase analogous
to the supersolid phase. We employed two contrasting
methods to study the superfluidity, the mean field spec-
tral variational method and the numerical solution of the
real-space Gross-Pitaevskii equation in imaginary time,
showing that both techniques provide equivalent results.
Finally, we discuss the results and present the concluding
remarks of our work.

The paper is organized as follows: In Section II we in-
troduce the model Hamiltonian and the applied method-
ology, while Section III presents results concerning the
dodecagonal structure. Decagonal quasicrystal is pre-
sented in Section IV. Finally in Section V we discuss the
octagonal setup. Section VI is devoted to our final re-
marks and conclusions.

II. MODEL AND METHOD

We consider a two-dimensional gas of N bosonic parti-
cles with mass m at zero temperature interacting with a
pair potential V (x). Within the mean field approxima-
tion, valid at high density of particles and weak enough
interactions, the total energy of the system can be ex-
pressed as

E [ϕ] =
ℏ
2

2m

∫

d2x|∇ϕ (x)|2 +
1

2

∫

d2xd2x′V (x− x′)

× |ϕ (x)|2|ϕ (x′)|2,
(1)

where ϕ (x) stands for the wave function of the
condensate, satisfying the normalization condition
∫

d2x|ϕ (x)|2 = N . Moreover, we consider that the pair
interaction potential is written in momentum space as
V̂ (q) = gaa − ∆ Ω̂ (q)

2
, such model of pair interaction

was presented and discussed earlier in the introduction

section. For a study of the stabilization conditions of dis-
tinct quasicrystal structures, we consider a rather simple
laser beam model in momentum space Ω̂ (q), given by
the superposition of several Gaussian profiles centered at
different momenta with negligible overlapping between
them. As a consequence, the pair interaction potential
V̂ (q) exhibits a series of local minima properly posi-
tioned in order to favor the stabilization of a particular
quasicrystalline pattern13,14.
To stabilize a quasicrystal exhibiting n-fold rotational

symmetry with characteristic momentum q1, it is ex-
pected that in addition to q1, other resonant momenta
associated with the corresponding quasicrystal struc-
ture should also be excited. In general, if we com-
bine two wave vectors of the extended basis qi =
q1 (cos (2πi/n) , sin (2πi/n)) with i = 0, 1, . . . , n − 1, we
obtain the first group of secondary characteristic wave
vectors of the corresponding pattern. For the three sim-
plest and most relevant quasicrystalline structures, oc-
tagonal, decagonal, and dodecagonal, n = 8, 10, and 12,
respectively, the first group of secondary wave vectors
contains three or more different sets of vectors with an
incommensurate length with respect to the characteris-
tic wave vector. Taking this into account, our approach
to study the stabilization of quasicrystalline patterns in-
volves separately exciting these length scales in Ω̂ (q),

thus clarifying the necessary number of minima in V̂ (q)
for the desired quasicrystal stabilization. In this way, we
consider

Ω̂ (q) =
4
∑

j=1

ωj exp

(

−
(q − qj)

2

α2
j

)

, (2)

where ωj , αj and qj are positive parameters measuring
the intensity, width and characteristic momentum of each
Gaussian peak in Ω̂ (q), respectively. As previously dis-
cussed, once the characteristic momentum is set by the
main peak in V̂ (q), the position of the secondary modes
to be excited are located at specific irrational numbers
in units of q1.
Considering q1 the main wave vector of the quasicrys-

tal structure as our unit of momentum, it is natural to
choose λ = 1/q1 and ϵ = ℏ

2/mλ2 as units of length
and energy, respectively. Hence, the dimensionless vec-
tor position and momentum are defined as r = x/λ and
k = q/q1. Considering these units of energy and length,
the dimensionless energy per particle functional for our
model writes

E [ψ]

Nϵ0
=
1

2

∫

d2r

A
|∇ψ (r)|2 +

λ2Uρ

2

∫

d2rd2r′

A

v (r − r′) |ψ (r)|2|ψ (r′)|2,

(3)

where A stands for the area of the system and ψ (r)
represents the normalized wave function, satisfying
∫

A
d2r|ψ (r)|2 = A. Furthermore, the effective pair inter-

action potential Uv (r) corresponds originally to V (x) /ϵ.
Here, we have introduced the dimensionless parameter U
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to quantify the intensity of the pair interaction poten-
tial and v (r) to encode the information about its spatial
variation. To avoid any ambiguity in this definition we
impose additionally that v̂(k = 1) = −1, without gener-
ality loss. Under these conditions, the local dimension-
less density of particles is given by ρ (r) = λ2ρ|ψ (r)|2,
where ρ represents the average particles density. It is
worth noticing that within our framework the dimen-
sionless parameter λ2Uρ controls the relative intensity
of the potential energy contribution in comparison to the
kinetic energy in the ground-state energy functional, or
in other words the intensity of the quantum fluctuations
(zero point motion) in our system. In this way, λ2Uρ
is naturally one of the running parameter of the phase
diagrams for the models considered.

To proceed, we consider that the ground-state wave
function ψ (r) minimizing the energy-per-particle func-
tional can be written in a Fourier basis. In this way, we
propose13,17

ψ (r) =
1 + 1

2

∑

j ̸=0 c(kj) cos (kj · r)
(

1 + 1
4

∑

j ̸=0 c(kj)2
)1/2

, (4)

where c (kj) and kj represent the Fourier amplitudes and
wave vectors of the expansion. The set of wave vectors
and amplitudes {kj , c (kj)} defines the type of modulated
pattern under consideration and its symmetries. These
wave vectors are constructed as all possible integers com-
binations of a vector basis {kj,0}, the number of elements
of the basis defines the rank of the solution. In two di-
mensions, periodic pattern solutions correspond to con-
figurations of rank 2 or smaller, while quasicrystals have a
rank higher than 2. In Table I, we present the list of solu-
tions considered as well as its wave vector basis, here the
variational parameter km sets the scale of the wave vec-
tors lattice. In terms of possible solutions, we consider all
periodic patterns typically found in quasicrystal forming
systems10: one dimensional modulations, i.e., stripes, 2D
hexagonal and square crystalline patterns, as well as two
different kinds of compressed hexagonal patterns excit-
ing simultaneously the two dominant characteristic wave
vectors of the pair potential67–69 and finally, n-fold ro-
tationally symmetric quasicrystals with n = {8, 10, 12}.
Within the mean field spectral variational analysis, the
set of Fourier amplitudes {cj} and the characteristic mo-
mentum km for each possible solution are determined
from the minimization of the corresponding energy-per-
particle functional30,70. Finally, the ground state is cal-
culated selecting the solution with the lowest energy. For
the special case of the homogeneous solution, all coeffi-
cients cj vanish except for c0 = 1. It is important to
observe that the variational complexity of our problem
can be significantly reduced by recognizing that Fourier
amplitudes cj ’s corresponding to equivalent wave vectors
kj ’s after symmetry operations of the associated den-
sity pattern should be equal. For numerical purposes,
the Fourier expansion in Eq. (4) for each kind of solu-
tion is truncated using a large enough set of modes to

Pattern Vector basis kj,0 Index range

Stripes km (1, 0)

Square km (cos (2πj/4) , sin (2πj/4)) j = 0, 1.

