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RESUMO

O Método de Lattice Boltzmann (LBM) tem se destacado como uma ferramenta com-
putacional eficiente para simulações em mecânica dos fluidos, especialmente em
meios porosos e escoamentos imiscíveis. Entretanto, sua aplicação em escoamentos
aerodinâmicos não alcançou o mesmo nível de sucesso observado nas áreas men-
cionadas. Isso ocorre devido a vários fatores, incluindo instabilidades numéricas em
altos números de Reynolds, a ausência de modelagem de turbulência na formulação
clássica do LBM e o uso intrínseco de malhas regulares e uniformes, que dificulta a re-
presentação de superfícies curvas. Além disso, estudos recentes comparando o LBM
com o método de volumes finitos apontaram discrepâncias na formação de vórtices
ao redor de cilindros quadrados, mesmo em condições laminares, nas quais métodos
tradicionais revelam mais de uma frequência característica. Esse problema é particu-
larmente relevante, pois não se enquadra teoricamente nos desafios comumente re-
conhecidos do método. Nesse contexto, o presente trabalho investiga os fatores que
influenciam a precisão do LBM na simulação de escoamentos ao redor de cilindros
quadrados em baixos números de Reynolds, com foco na formação e desprendimento
de vórtices. Para isso, foi desenvolvida uma implementação computacional do LBM
utilizando o conjunto de velocidades D2Q9. Diferentes tratamentos de condições de
contorno foram avaliados para as regiões de entrada e saída do domínio, incluindo
o esquema clássico proposto por Zou and He (1997), bem como abordagens alter-
nativas, como condições convectivas, de extrapolação e de gradiente nulo. Diferentes
formulações do operador de colisão também foram consideradas. Os resultados foram
validados por meio de comparações com dados experimentais e simulações utilizando
métodos como o Método de Volumes Finitos (FVM) e o Discrete Unified Gas Kinetic
Scheme (DUGKS). A análise espectral do coeficiente de sustentação e o cálculo do
número de Strouhal permitiram identificar as frequências associadas aos modos pri-
mário e secundário de vórtices. Esses achados fornecem insights importantes sobre
as limitações do LBM na captura da formação e desprendimento de vórtices, especi-
almente em regimes transitórios, e destacam a influência das condições de contorno
adotadas nesse tipo de problema.

Keywords: Lattice Boltzmann; obstaculo quadrado; condições de contorno;



ABSTRACT

The Lattice Boltzmann Method (LBM) has emerged as an efficient computational tool
for simulations in fluid mechanics, especially in porous media and immiscible flows.
However, its application to aerodynamic flows has not achieved the same level of suc-
cess observed in the aforementioned areas. This is due to several factors, including:
numerical instabilities at high Reynolds numbers, the lack of turbulence modeling in
the classical LBM formulation, and the intrinsic use of regular and uniform grids, which
hinders the representation of curved surfaces. Additionally, recent studies comparing
LBM with the finite volume method have pointed out discrepancies in vortex formation
around square cylinders, even under laminar conditions, where traditional methods
reveal more than one characteristic frequency. This issue is particularly relevant, as
it does not theoretically fall within the commonly recognized challenges associated
with the method. In this context, the present work investigates the factors that influ-
ence the accuracy of LBM in simulating flows around square cylinders at low Reynolds
numbers, focusing on vortex formation and shedding. For this purpose, a computa-
tional implementation of the LBM using the D2Q9 velocity set was developed. Different
boundary condition treatments were evaluated for the inlet and outlet regions of the
domain, including the classical scheme proposed by Zou and He (1997), as well as al-
ternative approaches such as convective, extrapolation, and zero-gradient conditions.
Different formulations of the collision operator were also considered. The results were
validated through comparisons with experimental data and simulations using methods
such as the Finite Volume Method (FVM) and the Discrete Unified Gas Kinetic Scheme
(DUGKS). Spectral analysis of the lift coefficient and the calculation of the Strouhal
number made it possible to identify the frequencies associated with the primary and
secondary vortex modes. These findings provide important insights into the limitations
of LBM in capturing vortex formation and shedding, especially in transitional regimes,
and highlight the influence of the adopted boundary conditions on this type of problem.

Keywords: Lattice Boltzmann; square obstacle; boundary conditions;
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1 INTRODUCTION

The Lattice Boltzmann method (LBM) has established itself as an important

computational tool for fluid mechanics simulation over complex geometries, with ap-

plications in aerodynamics, aeroacustics and turbulent flow (Mohamad, 2013; Succi,

2013; Guo; Shu, 2013; Krüger et al., 2017). Developed from the kinetic theory of

gases, the LBM has significant advantages in terms of computational efficiency and

ease of implementation when compared to traditional methods based on the Navier-

Stokes equations (Chen; Doolen, 1998; Schulz et al., 2003; Geller et al., 2006). Specif-

ically in aerospace engineering, the LBM plays a central role by supporting the early-

stage development of new components and aerodynamic surfaces, reducing prototyp-

ing costs, and accelerating design cycles. Within this context, the method has been

adopted in aerospace applications, with tools such as PowerFLOW and OpenLB al-

ready employed to simulate aerodynamic flows. These developments demonstrate the

method’s practical effectiveness and maturity for aerospace-related analyses (Noelting;

Fares, 2015; Romani; Casalino, 2017).

Despite its practical adoption, several challenges remain in aerodynamic appli-

cations, including numerical instabilities at high Reynolds numbers, the absence of tur-

bulence modelling in its classical formulation, and the reliance on regular and uniform

meshes, which limits the representation of curved surfaces (Hou et al., 1996; Teixeira,

1998). These limitations become more pronounced in scenarios that require accurate

boundary-layer resolution, robustness under high Mach regimes, or local mesh refine-

ment, where alternatives such as adaptive lattice strategies or hybrid formulations are

often necessary (Rohde et al., 2006; Tran et al., 2022). When applied to transient

problems, as in the classic case of flow in a channel with an obstacle, the method also

shows limitations in accurately capturing complex fluid dynamic phenomena, particu-

larly regarding the formation and development of secondary vortical structures when

reaching critical Reynolds numbers (Wang et al., 2015).

Experiments with square section cylinders had already identified the formation

of a second vortex oscillation mode, detaching from the trailing edge of the section

(Bearman; Trueman, 1972; Okajima, 1982; Reyes et al., 2013), and numerical anal-

yses using conventional methods, such as Finite Volume Method (FVM), corroborate

these results, identifying both the primary and secondary frequencies associated with

these flow modes (Turki et al., 2003).

Wang et al. (2015) demonstrated that the DUGKS method faithfully reproduced

the previous numerical results. However, when applying the LBM to the same problem,

Wang et al. (2015) observed a significant discrepancy, as the method failed to ad-

equately capture the secondary structures and characteristic frequencies associated
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with the critical Reynolds regimes from the comparison of the coefficients of lift (Cl)

and drag (Cd) over time.