Hexagonal km (cos (2πj/6) , sin (2πj/6)) j = 0, 1.

Comp.
Hex.1 km

(

1/2,±
√

k̃2

2
− 1/4

)

Comp.
Hex.2 km

(

k̃2/2,±
√

1− k̃2

2
/4

)

,

8-QC km (cos (2πj/8) , sin (2πj/8)) j = 0, . . . , 3.

10-QC km (cos (2πj/10) , sin (2πj/10)) j = 0, . . . , 3.

12-QC km (cos (2πj/12) , sin (2πj/12)) j = 0, . . . , 3.

Table I. Modulated patterns considered in this work and their
corresponding wave vector basis kj,0. The list of of possible
solutions includes: stripes, square and hexagonal crystalline
patterns, compressed hexagonal patterns exciting simultane-
ously wave vectors on the ratio k̃2 (see Table II) and quasicrys-
talline patterns with eight- (8-QC), ten- (10-QC) or twelve-
fold (12-QC) rotational symmetry.

guarantee energy convergence. Moreover, the truncation
process employed guarantees that the symmetries of the
corresponding pattern are fully preserved by the trun-
cated anzats solution.

A. Pair interaction potential

Considering the model proposed for the laser profile
Ω̂ (q), we represent the dimensionless pair interaction po-
tential v̂ (k) in the general form

v̂ (k) = g −





4
∑

j=1

dj exp

[

−
(

k − k̃j

)2

/σ2
j

]





2

, (5)

As a consequence of our choice of length and energy
scales, we have k̃1 = 1 as the position of the first min-
imum in all cases, while the other minima in v̂ (k) are
located at selected incommensurate values favoring the
stabilization of a selected n-fold quasicrystalline pattern,
see Table II for details. To identify the key ingredients in
this process, we considered pair interactions with a vary-
ing number of minima, i.e., considering cases in which
some of the coefficients dj ’s are equal to zero. Once we

select a particular minima structure positioned at {k̃j}
in momentum space, the corresponding coefficients {dj}
are obtained setting the values of the pair potential at
the local minima {v̂(k̃j)}. For all cases considered, we

have g = 10, σj = 0.1 and v̂(k̃1) = −1. This choice
of dimensionless parameters is consistent with the range
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Pattern k̃2 k̃3 k̃4

8-QC 2 cos (π/8) 2 cos (3π/8) 2 cos (2π/8)

10-QC 2 cos (π/10) 2 cos (4π/10) 2 cos (2π/10)

12-QC 2 cos (π/12) 2 cos (5π/12) 2 cos (3π/12)

Table II. Secondary wave vectors excited in v̂ (k) for each
quasicrystal structure considered. The patterns n-QC, with
n = 8, 10 and 12, correspond to the octagonal, decagonal,
and dodecagonal structures, respectively.

of values achievable in current experiments for the con-
tact interaction and intensity of the laser, respectively60.
For a systematic study, we determine the ground-state
phase diagram of the different cases using as running pa-
rameters the dimensionless intensity of the pair potential
λ2Uρ and the value of the pair potential at a local mini-
mum v̂(k̃j), where k̃j represents a selected resonant wave
vector of the corresponding structure (see Table II).

B. Superfluid fraction

To deepen our characterization of the quasicrystalline
phases, we study the behavior of the superfluid fraction
(fs) in these states. From the knowledge of the ground-
state wave function ψ (r) the superfluid fraction can be
estimated by means of the Legget criterion, which pro-
vides a lower bound for this quantity. Following well
established literature71,72 we consider

fs = Maxα







L
∫

0

dx′

L





L
∫

0

dy′

L
|ψ′ (r′)|−2





−1





. (6)

In Eq. (6), the prime symbol indicates that the coor-
dinate system is rotated at an angle α with respect to
the original coordinate system, consequently ψ′ (r′) =
ψ (x′ cos (α)− y′ sin (α) , x′ sin (α) + y′ cos (α)). As oc-
curs in the case of supersolids73, the angle α providing
the highest value for fs coincides with the main direc-
tions of the structure, which in our case are given by the
angles αi = 2πi/n, with i = 0, ..., n − 1, for an n-fold
quasicrystalline phase. Hence, for calculation purposes,
we can simply set α = 0.

The simultaneous characterization of the superfluid
properties and the density pattern allow us to identify
different kinds of phases: supersolid states, when super-
fluidity and a crystalline density pattern coexist, super
quasicrystalline states, when the quasicrystal patterns
present a finite superfluid fraction, and homogeneous su-
perfluid phases. Moreover, all these phases have their
insulating counterparts when the superfluid fraction is
close enough to zero13,14,74.

C. Gross-Pitaevskii equation

To verify the results computed within the spectral
mean field variational method, we numerically solve the
Gross-Pitaevskii75,76 equation (GPE) evolved in imagi-
nary time, which provides the ground-state wave func-
tion and allows the calculation of the observables of our
choice.

The dimensionless GPE evolved in imaginary time τ =
it for the model under consideration reads

∂ψ (r, τ)

∂τ
=

[

1

2
∇2

−N

∫

dr′v (r − r′) |ψ (r′, τ)|2
]

ψ (r, τ) .

(7)

Eq. (7) is then solved numerically using an adaptive
Runge-Kutta method, with a simulation box of linear
size L = 512λ and discretization ∆x = ∆y = 0.25λ.
The non-local term vNL (r) =

∫

dr′v (r − r′) |ψ (r′, τ)|2

is computed efficiently with the use of fast-Fourier trans-
formations since F [vNL] (k) = F [v] (k)F

[

|ψ|2
]

(k).
As mentioned previously, the ground-state wave func-

tion is found as the optimal stationary state of the GPE
calculated using a variety of initial conditions. Our ini-
tial conditions are given by a droplet on a null back-
ground of each modulated pattern considered in our
mean field spectral variational analysis placed at the cen-
ter of our simulation box. When the corresponding pat-
tern is metastable this droplet grows until covering the
whole simulation box. If we integrate the GPE for long
enough imaginary time a stationary state is achieved.
In this way, all the metastable solutions obtained from
GPE, which includes the ground state, can be compared
with their counter part calculated from the variational
approach. For all models considered, we observed a strik-
ing agreement between configurations computed in both
ways, to show quantitatively such agreement we system-
atically compare the ground-state superfluid fraction us-
ing as inputs these configurations.

III. DODECAGONAL QUASICRYSTAL

To study the stabilization of the dodecagonal qua-
sicrystalline pattern, we begin by considering an effec-
tive interaction potential with two length scales. The
first minimum in v̂(k) is placed at k = k̃1 = 1 while the

second one is positioned at k = k̃2, which corresponds to
a length scale associated with a resonant wave vector of
the dodecagonal structure (see Table II). By fixing the

depth of the first minimum to be v̂(k̃1) = −1, it is pos-
sible to study the stabilization of the dodecagonal phase
as the vertical position of the second minimum is varied.
The form of v̂ (k) is shown in Fig. 1(a) for three distinct

values of the depth of the second minimum v̂(k̃2) and the
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Figure 1. (a)-(c) Pair interaction potential minima structure in Fourier space for the corresponding phase diagrams in (d)-(f),

where the first length scale is positioned at k = k̃1 = 1 and the secondary resonant scales are determined in Table II. Phase
diagram for the minima structure associated with the dodecagonal quasicrystal where (d) k̄ = k̃2 (e) k̄ = k̃3 and (f) k̄ = k̃4
indicates the position of the minimum in reciprocal space for which we modify the depth as a parameter to determine the ground
state of the system. The acronym HSF stands for homogeneous superfluid, whereas HS and 12-QC stands for hexagonal solid
and dodecagonal quasicrystal phases, respectively. The hexagonal states HSi refers to a hexagonal phase with characteristic
wave vectors dominated by the minimum of v̂(k) at k̃i.

corresponding ground-state phase diagram in the v̂(k̃2)–
λ2Uρ plane is shown in Fig. 1(d). As can be observed,
three different phases are identified, a homogeneous su-
perfluid phase (HSF) at low values of λ2Uρ, a dodecago-

nal quasicrystal (12-QC) phase for low values of v̂(k̃2)
and a hexagonal solid phase (HS1) with characteristic

momentum given by k̃1. We notice that the presence of
a second minimum at the first resonant wave vector of the
dodecagonal structure is sufficient to stabilize such qua-
sicrystalline phase when this minimum is deep enough.
However, in the case of a degenerate minima structure,
i.e. v̂(k̃1) = v̂(k̃2), the 12-QC phase is only stabilized
at large values of λ2Uρ in a regime where presumably
particles will be largely localized, in agreement with pre-
vious works13. Moreover, we observe that as the value of
the second minimum in v̂ (k) is decreased, the transition
from the HS1 phase to the 12-QC phase moves to lower
values of λ2Uρ. This behavior is maintained up to the
point at which we observe a direct transition from the
superfluid to the 12-QC phase.

To further study the stabilization of the 12-QC phase,
we modify the interaction potential including a third
characteristic length scale manifesting as a minimum in
v̂ (k) at a resonant wave vector different from k̃2. Here
we decided to consider a scenario in which the minima in
v̂ (k) at k = k̃1 and k = k̃2 are degenerate, since this is
a quite common assumption for models developing qua-
sicrystalline phases, and investigate the effects of varying
the depth of the third minimum added to v̂ (k). Firstly,

we examine the situation in which the third minima is
added at k = k̃3 (see Table II), examples of the resulting
pair potential v̂ (k) are shown in Fig. 1(b). The corre-

sponding phase diagram in the v̂(k̃3)–λ
2Uρ plane is pre-

sented in Fig. 1(e). In agreement with the phase diagram
obtained for the model with two minima, we observe that
the addition of a third minimum not too deep in the pair
interaction potential does not produce the stabilization of
the 12-QC phase in the range of λ2Uρ considered. How-
ever, when this minimum becomes negative we observe
the existence of an interval of values in which the 12-
QC phase is again stabilized. Finally, we observe that
when the third minimum added is deep enough, a reen-
trant transition to a new hexagonal phase (HS3) with

characteristic wave vector given by k̃3 takes place. This
behavior is already expected since an isolated dominant
minimum is anticipated to stabilize a hexagonal ground
state.
Lastly, we consider the excitation of a third minimum

at the remaining wave vector belonging to the first gen-
eration of resonant wave vectors of the dodecagonal qua-
sicrystal, the one with k = k̃4 (see Table II). In this sce-
nario, the interaction potential takes the form depicted
in Fig. 1(c) and the corresponding ground-state phase

diagram varying v̂(k̃4) is shown in Fig. 1(f). As can be
observed, the addition of this third length scale is much
more effective in promoting the stabilization of the qua-
sicrystalline phase when compared to the scenario shown
in Fig. 1(e). In this case, even the addition of a positive
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Figure 2. (a) Real space mapping for the dodecagonal struc-
ture in the phase diagram of Fig. 1(d) for parameter values

v̂(k̃2) = −2.30 and λ2Uρ = 0.50 and its corresponding (b)
diffraction pattern. The red circles indicates the two minima
and the size of the Fourier modes in blue disks is scaled by
a linear function, where the zero harmonic mode has been
omitted. (c) Most relevant energy contributions to the total
energy of the quasicrystalline structures as a contraction in
the k̃1 = 1 layer for the dodecagonal vectors. (d) Superfluid
fraction for a fixed density value λ2Uρ = 0.50 in the dodecago-
nal quasicrystal for the ground state depicted in Fig. 1(d).
The blue points represents the superfluid fraction obtained
via mean field spectral variational method while the orange
diamonds are determined via the solution of the GPE.

minimum with a relative high value already induces the
stabilization of the 12-QC for moderate values of λ2Uρ.
As expected, the strongest effect is achieved when the
minimum is negative and in this case the preemptive
hexagonal phase HS1 is not present and we have a di-
rect transition from the HSF to the 12-QC phase when
λ2Uρ is increased. Moreover, as in the previous case, a
further decrease of v̂(k̃4) eventually promotes a transition
to the HS4 phase with characteristic wave vector close to
k̃4.

The three scenarios discussed above show different
routes for the stabilization of the 12-QC phase in two di-
mensional bosonic gases. Although, in this case, the pres-
ence of two properly positioned minima is enough for such
stabilization, differently from the classical case10,47, it re-
quires a second high-momentum minimum much deeper
than the first one to stabilize the 12-QC phase in the low
λ2Uρ regime. Alternatively, the addition of a third min-
imum to v̂(k) at k̃3 or k̃4 enhance significantly the stabil-
ity of the 12-QC phase, even allowing us to observe this
phase with a degenerate pair potential (v̂(k̃1) = v̂(k̃2)).
In this sense, by comparing Fig. 1(e) and Fig. 1(f) we
conclude that in order to enhance the stability of the
12-QC phase, it is more effective to decrease v̂(k̃4) than

v̂(k̃3).