Previous studies have investigated the performance of the LBM in flows with

vortex shedding. For example, Breuer et al. (2000) compared the LBM and the FVM for

confined flow around a square cylinder (blockage ratio of 1/8), analyzing velocity pro-

files, drag coefficient, recirculation length, and Strouhal number over Reynolds num-

bers ranging from 0.5 to 300. This gap motivates further investigation, as other studies

addressing different aspects of flow around square cylinders have also not focused on

the direct impact of boundary conditions.

Other works that simulate flow around square cylinders using the Lattice Boltz-

mann Method (LBM) address different aspects of the problem, such as the compari-

son between different collision models, including Bhatnagar-Gross-Krook (BGK), Multi-

Relaxation-Time (MRT), and DUGKS (Wang et al., 2015), the influence of the blockage

ratio (Turki et al., 2003), or the detailed dynamics of vortex motion in confined flows

(Suzuki et al., 1993). None of these works, however, isolate and examine the direct im-

pact of the choice and implementation of boundary conditions on the vortex shedding

process.

Thus, this work differs in that it specifically addresses the impact of the bound-

ary conditions on the LBM’s ability to represent secondary vortical structures, in com-

parison with experimental results and other numerical methods, such as FVM and

DUGKS.

In this context, this work presents an evaluation of how boundary conditions

influence the representation of oscillatory phenomena and includes the implementa-

tion of a dedicated LBM-based numerical solver designed for this problem. The study

analyzes the impact of conditions such as Convective, First Order Extrapolation (FOE),

Second Order Extrapolation (SOE), and Null Longitudinal Velocity Gradient on the sim-

ulation of flows in a channel with an obstacle, with the results validated against experi-

mental data and simulations obtained using FVM and DUGKS.

1.1 OBJECTIVES

Establishing confidence in the correct modeling of laminar flows around square

obstacles, both in terms of numerical formulation and boundary condition treatment, is

an essential step before extending the analysis to turbulent-flow problems. In order to

address the inconsistency of the LBM in reproducing secondary vortex modes in these

laminar configurations, the following objectives are proposed.
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1.1.1 General objective

To develop and validate a numerical simulation using the LBM, for the accurate

reproduction of the secondary modes of vortices in critical flows around square obsta-

cles, contributing to the improvement of the consistency of the method in this class of

problems.

1.1.2 Specific Objectives

• Quantitatively characterize the formation and evolution of vortical structures in

the transient regime of flow in a channel with a square obstacle;

• Compare the influence of using different collision operators, including BGK, MRT

and Two-Relaxation-Time (TRT);

• Determine the frequency spectra associated with the primary and secondary

modes of vortices using Fourier analysis;

• Implement and comparatively evaluate the performance of different outlet bound-

ary condition schemes (Convective, First-Order Extrapolation, Second-Order Ex-

trapolation, and Null Longitudinal Velocity Gradient) in reproducing the physical

phenomenon;

• Propose recommendations for the selection of boundary conditions that favor the

correct representation of vortical dynamics and characteristic secondary modes.
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2 THEORETICAL BACKGROUND

In order to properly understand obstacle flow simulations using the LBM, it is

essential to understand the physical and mathematical principles behind it. This chap-

ter explores the essential concepts of fluid mechanics and the kinetic theory of gases,

which are necessary for deriving the Lattice-Boltzmann equation and understanding

its dynamics. In addition, the analysis and theoretical concepts for collision operators,

streaming and boundary conditions makes it possible to evaluate the advantages and

limitations of the method as for interpreting the simulation results.

2.1 FLUID MECHANICS

To mathematically model the motion of fluids, this section introduces the conti-

nuity and Navier–Stokes equations, which are derived from the principles of mass and

momentum conservation. These equations rely on a continuum description of fluids

and form the foundation of classical fluid mechanics.

2.1.1 Microscopic, Mesoscopic and Macroscopic Scales

Fluid dynamics can be analyzed at different scales, ranging from the individu-

alized description of particle interactions to formulations that model the fluid as a con-

tinuum, depending on the underlying theory and the desired level of detail (Krüger et

al., 2017). These distinct modelling frameworks reflect how temporal and spatial scales

influence the choice between microscopic, mesoscopic, and macroscopic descriptions

of the flow.

On the microscopic scale, the behavior of the fluid is described by the indi-

vidual movement of the molecules, based on particle mechanics. In contrast, on the

macroscopic scale, the fluid is treated as a continuous medium where the average ef-

fects of collisions are considered through the transport coeffcients, like viscosity and

condutivity, and its behavior is modeled by equations such as Navier-Stokes.

At the mesoscopic level, fluid behaviour is described within the framework

of kinetic theory, in which the state of the system is represented by a particle distri-

bution function governed by the Boltzmann equation. This formulation connects mi-

croscopic particle dynamics with macroscopic continuum variables through multiscale

procedures such as the Chapman–Enskog expansion, which enables the recovery of

the Navier–Stokes equations from the underlying kinetic description. Within this meso-

scopic framework, the LBM emerges as a numerical approach that solves a discretized

version of the Boltzmann equation on a lattice, where the evolution of the distribution

function provides access to the macroscopic flow fields used in this work.
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Given that each modeling regime resolves physical mechanisms within specific

ranges of scale, the definition of temporal and spatial scales becomes an important el-

ement of the analysis. Ensuring consistency between these scales and the physical

phenomena under investigation directly influences the accuracy of the predicted dy-

namics and the suitability of the numerical method for describing the flow.

In this context, the Knudsen number, presented in Equation 1, is a dimension-

less parameter that indicates whether a flow can be accurately described by contin-

uum mechanics or requires a kinetic formulation. It is defined as the ratio between the

molecular mean free path (lmfp) and a characteristic length scale of the flow (l), and

therefore determines the validity of the continuum hypothesis and the regimes in which

kinetic effects become significant.

Kn =
lmfp

l
(1)

The behavior of the fluid varies significantly depending on the value of the

Knudsen number. For values of Kn < 0.01, the fluid operates in the continuous regime.

When 0.01 ≤ Kn < 0.1, the flow enters the slip regime, developing sliding effects at

solid interfaces that require modified boundary conditions for proper modeling (Krüger

et al., 2017).

At higher values (0.1 ≤ Kn < 10), the fluid is in the transitional regime, where

characteristics of both the continuum and molecular regimes coexist, making meso-

scopic methods such as LBM particularly suitable. Finally, for Kn ≥ 10, the flow

reaches the free molecular regime, in which the particles move essentially without

collisions, requiring microscopic approaches based on kinetic theory for their correct

description. This multiscale perspective is fundamental to understanding how methods

based on kinetic theory, such as LBM, can simulate classical fluid mechanics phenom-

ena from statistical principles (Krüger et al., 2017). Figure 1 and Table 1 summarizes

the regimes discussed.

Figure 1 – Knudsen number and gas flow regimes

Source: Adapted from Zhao and Ji (2022, p.2).