Regarding the structural properties of the 12-QC
phase, as an example, we consider the scenario pre-
sented in Fig. 1(a) with parameters v̂(k̃2) = −2.30 and
λ2Uρ = 0.50. In Fig. 2(a), we show the ground-state
density pattern obtained after the energy minimization,
and in Fig. 2(b) a graphic of the corresponding Fourier
transform of the solution. The radii of the circles are
proportional to the modulus of the Fourier amplitudes,
excluding the circle corresponding to the k = 0 Fourier
mode, which is not presented. The red circumferences
indicate the position of the minima of v̂(k) in this case.
As can be observed, the presence of the minima in v̂(k)
controls which are the main modes excited in the qua-
sicrystalline density pattern, this kind of phenomenology
was verified in all scenarios considered in this work.

To better understand the process of stabilization of
the dodecagonal pattern and the greater stability of
this structure in comparison with other quasicrystalline
phases, as we will see later, we consider a simplified two-
mode expansion including only the two main modes of
the structure with |kj | = {k̃1, k̃2}, as it is the case in
Fig. 1(a). Our goal here is to assess the relative impor-
tance of the various interactions present in the energy
per particle functional. Replacing Eq. (4) into Eq. (3)
we can obtain the general expression:

E[ψ]

N
=

1

8Z

∑

j

k2
j |c (kj)|

2 +
λ2Uρ

32Z2

∑

j,l,m

c (kj) c (kj + kl)
∗
×

× c (km) c (km − kl)
∗
v̂ (kl) ,

(8)

where Z = 1
4

∑

j c (kj)
2
and c (0) = 2. This expres-

sion is general and naturally remains valid for the two
mode ansatz under consideration. As we can observe
from Eq. (8), the potential energy contribution is given
as a sum of contractions of four Fourier amplitudes paired
carrying momentum kl and −kl. At this point, it is pos-
sible to identify which contractions produces the highest
contributions to the potential energy and hence the lead-
ing mechanisms of stabilization of a given quasicrystalline
phase. The most relevant type of contraction is natu-
rally the one of the form c (0) c (k1)

∗
c (0) c (−k1)

∗
v̂ (k1)

and its equivalents. However, this kind of contraction
is present in the energy per particle of all the solutions
considered due to their pattern inversion symmetry. The
next most relevant contribution, which is only present for
solutions with symmetry against rotations of π/3, are of
the type c (0) c (k1)

∗
c (k′

1) c (k
′
1 − k1)

∗
v̂ (k1), where the

vectors k1 and k′
1 are of equal modulus (|k1| = |k′

1|) and
form an angle of π/3 between them. As we can see, this
is a contribution combining one zero-momentum Fourier
amplitude with three amplitudes corresponding to vec-
tors in the same shell, see Fig. 2(c) for a pictorial rep-
resentation of the corresponding contraction. In all the
tests performed, this kind of term was responsible for
around 40% of the total energy of the reduced expansion
for the dodecagonal pattern explaining the great stabil-
ity of this phase in comparison to other quasicrystal so-
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Figure 3. (a)-(c) Pair interaction potential minima structure in Fourier space for the corresponding phase diagrams in (d)-(f),

in which the first length scale is positioned at k = k̃1 = 1 and the secondary resonant scales are determined in Table II. Phase
diagram for the minima structure associated with the decagonal quasicrystal where (d) k̄ = k̃2 (e) k̄ = k̃3 and (f) k̄ = k̃4
indicates the position of the minimum in reciprocal space for which we modify the depth as a parameter to determine the
ground state of the system. The notation employed to label the phases is analogous to the one established in Fig.1.

lutions that do not contain such interaction terms.

Moreover, we investigate how the superfluid properties
of the 12-QC phase are impacted by the properties of the
pair interaction potential. We estimate the superfluid
fraction by means of the Legget’s criterion and consider
the scenario posed by Fig. 1(a). The superfluid fraction
is calculated across a vertical line of the phase diagram of
Fig. 1(d), specifically we consider λ2Uρ = 0.50 and use

v̂(k̃2) as the running parameter. The results are shown in
Fig. 2(d), where the blue points corresponds to the values
of the superfluid fraction obtained from the density pro-
file calculated using the mean field spectral variational
method while the orange diamonds corresponds to the
profile determined via the GPE solution. Within the HS1
phase, for v̂(k̃2) ≳ −1.5, we observe a superfluid fraction
essentially constant. This is explained by the fact that
Fourier modes with |k| = k̃2 are not present in the HS1
state when the characteristic wave vector of the pattern
is of the order of k̃1. Moreover, the fact that superfluidity
is significant along this phase allows us to conclude that
it is actually a supersolid phase. On the other hand, in
the region in which the model displays a 12-QC phase,
we can notice how the increase of the depth of the second
minimum decreases the superfluid fraction. This occurs
because decreasing the energy cost of the second mini-
mum promotes higher Fourier amplitudes which implies
in a more localized quasicrystalline density pattern, hin-
dering superfluidity in the system. Nonetheless, despite
the tendency of the superfluidity, within the quasicrys-
talline phase its value is still significant, allowing us to
confirm that this phase is actually a superfluid dodecago-

nal phase.

IV. DECAGONAL QUASICRYSTAL

Now we proceed to study the stabilization of the
decagonal quasicrystal (10-QC) phase. We explore sys-
tematically pair potentials with multiple length scales in
the form of several minima in v̂ (k), positioned to en-
hance the stability of this structure. Naturally, the first
model to be considered contains two minima, the first
one at k = k̃1 = 1 and the second one at k = k̃2 (see
Table II). The corresponding pair interaction potential
is displayed in Fig. 3(a), while the associated ground-
state phase diagram is shown in Fig. 3(d). In this case, a
phase transition is observed at moderate and high inten-
sity of the pair potential λ2Uρ as the vertical position of
the high momentum minima is varied. For low enough
values of v̂(k̃2), the system display a transition between
two hexagonal solid phases in which the characteristic
wave vector of the patterns changes from k̃1 (HS1) to

k̃2 (HS2). Interestingly, despite the fact that this model
produce the excitation of the two main wave vectors of
the decagonal quasicrystal, this pair potential configu-
ration is still favorable to the hexagonal structure even
when the high momentum minimum dominates. This in-
dicates the necessity of introducing additional minima in
v̂(k) to achieve the stabilization of the decagonal qua-
sicrystal pattern.