In this way, understanding the different scales involved in fluid dynamics makes

it possible to establish a conceptual bridge between microscopic and macroscopic ap-
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Chart 1 – Classification of flow regimes according to Knudsen number

Value of Kn Type of model

Kn → 0 Inviscid flow (Euler equations).
Kn ≤ 0, 001 Continuous flow (Navier-Stokes-Fourier equations).
0, 001 ≤ Kn ≤ 0, 1 Slipping regime (Navier-Stokes equations with velocity

slip and temperature jump as boundary conditions).
0, 1 ≤ Kn ≤ 10 Transition regime (Boltzmann equations or particle

methods such as DSMC).
Kn ≥ 10 Free molecular path regime (particle methods such as

DSMC).
Source: Author (2025).

proaches. Mesoscopic methods, such as LBM, make it possible to derive the equations

governing the fluid’s continuous behavior from the statistical foundations of kinetic the-

ory. Using the Chapman-Enskog expansion, for example, it is possible to obtain ex-

pressions representing fundamental conservation laws from the simplified Boltzmann

equation. Among these laws is the conservation of mass, expressed by the continuity

equation, which is presented in the following subsection.

2.1.2 Continuity Equation

Assuming that the fluid behaves as a continuous medium, the analysis begins

with the principle of mass conservation, which states that mass can neither be created

nor destroyed (White, 2016). Consequently, any variation of mass in a fixed control

volume must result exclusively from the entry or exit of mass through the boundaries

of that volume.

This principle is represented in integral form by Equation 2:

∂

∂t

∫

V

ρdV = −

∮

∂V

ρu · dA = −

∫

V

∇ · (ρu) dV (2)

where ρ represents the density of the fluid, u is the velocity vector, and dA is the area

vector oriented outward from the control volume.

By applying the divergence theorem and considering an arbitrary control vol-

ume, the differential form of Equation 2 is obtained:

∂ρ

∂t
+∇ · (ρu) = 0 (3)

which locally expresses the conservation of mass in a flowing fluid.

2.1.3 Navier-Stokes equation

Based on Newton’s second law, the Navier–Stokes equation expresses the

rate of change of momentum inside a control volume as the balance between the mo-
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mentum flux through its boundaries and the external forces acting on the fluid. This

formulation distinguishes contact forces, represented by pressure and viscous stresses

on the control surface, from body forces distributed volumetrically, both of which con-

tribute to the net variation of momentum.

This principle is represented in integral form by Equation 4:

∂

∂t

∫

V

ρu dV = −

∮

∂V

ρ (uu) · dA−

∮

∂V

p dA+

∮

∂V

τ · dA+

∫

V

F dV (4)

where ρ represents the density of the fluid, F is the vector of external forces, p corre-

sponds to the pressure, u is the velocity vector, τ is the stress tensor and dA is the

area vector, oriented away from the control surface.

By applying the conservation of momentum principle and considering an in-

compressible fluid with constant viscosity, we obtain the Navier–Stokes equation:

ρ
Du

Dt
= −∇p+ µ∇2u+ F , (5)

where ∇p represents the pressure gradient, µ∇2u the viscous term, and F the body

forces. This formulation adopts the Newtonian fluid assumption, meaning that the vis-

cous stress tensor is proportional to the rate-of-deformation tensor:

τ = µ
(

∇u+ (∇u)T
)

.

The divergence of this tensor simplifies to the term µ∇2u due to the incompressibility

constraint (∇ · u = 0).

The momentum balance can also be expressed in the general form known as

the Cauchy momentum equation:

∂(ρu)

∂t
+∇ · (ρuu) = ∇ · σ + F, (6)

where σ is the Cauchy stress tensor, which incorporates both pressure and viscous

contributions and represents the contact forces acting on the fluid. The definition of

the Cauchy momentum equation will be useful later for recovering the macroscopic

equations of fluid mechanics through the Boltzmann equation.

2.2 KINETIC THEORY OF GASES

The kinetic theory of gases provides the microscopic foundation for under-

standing the macroscopic behavior of fluids. At the molecular level, gases consist of

an immense number of particles in constant chaotic motion. Attempting to determine

the exact position and velocity of each particle over time in order to describe the fluid

as a whole is an unfeasible task. Recognizing this, James Clerk Maxwell and Lud-

wig Boltzmann applied the principles of statistical mechanics to formulate a theory that
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connects microscopic dynamics with macroscopic thermodynamic and hydrodynamic

properties. Within this framework, the kinetic theory of gases not only explains the fun-

damental behavior of fluids but also establishes the basis for modern particle-based

computational models, such as the LBM, which will be addressed in the following sec-

tions.

2.2.1 Distribution Function

The central quantity in kinetic theory is the particle distribution function f(x, ξ, t)

(Krüger et al., 2017). While ρ(x, t) describes the macroscopic mass density at a given

position x and time t, the distribution function provides a more detailed picture: it char-

acterizes the density of particles not only in physical space but also in velocity space.

In other words, f(x, ξ, t) can be interpreted as the mass density of particles located at

position x = (x, y, z) and moving with velocity ξ = (ξx, ξy, ξz) at time t.

From this microscopic perspective, macroscopic quantities such as density,

momentum, and energy can be obtained as moments of the distribution function. For

instance, the mass density is given by

ρ(x, t) =

∫

f(x, ξ, t) dξ , (7)

while the momentum density is expressed as

ρ(x, t)u(x, t) =

∫

ξ f(x, ξ, t) dξ , (8)

where u(x, t) denotes the macroscopic velocity field. Higher-order moments, such as

those involving quadratic terms in ξ, are associated with quantities like pressure and

stress tensors.

The total energy density of the system can also be recovered from f . It is given

by the second-order moment of the particle velocities:

ρ(x, t)E(x, t) =
1

2

∫

|ξ|2 f(x, ξ, t) dξ , (9)

where E(x, t) is the total energy per unit mass, which includes both the macroscopic

kinetic energy 1

2
|u|2 and the internal energy associated with the random thermal motion

of the gas particles. To isolate the internal energy contribution, one introduces the

concept of peculiar velocity, v = ξ − u, which measures the deviation of the particle

velocity from the local mean velocity, and substitutes it into Equation 9, leading to:

ρ(x, t) e(x, t) =
1

2

∫

|v|2 f(x, ξ, t) dξ (10)

where e is the internal energy per unit mass.
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Pressure can also be expressed as a moment of the distribution function. The

most direct derivation comes from considering that particles impart momentum when

colliding with a surface. Each collision transfers momentum normal to the surface, and

the cumulative effect of these collisions per unit time and area defines the pressure.

As a shortcut, the same result can be reached via the equipartition theorem

of classical statistical mechanics. Each degree of freedom (i.e. translation, vibration

and rotation) contributes 1

2
RT to the specific internal energy (Thompson, 1972), where

R is the specific gas constant and T is the temperature. For monatomic gases, only

translational motion exists, providing three degrees of freedom. Consequently, the

internal energy per unit mass is

e =
3

2
RT (11)

and, by the ideal gas law,

p = ρRT . (12)

Combining both relations leads to a direct connection between pressure and

internal energy:

p =
2

3
ρe =

1

3

∫

|v|2 f(x, ξ, t) dξ (13)

2.2.2 Equilibrium Distribution Function

When two particles collide at the microscopic level, their outgoing directions

are highly sensitive to small variations in their initial relative positions. As a result,

collisions tend to randomize these directions and progressively even out the angular

distribution of particle velocities around the mean velocity v. If the system is left undis-

turbed for a sufficient amount of time, this process leads the distribution function toward

an equilibrium state, which becomes isotropic in velocity space centered around ξ = u.

For monoatomic particles this state of equilibrium can be described by the

Boltzmann distribution function given by

f eq(v) =

(

m

2πkbT

)
3

2

exp

(

−
m |v|2

2kbT

)

, (14)

where kb is the Boltzmann constant and R = kb/m.

2.2.3 Maxwell-Boltzmann Equation

One may describe the system through the distribution function of its particles,

but what is truly compelling is to understand how this system evolves over time. To

bridge the gap between microscopic dynamics and macroscopic behavior, James Clerk
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Maxwell and Ludwig Boltzmann formulated the foundational principles of statistical me-

chanics, introducing an equation that makes it possible to analyze the temporal evolu-

tion of distribution functions.

In this section, the standard index notation commonly used in kinetic theory will

be adopted to express spatial and velocity derivatives in a compact form. For a detailed

explanation of this notation, the reader is referred to Kundu et al. (2024), which provides

an extended and accessible presentation of its foundations. This notation simplifies the

representation of tensor contractions and will be employed throughout the remaining

derivations.

The rate of change of the probability along the trajectory of a particle under the

exclusive action of an external force is zero. However, when the particle can undergo

collisions with other particles, this probability may change. The variation associated

with collisions is represented by the collision operator, denoted by Ω(f). This leads to

the following relation:

df

dt
=

∂f

∂t
+

∂f

∂xβ

dxβ

dt
+

∂f

∂ξβ

dξβ
dt

= Ω(f). (15)

Looking at this equation, one observes that the term dxβ/dt = ξβ, and from

Newton’s second law, the specific body force gives dξβ/dt = Fβ/ρ. Substituting in

Equation 15 gives:

df

dt
=

∂f

∂t
+ ξβ

∂f

∂xβ

+
Fβ

ρ

∂f

∂ξβ
= Ω(f) . (16)

This equation can be regarded as a kind of advection equation: the first two

terms represent the distribution functions advected with the velocity ξ of its particles.

The third term accounts for the forces acting on this velocity. On the right-hand side, we

have the source term, which represents the local redistribution of f due to collisions.

It is known that collisions conserve quantities of mass, momentum, and in

the monoatomic case, translational energy. These conservation constraints can be

represented as moments of the collision operator (Krüger et al., 2017).

∫

Ω(f) d3ξ = 0 (17)

∫

ξ Ω(f) d3ξ = 0 (18)

∫

|ξ|2 Ω(f) d3ξ = 0 (19)
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Any useful collision operator must both respect the conserved quantities as

expressed and ensure that the distribution function f locally evolves towards its equi-

librium feq.

2.2.4 Connection with Fluid Mechanics

The link with the macroscopic equations of fluid mechanics arises from tak-

ing moments of the Boltzmann equation (Equation 16), obtained by multiplying it by

functions of ξ and integrating over the velocity space:

Π0 =

∫

f d3ξ = ρ , (20)

Πα =

∫

ξαf d3ξ = ρuα , (21)

Παβ =

∫

ξαξβf d3ξ , (22)

Παβγ =

∫

ξαξβξγf d3ξ . (23)

The first two moments yield the macroscopic fields of mass and momentum

density. The second-order moment directly represents the momentum flux tensor ac-

cording to the definition of the distribution function.

In order to incorporate force terms, it is necessary to evaluate the correspond-

ing moments of the force term. This can be achieved by performing an integration by

parts, as shown below:

∫

∂f

∂ξβ
d3ξ = 0, (24)

∫

ξα
∂f

∂ξβ
d3ξ = −

∫

∂ξα
∂ξβ

f d3ξ = −ρδαβ, (25)

∫

ξαξα
∂f

∂ξβ
d3ξ = −

∫

∂(ξαξα)

∂ξβ
f d3ξ = −2ρuβ. (26)

Integrating the Boltzmann equation (Equation 16) over the velocity space al-

lows us to derive the mass conservation equation:

∂

∂t

∫

f d3ξ +

∫

ξβ
∂f

∂xβ

d3ξ +
Fβ

ρ

∫

∂f

∂ξβ
d3ξ =

∫

Ω(f) d3ξ. (27)
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After substituting Equations 17, 20, 21, and 24, the differential form of the

mass conservation equation is obtained, which corresponds to the well-known conti-

nuity equation:

∂ρ

∂t
+

∂(ρuβ)

∂xβ

= 0 . (28)

This relation expresses the local conservation of mass, where the rate of den-

sity change in time is balanced by the divergence of the mass flux.

To obtain the momentum conservation law, one considers the first moment of

the Boltzmann equation. By multiplying the equation by ξα and integrating over the

velocity space, the following expression is derived:

∂(ρuα)

∂t
+

∂Παβ

∂xβ

= Fα . (29)

This equation corresponds to the balance of linear momentum, where the tem-

poral variation of momentum density and the divergence of the flux tensor are driven

by the external force term Fα.

Extending this procedure to the second moment of the Boltzmann equation

allows us to obtain the energy conservation relation. In this case, the equation reads:

∂(ρE)

∂t
+

1

2

∂Πααβ

∂xβ

= Fβuβ . (30)

Here, the temporal evolution of the energy density ρE is linked to the transport

of higher-order fluxes and the work performed by external forces.

The ability to recover the governing equations of fluid mechanics from the ki-

netic theory of gases, under appropriate assumptions, demonstrates the consistency

of the formalism and reinforces its validity. This approach establishes the connec-

tion between the microscopic description and the macroscopic conservation laws. A

more detailed account of the derivations presented above can be found in He and Luo

(1997).

2.3 LATTICE BOLTZMANN METHOD (LBM)

The governing equations of fluid mechanics are notoriously difficult to solve

in the general case. While specific configurations, such as Couette or Poiseuille flow,

admit analytical solutions, most practical problems require numerical treatment.
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From the previous sections, we have seen that macroscopic fluid properties

can be recovered through a mesoscopic analysis of the Boltzmann equation. How-

ever, obtaining an analytical solution is a complex challenge, since its fundamental

quantity—the distribution function—depends on seven variables: x, y, z, ξx, ξy, ξz and

t. Paradoxically, when discretized in a particular manner, the Boltzmann equation be-

comes a numerical method of simple implementation and high scalability.