To proceed we consider the case in which a third min-
imum in k = k̃3 (see Table II) is added to a two min-
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Figure 4. (a) Real space mapping for the decagonal struc-
ture in the phase diagram of Fig. 3(f) for parameter values

v̂(k̃4) = −1.50 and λ2Uρ = 0.50 and its corresponding (b)
diffraction pattern. The red circles indicates the two minima
and the size of the Fourier modes in blue disks is scaled by
a linear function, where the zero harmonic mode has been
omitted. (c) Most relevant energy contributions to the total
energy of the quasicrystalline structures as a contraction in
the k̃1 = 1 layer for the decagonal vectors. (d) Superfluid
fraction for a fixed density value λ2Uρ = 0.50 in the decago-
nal quasicrystal for the ground state depicted in Figure 3(f).
The blue points represents the superfluid fraction obtained
via mean field spectral variational method while the orange
diamonds are determined via GPE simulations.

ima degenerate potential with v̂(k̃1) = v̂(k̃2) = −1. The
resulting model for v̂(k) can be observed in Fig. 3(b)
and the corresponding ground-state phase diagram us-
ing as running parameters the v̂(k̃3) and λ

2Uρ is shown
in Fig. 3(e). As can be noticed, the introduction of a
third characteristic length scale allows the stabilization
of a 10-QC phase for a certain range of v̂(k̃3). Interest-

ingly, if v̂(k̃3) is deep enough the system reenters into a
hexagonal phase (HS3) with characteristic wave vector

k̃3. Moreover, the quasicrystal phase exists up to the low
intensity potential regime, making the system to present
a direct transition from the homogeneous to the qua-
sicrystal phase. However, this behavior is only present in
a limited region of v̂(k̃3), raising naturally the question
about what can be done to enhance further the stability
or extension of this phase within the phase diagram.

In order to answer this question, it is natural to con-
sider the introduction of an additional length scale in the
form of a minimum in v̂ (k) at the remaining character-
istic wave vector of the decagonal quasicrystalline struc-
ture. In this way, we add a minimum at k = k̃4 (see Ta-
ble II ) to a three minima potential that does not display
a quasicrystal phase at any intensity (λ2Uρ) of the pair
potential. In terms of minima position, this model satisfy
v̂(k̃1) = v̂(k̃2) = −1, v̂(k̃3) = 0 and v̂(k̃4) is taken as run-

ning parameter for the construction of the corresponding
phase diagram. The typical form of this kind of pair
potential is displayed in Fig. 3(c), while in Fig. 3(f) we
present the corresponding ground-state phase diagram
obtained. As can be observed, when the depth of the
fourth minimum at k̃4 is increased the system transitions
from a HS1 to a 10-QC phase. This means that only
the addition of this extra minimum promotes the sta-
bilization of the 10-QC phase, but the extension of the
quasicrystal phase is greatly enhanced.
To deepen our understanding about the 10-QC phase,

we now focus on its structural properties. In Fig. 4(a) and
(b), we present a typical density pattern configuration
and its corresponding Fourier transform for a pair po-
tential of the type presented in Fig. 3(c) (v̂(k̃4) = −1.50
and λ2Uρ = 0.50). The radius of each circle in the
Fourier transform plot is proportional to the correspond-
ing Fourier amplitude. As we can see, the main modes
excited in the density pattern corresponds to those pro-
moted by the minima structure of the pair potential as in
the case of the 12-QC phase. An analysis of the potential
energy contractions leading to dominant contributions,
analogous to the one performed in the case of the do-
decagonal structure, reveals that this structure does not
have exclusive amplitude contractions which are specially
impactful as in the previous case considered. In this case,
contractions allowed for all quasicrystal structures, such
as the one depicted in Fig. 4(c) for the decagonal pat-
tern, are the leading contribution in the potential energy
expansion.
The behavior of the superfluid fraction for the model

in Fig. 3(c), keeping λ2Uρ = 0.50 and using v̂(k̃4) as our
running parameter, is shown in Fig. 4(d). We can observe
that within the region corresponding to the HS1 phase,
modifying v̂(k̃4) does not affect the superfluid fraction.

As previously observed, since k̃4 does not match any res-
onant momentum of the hexagonal crystal solution with
characteristic momentum k̃1, the hexagonal ground state
is not affected by variations of v̂(k̃4) and hence neither
the superfluid fraction. On the other hand, when the sys-
tem transitions to the decagonal phase, we observe that
making deeper the minimum at k̃4 results in a decrease
of the superfluid fraction. This behavior is a consequence
of increasing the stability of the quasicrystalline phase,
which results in an increase of the quasicrystal Fourier
amplitudes. This in turn reflects on a more localized
density profiles which hinder superfluidity. Moreover, is
interesting to notice that close to the quasicrystal phase
boundary, the superfluid fraction takes significant values,
indicating the existence of a superfluid decagonal phase.

V. OCTAGONAL QUASICRYSTAL

Finally, we focus on the study of the stability of the
octagonal quasicrystal (8-QC) phase. As in the previous
cases, we initially consider a two minima model with a
first minimum positioned at k̃1 = 1 with v̂(k̃1) = −1 and

55



(a) (b) (c)

= 6(k) = 3.0

3 = (6) =0.0
«o _

= 9(E) = —3.0

V | V

k k k

(d) (e) (1)

ten HS, HS,

ise) HSF HSF HSF
«o

8-QC

HS, 8-QC
HS, =

AU p A UpAUp

9

-3.0

0.0

3.0

6.0

9.0

12.0

-3.0

0.0

3.0

6.0

9.0

12.0

-3.0

0.0

3.0

6.0

9.0

12.0

0.0 0.5 1.0

-5.0

-3.0

-1.0

1.0

0.0 0.5 1.0

-0.5

-1.0

0.0

0.0 0.5 1.0

-3.0

-1.5

0.0

1.5

3.0

Figure 5. (a)-(c) Pair interaction potential minima structure in Fourier space for the corresponding phase diagrams in (d)-(f),

where the first length scale is positioned at k = k̃1 = 1 and the secondary resonant scales are determined in Table II. Phase
diagram for the minima structure associated with the octagonal quasicrystal where (d) k̄ = k̃2 (e) k̄ = k̃3 and (f) k̄ = k̃4
indicates the position of the minimum in reciprocal space for which we modify the depth as a parameter to determine the
ground state of the system. The notation employed to label the phases is analogous to the one established in Fig.1.

a second minimum at k̃2 (see Table II) with a varying
vertical position, as it is shown in Fig. 5(a). The result-
ing phase diagram for this model is shown in Fig. 5(d).
The obtained phase diagram presents the trivial homo-
geneous superfluid phase for low values of λ2Uρ and a
phase transition from a hexagonal phase with charac-
teristic wave vector k̃1 (HS1) to one with characteristic

wave vector k̃2 (HS2) as v̂(k̃2) is decreased. Interestingly,
the addition of a third resonant length scale of the 8-QC
phase to the pair potential v̂(k), either k = k̃3 or k = k̃4,
in a scenario with two degenerate minima is not sufficient
for the stabilization of the 8-QC phase as occurs in the
case of the decagonal pattern, see Fig. 4(e). Even in a
scenario without any degeneracy we did not observe the
stabilization of the 8-QC pattern using only potentials
with three characteristic length scales.

In this way we proceed by allowing the existence of
a fourth minimum in v̂(k). Hence, our pair potential

potential have local minima at k = k̃1, k̃2, k̃3 and k̃4, see
table II. For this kind of model, we set v̂(k̃1) and v̂(k̃2)
as degenerate minima, while we explore separately the
phase diagram varying the vertical position of the other
two minima present in v̂(k). Firstly, we set v̂(k̃4) = 0

and vary the depth of the minimum at k̃3. The resulting
model is presented in Fig. 5(b) and the corresponding
phase diagram is shown in Fig. 5(e). Here we observe
that in the low λ2Uρ regime, the system has a similar
behavior to the two-minima model presented in Fig. 5(a),

with the HS3 phase having characteristic momentum k̃3.
However, for large enough potential intensity we observe

the stabilization of an 8-QC in a narrow range of v̂(k̃3).
Although, strictly speaking the 8-QC exist as the ground
state of this model, its stabilization occurs in a region
where the validity of the mean field approximation itself
can be questioned as the intensity of the pair potential
in this region can be hardly considered as weak.
In the last possible scenario, we explore a four-minima

interaction potential fixing v̂(k̃3) = −0.6, a value that in
principle favors the formation of the octagonal quasicrys-
tal without turning this minimum the dominant one, see
Fig. 5(c). Meanwhile, we use the depth of the minimum

at k = k̃4 as a running parameter for the construction
of the phase diagram displayed in Fig. 5(f). As can be
observed, this last family of models greatly enhances the
stability of the 8-QC phase. This is evident since, in this
case, there is a significant range of v̂(k̃4) for which we
have a direct transition from the homogeneous to the 8-
QC phase increasing the potential intensity. Moreover,
the system naturally displays a HS4 phase with charac-
teristic momentum close to k̃4 when the potential mini-
mum at this momentum is deep enough. The systematic
study presented allow us to conclude that in order to sta-
bilize the 8-QC phase for the model considered, at least
four characteristic wave vectors of this structure should
be excited by the pair interaction potential v̂(k). Inter-

estingly, the value of v̂(k̃4) seem to have a much stronger
impact enhancing stability of the 8-QC than the value of
v̂(k̃3).

A real space density configuration example and its
corresponding Fourier transform plot, for the model in
Fig. 5(c), are presented in Fig. 6(a) and (b), respectively.
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Figure 6. (a) Real space mapping for the octagonal struc-
ture in the phase diagram of Fig. 5(f) for parameter values

v̂(k̃4) = −1.25 and λ2Uρ = 0.50 and its corresponding (b)
diffraction pattern. The red circles indicates the two minima
and the size of the Fourier modes in blue disks is scaled by
a linear function, where the zero harmonic mode has been
omitted. (c) Most relevant energy contributions to the total
energy of the quasicrystalline structures as a contraction in
the k̃1 = 1 layer for the octagonal vectors. (d) Superfluid
fraction for a fixed density value λ2Uρ = 0.50 in the octag-
onal quasicrystal for the ground state depicted in Fig. 5(f).
The blue points represents the superfluid fraction obtained
via mean field spectral variational method while the orange
diamonds are determined via GPE simulations.

The parameters employed for the variational minimiza-
tion are v̂(k̃4) = −1.25 and λ2Uρ = 0.50. It is worth
noticing how the stabilization of 8-QC phase occurs when
all the unstable momenta of the engineered pair potential
are excited in the density pattern of the system. More-
over, the investigation of the energy behavior using a
reduced Fourier expansion for the 8-QC reveals a sce-
nario similar to the one observed for the 10-QC, where
no exclusive form of contraction has a high impact on the
energy values and, in this context, only the introduction
of additional modes and the eventual emergence of new
contractions with higher momentum are effective in the
stabilization of the 8-QC phase. We show in Fig. 6(c) an
example of the leading contractions for this phase, the
specific wave vectors employed for such contractions can
switch depending on which is the most unstable wave
vector in the system, however preserving the rule of hav-
ing two modes excited at the most unstable momenta of
the system, one at the second most unstable momenta
and one with zero momentum.

For completeness, we finally study the behavior of the
superfluid fraction for the model described in Fig. 5(c)

and Fig. 5(f), using v̂(k̃4) as running parameter and
fixing λ2Uρ = 0.50. The results obtained are displayed
in Fig. 6(d). As previously observed, since the HS1

phase does not excite Fourier modes with momentum
k̃4 or close to it, this phase is unaffected by changes
in v̂(k̃4). In turn, when the system transition to a

phase in which Fourier modes with momentum k̃4, or
close to it, are excited, to decrease the value of v̂(k̃4)
promote localization of the density pattern, as explained
in previous cases. This is the reason for the observed
decreasing behavior of the superfluid fraction as we
decrease the value of v̂(k̃4) for the 8-QC and the HS4
phase, respectively. Moreover, we can notice that as
in previous cases, also the 8-QC phase is able to host
significant superfluidity confirming the existence of a
superfluid octagonal phase.

VI. FINAL REMARKS

In this work, we systematically studied the necessary
conditions for the stabilization of eight-, ten- and twelve-
fold self-organized quantum quasicrystals. Unlike the
classical scenario, we found that quantum quasicrystals
with distinct rotational symmetries need pair interaction
potentials with a different number of properly selected
unstable wave vectors. In the case of the dodecagonal
quasicrystal, a two negative minima potential is enough
for the stabilization, as previously pointed out in the lit-
erature50. Meanwhile, the decagonal and octagonal qua-
sicrystal structures need pair interaction potentials with
at least three and four minima negative minima prop-
erly engineered to be stabilized, respectively. The greater
stability of the dodecagonal quasicrystal with respect to
other quasicrystalline structures considered resides in the
geometric property of having six-fold rotational symme-
try. Ultimately, this property is responsible for the exis-
tence of Fourier-mode triplets with wave vectors of equal
modulus that adds up to zero. As occurs in hexago-
nal crystals, this feature is responsible for cubic poten-
tial energy contributions with a significant impact on de-
creasing the total energy cost of phases that share this
symmetry, see Section III. Moreover, as can be observed
in Fig. 1(f), Fig. 3(f) and Fig. 5(f), all quasicrystalline
phases studied have a sector in which the superfluid frac-
tion is significant, allowing us to conclude that these are
actually super quasicrystal phases. These results were
confirmed by extensive Gross-Pitaevskii computations,
which produce equivalent configuration and superfluid
fraction to those obtained with our variational spectral
approach.