2.3.1 Fundamentals of LBM

The LBM relies on a kinetic description of fluid motion in which the state of

the system is represented by particle distribution functions evolving on a discrete lat-

tice. To introduce the dynamics of the method, the discrete evolution of these particle

populations is first expressed by the Lattice Boltzmann Equation, obtained from the

discretization of the kinetic formulation in velocity space, physical space, and time:

fi(x+ ci∆t, t+∆t) = fi(x, t) + Ωi(x, t), (31)

which shows that the evolution of the distribution function fi in the lattice is governed

by the collision process Ωi occurring locally.

Although different collision operators such as BGK, TRT, and MRT are avail-

able in the literature and will be discussed separately later, they all share the fundamen-

tal idea that the particle populations relax toward an equilibrium state. This equilibrium

is obtained from the Hermite expansion of the Maxwell–Boltzmann distribution, leading

to the expression:

f eq
i (x, t) = wiρ

(

1 +
u · ci
c2s

+
(u · ci)

2

2c4s
−

u · u

2c2s

)

. (32)

With the equilibrium distribution defined, the connection to macroscopic quan-

tities becomes clear. In the LBM, the fundamental quantity is the discrete-velocity

distribution function fi(x, t), also referred to as the particle population. Although anal-

ogous to the continuous distribution function from kinetic theory, here both the position

x and the discrete velocities ci lie on a regular lattice with spacing ∆x and timestep

∆t. From these populations, the macroscopic fields are obtained through the standard

kinetic moments:

ρ(x, t) =
∑

i

fi(x, t) and ρu(x, t) =
∑

i

cifi(x, t). (33)

The key distinction is that the distribution function is no longer continuous but

defined over a finite set of velocity directions, representing a fundamental shift from

classical formulations. This structure sets the LBM apart from conventional CFD meth-

ods not because space and time are represented on a grid—an aspect shared with
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finite-difference, finite-volume, and finite-element approaches—but because the range

of admissible particle velocities is restricted to a prescribed set.

The construction of the velocity set can follow different strategies. A common

convention is the notation DdQq, where d denotes the number of spatial dimensions

and q the number of discrete velocities; widely used examples in the literature include

D1Q3, D2Q9, D3Q15, D3Q19, and D3Q27 (Figure 2). Although enlarging this set

generally enhances the ability to capture more physical behavior, it also increases the

associated memory cost.

Figure 2 – Velocity sets example — D2Q9 and D3Q15

Source: Chen et al. (2017, p. 3).

In addition to defining the velocity directions, each set is associated with a spe-

cific collection of weights wi, which determine the relative contribution of each velocity

to the macroscopic variables (Table 1). These weights arise from the lattice represen-

tation of the Maxwell–Boltzmann equilibrium distribution and are chosen so that the

discrete model reproduces the correct hydrodynamic moments up to second order.

Table 1 – Velocities and weights of the D2Q9 model

i 0 1 2 3 4 5 6 7 8

wi
4

9

1

9

1

9

1

9

1

9

1

36

1

36

1

36

1

36

cix 0 1 0 -1 0 1 -1 -1 1

ciy 0 0 1 0 -1 1 1 -1 -1
Source: Krüger et al. (2017, p. 88).

Another interesting characteristic of the LBM is that the time step ∆t and the

lattice spacing ∆x representing the temporal and spatial resolution of the simulation

can be chosen as any system of units. Although one may employ SI or Imperial units,

the lattice unit system is most commonly adopted because it sets both ∆t = 1 and

∆x = 1, which simplifies operations in lattice space while still allowing conversion

back to physical units through the nondimensional parameters of the problem. This

guarantees that physical behavior is consistently reproduced across different scales,

provided that the relevant dimensionless numbers, such as the Reynolds number, are

properly matched.
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In view of the previous discussion, the LBM is structured into two elementary

steps: collision and streaming. As noted earlier, the particle distribution functions fi at

each lattice node interact and relax toward equilibrium, modeling the effect of micro-

scopic collisions, while the specific form of this relaxation is determined by the chosen

collision operator, which strongly influences the accuracy, stability, and computational

cost of the method.

The collision step is followed by the streaming step, in which the post-collision

distributions f ∗
i are advected along the discrete velocity directions ci defined by the

lattice, as expressed by

fi(x+ ci∆t, t+∆t) = f ∗

i (x, t) . (34)

This transport corresponds to the propagation of the distribution functions from

the current node to the neighboring nodes in the direction of ci, establishing communi-

cation between lattice sites (Figure 3) and enabling the temporal evolution of the flow

field.

Figure 3 – Collision-Streaming Process

Source: Krüger et al. (2017, p. 65).

After the streaming process, it is necessary to impose the boundary condi-

tions of the problem, as the accuracy of the method depends on their proper treat-

ment, ensuring that the physical constraints at the domain boundaries are correctly

enforced. Since these constraints play a central role in this work, the boundary condi-

tions adopted will be discussed in detail in a later section.

2.3.2 Collision operators: BGK, TRT, MRT

In the LBM, the dynamics of the particle distributions are controlled by the

collision operator, which defines how the distribution functions fi relax towards their

equilibrium values f eq
i . The choice of collision operator directly affects the stability, ac-

curacy, and computational cost of the simulation. The most commonly used operators

are BGK, TRT, and MRT.



28

2.3.2.1 BGK Operator (Single Relaxation Time)

The BGK operator is the simplest and is also known as the single relaxation

time model (Bhatnagar et al., 1954; Qian et al., 1992). It is defined as

ΩBGK = −
1

τ
(f − f eq) , (35)

where τ is the relaxation time, and the kinematic viscosity of the fluid is related to τ by

ν = c2s

(

τ −
1

2

)

∆t, (36)

with cs being the lattice speed of sound.

This model replaces the full collision operator with a linear relaxation toward

an equilibrium, thereby eliminating the statistical noise inherent from older LBM ap-

proaches such as lattice gas automata (Qian et al., 1992). The equilibrium distribution

is truncated at second order in the macroscopic velocity, ensuring the required isotropy

to recover the incompressible Navier–Stokes equations through a Chapman–Enskog

expansion.

Although structurally simple, this operator enforces a single relaxation time

for all kinetic modes, which tightly couples viscosity, stability, and dissipation. This

constraint limits the robustness of the method in flows with strong gradients or very low

viscosities, where high sensitivity to the choice of τ may lead to numerical instabilities.

2.3.2.2 TRT Operator (Two Relaxation Time)

The TRT operator offers a compromise between the simplicity of BGK and the

robustness of MRT. In this model, all moments related to even-order polynomials in

velocity are relaxed with a rate ω+, and the odd-order moments with ω− (Ginzburg et

al., 2008). These relaxation rates follow the standard LBM definition ω = 1/τ , with τ

being the relaxation time. The particle distributions are decomposed into symmetric

and antisymmetric parts:

f±

i =
1

2
(fi ± fī) , (37)

where fī is the distribution in the opposite lattice direction of fi. Each component

relaxes towards equilibrium with a distinct relaxation time:

fi (x+ ci∆t, t+∆t) = fi − ω+∆t
(

f+

i − f eq+
i

)

− ω−∆t
(

f−

i − f eq−
i

)

. (38)

By appropriately choosing the relaxation parameters ω+ and ω−, the TRT

model achieves improved stability compared to the BGK model while remaining com-

putationally efficient. The TRT model recovers the Navier-Stokes equations with the

kinematic shear viscosity given by:
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ν = c2s

(

1

ω+
−

1

2

)

∆t. (39)

Even though the TRT formulation employs two relaxation parameters, the vis-

cosity depends solely on ω+, so the expression above is identical to the BGK viscosity

when ω+ = ω. This means that both schemes yield the same macroscopic viscous

behavior, and the improved stability of the TRT operator comes entirely from the inde-

pendent control of the odd kinetic modes through ω−.

While ω− may appear to be a free parameter, Ginzburg et al. (2008) introduces

the so-called magic parameter Λ, which characterizes the truncation error and stability

properties of the scheme. This parameter is defined as:

Λ =

(

1

ω+∆t
−

1

2

)(

1

ω−∆t
−

1

2

)

. (40)

By choosing an appropriate value of Λ, one fixes the odd-order relaxation rate

ω− and controls important numerical properties of the TRT scheme. Common choices

found in the literature include (Ginzburg et al., 2008):

• Λ = 1/12 cancels the third–order spatial error, leading to optimal accuracy for

pure advection problems.

• Λ = 1/6 cancels the fourth–order spatial error, providing the most accurate results

for pure diffusion equations.

• Λ = 3/16 places the effective bounce–back boundary exactly halfway between

wall and fluid nodes, producing correct Poiseuille flow profiles.

• Λ = 1/4 yields the most stable simulations, making it a robust default choice for

general applications(Ginzburg et al., 2010).

2.3.2.3 MRT Operator (Multiple Relaxation Time)

The MRT operator improves upon the BGK and TRT model by allowing differ-

ent relaxation rates for different moments (d’Humières, 1992; d’Humières, 2002). In

this formulation, all distribution functions fi are assembled into a vector f⃗ whose com-

ponents represent the particle populations associated with each discrete lattice veloc-

ity. To isolate the main kinetic contributions, the vector of distributions is transformed

into a vector of moments m⃗, whose entries are linear combinations of the fi.

Working in moment space is advantageous because each moment

corresponds to a specific kinetic mode. The conserved moments, density and momen-

tum, must not change during the collision step, while the higher-order non-conserved

moments can be damped at different rates to control numerical dissipation. This sepa-

ration allows the MRT operator to assign distinct relaxation rates to individual moments.
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In this way, the collision step is performed in the moment space, obtained by

m⃗ = Mf⃗, (41)

where M is the transformation matrix whose rows define the linear combinations that

map particle populations. The collision operator is then written as

ΩMRT = −M−1SM
(

f⃗ − f⃗ eq
)

, (42)

with S being a diagonal matrix containing the relaxation rates for each moment.

The main idea of the MRT model is to relax each moment individually through

the matrix S, and then transformed back to population space, where the streaming

process occurs normally.

This model provides better numerical stability and accuracy by enabling inde-

pendent tuning of the kinetic components that govern physical transport and those re-

sponsible for numerical dissipation. This makes it particularly suitable for high Reynolds

number flows, complex geometries, and cases where accuracy and robustness are

critical, at the cost of higher computational effort.

2.3.3 Boundary Conditions

Boundary conditions are required to properly constrain the solution of a fluid-

flow problem and ensure that the computed fields remain mathematically well posed

and physically meaningful. Without them, the system would admit multiple or undefined

solutions, preventing a stable and consistent description of the flow. In the LBM, the

same care is necessary when prescribing initial and boundary information. Defining

a boundary condition consists of assigning specific values to the distribution functions

fi(x, t) at the boundary nodes. Several boundary schemes have been developed for

this purpose, with the most commonly used being the bounce–back rule, prescribed-

velocity boundaries, and periodic conditions. The following subsections describe the

bounce-back method used to treat solid boundaries and the momentum exchange ap-

proach (MEA) used to compute the forces acting on the obstacle. The inlet and outlet

boundary conditions will be discussed later in the methodology section.

2.3.3.1 Zou and He (1997)

The inlet boundary condition with prescribed velocity in the LBM was formal-

ized by Zou and He (1997), who proposed a procedure based on the bounce-back

of the non-equilibrium part of the particle distributions. The method relies on the fact

that, after the streaming step, certain incoming populations are unknown and must be

reconstructed using the conservation equations together with an additional relation ob-

tained by reflecting the non-equilibrium component. The computation is performed by
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imposing the desired velocity at the boundary while determining the local density as

part of the solution.

In the two-dimensional D2Q9 case shown in Fig. 2, assuming a vertical inlet

boundary (for example, on the left side of the domain), the streaming step leaves the

populations f2, f3, f4, f6, f7 known. Given prescribed velocity components (ux, uy = 0),

the macroscopic definitions

ρ =
∑

i

fi (43)

and

ρu =
∑

i

fici (44)

are used to construct the system involving the unknown distributions f1, f5, f8. Applying

mass and momentum conservation yields

f1 + f5 + f8 = ρ− (f0 + f2 + f3 + f4 + f6 + f7), (45)

the x-momentum equation gives

f1 + f5 + f8 = ρuin + (f3 + f6 + f7), (46)

and the y-momentum equation gives

f5 − f8 = −f2 + f4 − f6 + f7. (47)

Consistency between Equation 45 and 46 provides the density at the inlet,

ρ =
f0 + f2 + f4 + 2(f3 + f6 + f7)

1− uin

, (48)

when the velocity is prescribed. For the case of prescribed density, the velocity be-

comes the unknown and is obtained from the same equations with reversed roles. In

both formulations, the remaining distributions are evaluated by enforcing bounce-back

of the non-equilibrium part, namely,

f1 − f eq
1 = f3 − f eq

3 , (49)

for opposite velocity directions normal to the boundary, which closes the system.

Using this additional relation, the unknown distributions take the explicit form

f1 = f3 +
2

3
ρinux, (50)

f5 = f7 +
1

2
(f2 − f4) +

1

6
ρinux, (51)

f8 = f6 +
1

2
(f2 − f4) +

1

6
ρinux, (52)

which correspond to the reconstructed inlet populations consistent with the imposed

kinematics and the reflected non-equilibrium state.
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2.3.3.2 Breuer et al. (2000)

In the LBM simulations of Breuer et al. (2000), the inlet boundary condition was

defined to reproduce a fully developed laminar channel flow upstream of the square

cylinder, enforcing a parabolic velocity profile with a prescribed maximum velocity umax.

This analytical Poiseuille profile was imposed at the left boundary of the channel.