We believe that the present results are relevant for
the investigation of quasicrystal structures produced
in cavity mediated interacting Bose-Einstein conden-
sates54,57,77,78. The design on demand of cavity mediated
interactions have paved a way to investigate a variety of
cutting-edge many-body phases. In this regard, such sys-
tems show the interesting opportunity to operate with
lattice phononic modes, a flexible manner to test qua-
sicrystals in a quantum framework. At the same time, the
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interplay between long-range magnetic and light-induced
interactions in a Bose-Einstein condensate79 is another
promising experimental setup that, in principle, should
observe 8-QC, 10-QC and 12-QC patterns displaying a
finite superfluid signal. Especially relevant is also the
usage of dipolar atoms in cavities60, allowing the imple-
mentation of many-body systems with highly tunable in-
teractions capable of producing self-assembled quasicrys-
tal clusters. Here it will be of key importance to inspect
the stability of octagonal as well as decagonal phases.
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4 Conclusions

In our study Supersolid dipolar phases in planar geometry: effects of tilted polarization,

the identification of key characteristics in these periodic structures enabled a Fourier mode-

based representation of supersolids. To accurately capture the quantitative behavior of the

energy per particle of a modulated ground-state, we developed a generalized harmonic

expansion method for modulated structures. By employing symmetry arguments, we

expressed the energy of each pattern solely in terms of independent harmonic modes,

significantly improving computational efficiency in analysing the models of interest.

To determine the phase diagram, we minimized the energy per particle of each

modulated pattern as a function of the variational parameters, and this allowed us to

characterize the ground-state behavior with the lowest energy. We further validated our

results by computing a phase diagram using an ansatz with an extended Fourier basis.

Our analysis confirms that the critical boundary between stripe and homogeneous phases

remains robust, while the precise locations of the critical and triple points exhibit minor

shifts.

We explored a comparatively simple yet hitherto unexplored configuration: a quasi-

two-dimensional, planar dipolar Bose gas with a tilted polarization axis. Our results

demonstrate that tilting the polarization has a profound impact on the system’s quantum

critical behavior compared to the well-studied perpendicular case. As the polarization

angle deviates from the normal direction, the single quantum critical point present at

α = 0 splits into three distinct critical lines, each separating two phases. Beyond altering

the critical structure, a tilted polarization also induces significant structural changes in

the modulated phases. Specifically, the hexagonal and honeycomb phases develop marked

axial anisotropy. We find that this anisotropy enhances superfluid transport along the

favored in-plane polarization axis while suppressing it in the perpendicular direction. This

effect provides a promising mechanism for controlling the superfluid response in dipolar

supersolids, which are otherwise isotropic when α = 0.

It is important to note that while the physics of strictly two-dimensional dipolar

systems with tilted polarization has been extensively studied, the behavior of their quasi-

two-dimensional counterparts is fundamentally different and remains largely unexplored.

Only recently has the ground-state phase diagram for quasi-2D systems with perpendicular

polarization been established; the case of tilted polarization, as studied here, is entirely

novel.

Finally, we address the experimental feasibility of our results. For instance, using
162Dy (with a dipolar length add ≈ 131a0 ≈ 7 nm), the range of s-wave scattering lengths
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as and ratios as/add required are readily achievable. The characteristic units for 162Dy are

length ℓ = 0.26 µm and time t0 = 0.18 ms. A dimensionless trapping frequency ωzt0 = 0.08

then corresponds to ωz ≈ 450 Hz. As a concrete example, with parameters as/add = 0.755,

ρ = 120, and α = 30◦. For this case, we find a width σ ≈ 6.78 µm and a peak 3D density at

the mid-plane of 3ρ/4σ ≈ 1.9×1014cm−3. The characteristic wave vector of the compressed

hexagonal solid is k0 ≈ 0.4 µm−1, yielding lattice spacings of Dx = 4π tan(θ)/k0 ≈ 4.59 µm

and Dd = 2π sec(θ)/k0 ≈ 4.75 µm. These length scales are sufficiently large to facilitate

the experimental observation of long-distance physical properties.

In the work Engineering interaction potentials for stabilizing quantum quasicrystal

phases, proceeding with a similar variational approach to minimize the energy per particle

functional, we have systematically investigated the minimal ingredients required to stabilize

octagonal (8-fold), decagonal (10-fold) and dodecagonal (12-fold) self-organized quantum

quasicrystals in a bosonic condensate. Using an experimentally motivated, multi-well

effective pair interaction in momentum space (relevant to cavity QED and laser-painted

interaction platforms), we constructed sequences of pair potentials that progressively excite

the characteristic wave-vector sets of each quasicrystalline structure and computed the

corresponding ground-state phase diagrams.

Across all cases the diagrams display a homogeneous phase at low values of the control

parameter λ2ρU , while intermediate and large λ2ρU produce sequences of modulated phases

as the relative energetic cost of exciting each characteristic Fourier mode is varied. The

variational spectral approach used to construct and analyze the phases is corroborated

by extensive Gross–Pitaevskii simulations, which recover equivalent configurations and

superfluid fractions.

We found, as a central result, that distinct quantum quasicrystals require pair

potentials with different numbers of carefully chosen unstable wave vectors. The quantum

stabilization of the dodecagonal quasicrystal can be achieved with a two-minima potential,

whereas decagonal and octagonal quasicrystals require at least three and four tailored

minima, respectively. The enhanced robustness of the 12-fold pattern is traced to a

geometric property of its wave-vector lattice: the existence of triplets of equal-modulus

vectors that sum to zero. Those triplets enable cubic (three-mode) contractions in the

interaction energy that substantially lower the total energy of phases sharing this symmetry,

analogous to mechanisms that stabilize hexagonal order.

Thus, in summary, this work clarifies the minimal momentum-space interaction

features necessary to realize quantum quasicrystalline order in Bose–Einstein condensates,

and highlights a symmetry-driven mechanism that favors 12-fold order, and establishes

that these exotic spatially ordered phases generically coexist with superfluidity, opening a

coherent path toward their observation in cavity experiments.

These findings are directly relevant to ongoing and near-term experiments. Cavity-
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mediated and laser-engineered interactions provide flexible routes to design the required

multi-well momentum-space potentials. Such a platform could explore the predicted 8-,

10-, and 12-fold self-organized patterns in BECs.
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APPENDIX A – The dipolar Bose gas

Dipolar condensates can be made of electric or magnetic dipoles, thus, this section

addresses briefly a recapitulation on the dipolar potential, as well as the corresponding

LHY correction that will be used.