Figure 4 – Breuer et al. (2000) inlet condition

X = 0 X = 1 X = 0

Source: Author (2025).

As illustrated in Figure 4, to implement this inflow condition in the LBM frame-

work, the authors computed the equilibrium distribution at the inlet using the desired

velocity field and a density extrapolated from inside the domain. Because only equilib-

rium distributions were applied, the authors extended the inlet length to guarantee that

the slight non-equilibrium error introduced at the boundary vanished before reaching

the cylinder.

2.3.3.3 Bounce-Back Method

The bounce-back condition is based on the principle that, when particle dis-

tributions propagate toward a solid boundary, they are reflected back to the site from

which they originated (Figure 5). This approach implies that particles do not penetrate

the solid barrier and enforces the no-slip condition at the wall.

Figure 5 – Schematic for the Bounce-Back boundary condition.

Source: Krüger et al. (2017, p. 176).
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Populations leaving a given lattice node are reflected with the same magnitude

and direction of velocity but with opposite orientation, following cī = −ci, and they

return to the original node at time t+∆t. This process is expressed mathematically by:

fī(x, t+∆t) = f ∗

i (x, t) (53)

where f ∗
i is the distribution post-collision.

Following this idea, two commonly used formulations of the bounce-back

scheme are the halfway and fullway. In the halfway model (Figure 6b), particle distribu-

tions are assumed to reach the wall halfway through a time step, so after streaming the

reflected population returns directly to the lattice node from which it departed. In the

fullway model (Figure 6a), the particle distributions are assumed to require an entire

time step to reach the boundary before being reflected.

Figure 6 – Schematic for the Fullway (a) and Halfway (b) Bounce-back.

Source: Krüger et al. (2017, p. 177).

This work adopts the halfway scheme because it is simpler to implement and

provides second-order accuracy at the solid wall. In contrast, the fullway formulation

achieves only first-order accuracy, making the halfway model a more accurate choice

for representing solid boundaries and enforcing the no-slip condition within the LBM

framework

2.3.3.4 Force Calculation Method

The force acting on the obstacle is evaluated using the Momentum Exchange

Method (MEM). In this approach, the interaction between fluid particles and the solid

boundary is computed during the streaming step of the Lattice Boltzmann Method.

Each time a distribution function fi moving in direction ci is reflected at a solid node, the

associated momentum is exchanged between the fluid and the surface (Ladd, 1994).
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The total momentum exchange can be expressed as

∆P =
∑

x⃗ϵS

∑

iϵQ

2fi(x⃗)ci , (54)

where S denotes the set of nodes located at the boundary surface, Q is the number of

discrete velocities associated with the chosen velocity set (e.g., Q = 9 for D2Q9 and

Q = 19 for D3Q19). Here, fi is the incoming distribution from the neighboring fluid

node in direction i, and ci is the corresponding discrete velocity for that direction.

If it is assumed that the momentum is exchanged smoothly during one time

step ∆t, one can easily find the force acting on the boundary:

F =
∆P

∆t
. (55)

From the force components, drag and lift coefficients can be computed as

Cd =
Fx

1

2
ρU2 D

, Cl =
Fy

1

2
ρU2 D

, (56)

where Fx and Fy are the streamwise and transverse force components, ρ the fluid

density, U the reference velocity, and D the characteristic length (the side of the square

cylinder).

Chapman–Enskog analysis shows that the method achieves second-order ac-

curacy in space and time when combined with the bounce-back boundary condition.

This means that the discretization error in the force calculation decreases proportion-

ally to ∆x2 and ∆t2. As a result, the MEM is computationally simple while still providing

reliable and accurate force predictions in LBM simulations.

2.4 FLOW AROUND OBSTACLES AND VORTEX FORMATION

Understanding how the flow behaves around immersed bodies is essential for

analyzing the resulting physical processes. Given that the main focus of this work

is the square obstacle, this section presents literature findings that examine how the

Reynolds number influences different flow regimes.

The flow around bluff bodies, such as square cylinders, exhibits a variety of hy-

drodynamic regimes that are strongly dependent on the Reynolds number. At very low

Reynolds numbers (Re < 1), the flow is dominated by viscous forces, characterizing

the so-called creeping flow, where no boundary layer separation occurs, as shown in

Figure 7.

As Re increases, the flow begins to separate at the trailing edges of the cylin-

der, giving rise to a steady recirculation region composed of two symmetric vortices

behind the obstacle, as shown in Figure 8.



35

Figure 7 – Creeping Flow at Re = 1

Source: Breuer et al. (2000, p. 190).

Figure 8 – Recirculation region at Re = 30

Source: Breuer et al. (2000, p. 190).

The length of this recirculation region grows linearly with Re, a behavior similar

to that observed for circular cylinders, but with particularities due to the corners of the

square body. According to Breuer et al. (2000), for Reynolds numbers in the range

5 < Re < 60, the recirculation length is given by the empirical relation calculated by as

Lr

D
= −0.065 + 0.0554Re, (57)

where Lr is the recirculation length and D the cylinder diameter.

When the Reynolds number reaches critical values (Re ≈ 60), the recirculation

region becomes unstable, and periodic vortex shedding occurs, forming the well-known

von Kármán vortex street, as shown in Figure 9.

At this stage, transverse oscillations start at the end of the near-wake and

propagate downstream, generating an alternating periodic vortex pattern. The shed-

ding wavelength decreases with increasing Re, intensifying the oscillation frequency.
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Figure 9 – Von Kármán Vortex Street at Re = 60

Source: Breuer et al. (2000, p. 190).

For higher values (Re ≈ 100 − 200), flow separation already occurs at the

leading edges of the square cylinder, significantly changing the wake dynamics and a

clear von Kármán vortex street forms in a laminar regime.

Figure 10 – Von Kármán Vortex Street at Re = 200

Source: Breuer et al. (2000, p. 190).

At Re > 300, although two-dimensional results are still attainable, the literature

indicates that three-dimensional structures start to appear, leading to the transition to

turbulence in the free shear layers.

Dimensionless parameters such as the drag coefficient (Cd), the recircula-

tion length (Lr), and the Strouhal number (St) are widely used to characterize these

regimes, and at low Re the coefficient Cd varies strongly because it reflects the bal-

ance between viscous and pressure forces. The recirculation length increases roughly

linearly with Re, while the Strouhal number rises until a maximum near Re ≈ 150 and

then decreases toward nearly constant values, a behavior linked to the shift of the

separation point that modifies the shedding frequency.
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3 METHODOLOGY

The present work was conducted through an approach aimed at studying the

influence of boundary conditions and collision models on the flow around a bluff body

in Lattice Boltzmann simulations. This approach can be outlined in three main stages:

a review of the literature , the implementation of a simulation code, the validation of the

developed code and the comparison with recent studies.