A.1 Dipole-Dipole Interaction

The interaction potential V (r) between two identical electric or magnetic dipoles

separated by a relative position vector r is expressed as [93]:

V (r) =
Cdd

4π

(e1 · e2)r
2 − 3(e1 · r)(e2 · r)

r5
, (A.1)

where Cdd defines the coupling strength. For magnetic dipoles with moment µ, Cdd = µ0µ
2

(µ0: vacuum permeability), while for electric dipoles with moment d, Cdd = d2/ε0 (ε0:

vacuum permittivity). In this work, as in most modern studies, the dipoles are aligned

along a common axis via an external magnetic field. Choosing this polarization direction

as the z-axis simplifies Eq. (A.1) to:

Vdd(r) =
Cdd

4π

1 − 3 cos2 θ

r3
, (A.2)

where θ is the angle between r and the z-axis (Figure 2.1). This potential exhibits two key

features: (i) a long-range r−3 decay, contrasting with the short-range r−6 van der Waals

interaction, and (ii) anisotropy governed by θ. For fixed r, Vdd(r) varies from a minimum

of − Cdd

2πr3 (attractive) at θ = 0 (head-to-tail alignment) to a maximum of Cdd

4πr3 (repulsive) at

θ = π/2 (side-by-side alignment). The interaction vanishes at θ0 = arccos(1/
√

3) ≈ 54.7◦.

Due to the periodicity of cos2 θ, attraction occurs for |θ| < θ0 or θ0 +π/2 < θ < θ0 +π, and

repulsion otherwise. This angular dependence drives dipoles to favor low-energy head-to-

tail configurations, profoundly affecting the stability of dipolar Bose-Einstein condensates

(BECs). To characterize the interaction strength, the dipolar length add is defined as:

add =
Cddm

12πℏ2
, (A.3)

where m is the particle mass. This parameter quantifies the relative influence of dipole-

dipole interactions compared to kinetic energy scales.

A.2 Comparative Analysis of Dipolar Lengths

The dipolar length add serves as a universal metric for comparing electric and

magnetic dipole strengths (Table 1 taken from [94]). Notably, electric dipoles (e.g., polar
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(a) (b) Attractive (c) Repulsive

Figure 16 – Anisotropy of the dipole-dipole interaction. (a) Geometry of two aligned
dipoles separated by r, with θ denoting the angle relative to the polarization
axis z. (b) Attractive interaction in the head-to-tail configuration (θ = 0).
(c) Repulsive interaction in the side-by-side configuration (θ = π/2). Source:
created by the author.

Species Dipole Moment add

52Cr 6µB 15a0
164Dy 9.9µB 130a0
166Er 7µB 65.5a0

KRb 0.6D 2 × 103a0

Table 1 – Dipolar lengths add for species achieving quantum degeneracy. Magnetic bosonic
atoms (52Cr, 164Dy, 166Er) form BECs, while fermionic polar molecules (KRb)
exhibit Fermi degeneracy. µB: Bohr magneton; a0: Bohr radius.

molecules like KRb) exhibit add values orders of magnitude larger than magnetic dipoles

(e.g., atoms like 52Cr or 164Dy), making them theoretically ideal for observing dipolar

effects. However, experimental limitations—such as complex cooling techniques—have

restricted the quantum degenerate regime of polar molecules to fermionic systems [95]. In

contrast, magnetic atoms readily form BECs, enabling robust studies of dipolar physics

despite weaker interactions. This thesis focuses on magnetic BECs, where the interplay

between magnetic dipole-dipole forces and contact interactions underpins novel quantum

phenomena.
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APPENDIX B – The supersolid in a slowly

moving frame

To analyse the superfluid behaviour, we examine our system under the assumption

of hypothetical boundaries moving at velocity v relative to the laboratory frame. These

moving boundaries result from an infinitesimal irregularity in the confinement potential,

which does not perturb the system’s state except by establishing the reference frame

for the normal component. Consequently, the case of a periodic density (coupled to the

zero-temperature normal component) shifts at velocity v. The central point is that, at

equilibrium, only the normal component responds to the moving boundaries, leaving the

superfluid undisturbed. This low-speed behaviour can be described by the expectation

value of the total linear momentum operator, −iℏ∇, in the frame of the laboratory

lim
v→0

Pi(v) = M
∑

j

(δij − fij)vj, (B.1)

where M is the total mass, and fij is the superfluid fraction that might decrease the

mechanical response in the ij-direction. Therefore, when fij → 1, in the case of a pure

superfluid, the system remains stationary in the laboratory frame (yielding P = 0).

Conversely, when fij = 0, the system behaves as a normal fluid with P = Mv.

The ground state in the co-moving frame is determined by solving the time-independent

Gross-Pitaevskii equation (GPE) for the wave function in the co-moving frame, which is

obtained by a Galilean transformation x′ = x − vt:

ψ(x, t) = ψ̃(x′, t), (B.2)

whose equation

µ
v
ψ̃

v
= LGPψ̃v

+ iℏv · ∇′ψ̃
v
, (B.3)

where the operator ∇′ differentiates primed spatial coordinates. Let ψ0 be the stationary

solution for v = 0. For small velocity v, approximately, the new spatially periodic wave

solution is postulated to be

ψ̃
v
(x′) ≈ ψ0(x

′)eiφ1(x′). (B.4)

where ϕ1 represents the first-order phase correction. Then, when computing the probability

current1, and neglecting spatial derivatives of the density ρ0 = |ψ0|2, for the density of

1 j =
ℏ

2mi
(ψ∗∇ψ − ψ∇ψ∗), and the conservation law for the density of probability ρ,

∂ρ

∂t
+ ∇ · j = 0.
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probability ρ0 = |ψ0|2 one has that

j(x′) = ρ0(x
′)

(

ℏ

m
∇′ϕ1 − v

)

. (B.5)

As ∂|ψ|2/∂t = 0, because ψ(x′, t) is a stationary state, the condition ∇ · j = 0 is

imposed, guaranteeing that the density remains stationary in the moving frame (i.e., the

crystal moves with the frame). Applying this condition, non-trivial solutions for the flow

field exist in higher dimensions, found by solving

ℏ

m
∇ · (ρ0∇ϕ1) = v · ∇ρ0. (B.6)

In the context of estimating the superfluid fraction of solid 4He, in the Ref. [96], the

same equation was obtained in the reciprocal space. The expectation value of the linear

momentum operator, in the frame of the laboratory, is

P(v) = ℏ

∫

dr′ρ0∇ϕ1, (B.7)

which is not always aligned in the direction of v.

The solution of the Eq. (B.6) is computed by using an auxiliary vector field K as

ϕ1(r
′) =

m

ℏ
v · K(r′), (B.8)

then, substituting in the Eq. (B.6), the equation to be solved is

∇ · (ρ0∇Ki) =
∂ρ0

∂x′
i

, (i = {x, y}) (B.9)

and, consequently, the momentum in the frame of the laboratory is

P(v) = m
∫

dr′ρ0∇(v · K). (B.10)

Thus, inserting Eq. (B.10) into Eq. (B.1), the superfluid fraction can be computed with

partial derivatives

fij = δij − 1

m

∂Pi

∂vj

= δij − 1

N

∫

dr′ρ0
∂Kj

∂x′
i

. (B.11)
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