In the literature review, the primary objective was to identify previous studies in

which the method was applied to flows in closed channels and in domains with obsta-

cles. Alongside numerical investigations, experimental works conducted under condi-

tions comparable to those in recent studies were also examined. This dual perspective

provides means to validate and evaluate the simulations. During the review, however,

a noticeable gap was identified regarding the assessment of boundary conditions and

their influence on the accurate representation of flow phenomena.

Subsequently, a custom code was developed in C++ to simulate the case under

investigation, designed to facilitate the testing of different boundary conditions and

collision operators. Computational resources and technical support for running the

simulations were provided by the Laboratory of Scientific Computing (LabCC) at the

Federal University of Santa Catarina, where the executions were performed on its high-

performance computing cluster.

Finally, the code was validated against a plane Poiseuille flow benchmark over

a range of grid resolutions, Reynolds numbers, and boundary conditions. Building

upon it, the study reproduced the results of Wang et al. (2015) and systematically

varied the outlet boundary conditions, allowing the identification of the configuration

that best replicates the available experimental data from Reyes et al. (2013).

3.1 STATE OF THE ART

Flow around bluff bodies is an important problem in fluid dynamics due to its

relevance in aeronautics, civil engineering, and geophysical applications. The un-

steady wakes behind simple obstacles such as squares, cylinders or spheres serve

as canonical models for more complex flows. Among the main features are the on-

set of vortex shedding, its transition to three-dimensionality, and the emergence of

secondary instabilities, which are critical for understanding force fluctuations, noise

generation, and flow-induced vibrations.

Early work by Kármán (1911) established the theoretical basis for the vortex

street mechanism behind bluff bodies, describing the periodic shedding of vortices in

the wake of a cylinder. Later, Homann (1936) investigated the phenomena responsible
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for erroneous Pitot tube readings in viscous flows. The study combined experiments

and theoretical analysis, providing some of the first systematic data on pressure and

velocity distributions around cylinders, which contributed to the early understanding of

bluff-body aerodynamics.

Building on this foundation, Shair et al. (1963) showed experimentally that the

stability of the laminar wake behind a circular cylinder is strongly influenced by confine-

ment. Their results emphasized the role of blockage effects in interpreting laboratory

measurements of vortex shedding and transition. In parallel, other researchers such

as Vickery (1966) and Nakaguchi et al. (1968) extended investigations to rectangular

cylinders.

Later, Bearman and Trueman (1972), Okajima (1982), Bearman and Obasaju

(1982), provided experimental studies of rectangular-cylinder wakes. Bearman and

Trueman (1972) examined the effect of depth-to-width ratio d/h on drag, base pres-

sure, and Strouhal number. Bearman and Obasaju (1982) extended this by measuring

pressure fluctuations in square cylinders, both fixed and oscillating. They showed that

in the lock-in regime the vortex shedding frequency synchronizes with the body mo-

tion, altering surface pressures and reducing mean drag, with two shedding modes

observed: one natural and another tied to the oscillation frequency. In parallel, Oka-

jima (1982) mapped Strouhal numbers for rectangular cylinders over a wide range of

Reynolds numbers using water channels for low Reynolds and wind tunnels for higher

Reynolds, identifying discontinuities and two distinct regimes depending on whether

the flow reattached on the sides or not.

Davis et al. (1984) combined experiments and two-dimensional simulations,

showing the influence of blockage ratio on vortex shedding. Mukhopadhyay et al.

(1992) extended this with a systematic numerical study, demonstrating that confine-

ment damps wake periodicity downstream, reestablishing a parabolic profile and linking

unconfined and confined regimes. Suzuki et al. (1993) reported a “crisscross” vortex

motion across the channel centerline, absent in unconfined wakes, further stressing

the role of blockage. With increasing computational resources, Breuer et al. (2000)

achieved high-fidelity simulations in good agreement with experiments, while Turki et

al. (2003) analyzed different blockage ratios, showing their effect on the onset of shed-

ding, force coefficients, and wake symmetry. Together, these contributions established

how geometry, Reynolds number, and confinement govern rectangular-cylinder wakes.

More recently, the LBM has been applied to this problem. Wang et al. (2015)

performed two-dimensional LBM simulations of square cylinders in a channel, ana-

lyzing Reynolds and collision operators. Their computations reproduced lift and drag

coefficients, confirming that LBM captures the primary shedding mechanism. How-

ever, no experimental data was found in the literature for confined square cylinders

in the Reynolds range considered by Wang, which limits direct validation of their re-
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sults. They also reported that the method could not reproduce the secondary oscil-

lation modes observed numerically by Breuer et al. (2000) using FVM, highlighting a

possible limitation of standard LBM models. While Okajima (1982) conducted experi-

ments within the same Reynolds number range but on unconfined cylinders, Bearman

and Obasaju (1982) focused on different blockage ratios but at Reynolds numbers out-

side the range considered by Wang et al. (2015), thus preventing a direct comparison

with their numerical results.

In contrast, Reyes et al. (2013) provided experimental data for confined three-

dimensional laminar flow past a square prism with a high blockage ratio (1/2.5) and

aspect ratio 1, observing that lateral walls significantly affect the flow. They found that

confinement delays the onset of vortex shedding to Re ≈ 170, compared to Re ≈ 60 for

unconfined cases, and that the transition from steady to unsteady flow occurs gradually

through a pulsating recirculation regime. Although the geometry and dimensionality

differ from the two-dimensional setup of Wang et al. (2015), the experimental results of

Reyes et al. (2013) were used in the present work as a reference for comparison with

the numerical simulations in confined configurations.

In conclusion, the present work builds on these studies as part of a broader in-

cremental effort to apply the LBM to progressively more complex problems in aerospace

applications. With this motivation, a square cylinder was selected to avoid geomet-

ric uncertainties associated with curved surfaces and to rely on a configuration that

has been extensively studied experimentally, providing an excellent benchmark for

analyzing inlet and outlet boundary conditions. Additionally, the work of Wang et al.

(2015) highlights the occurrence of secondary oscillation modes, which makes this

phenomenon particularly relevant to investigate in the context of confined flows.

3.2 SIMULATION SETUP

The numerical configuration adopted in this work follows the setup used by

Wang et al. (2015). The flow was simulated using the D2Q9 lattice model with BGK,

MRT, and TRT collision operators. A square cylinder with side length D = 40 was

positioned along the channel centerline, as illustrated in Figure 11.

Figure 11 – Schematic of the flow past a square cylinder in a 2D channel

Source: Adapted from Wang et al. (2015, p. 669).
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The computational domain was defined with overall dimensions L×H, where

L = 50D and H = 8D, with the cylinder centered at a distance L1 = 12.5D from

the inlet. The blockage ratio, defined as the ratio between the cube side length and

the channel height, was set to 1/8, and for comparison with the experimental study

of Reyes et al. (2013), the domain height was adjusted to match the corresponding

blockage ratio reported by the authors.

At the inlet, a parabolic velocity profile with a maximum velocity of 0.1cs (ten

percent of the speed of sound) was imposed to ensure incompressible flow, following

the boundary condition proposed by Breuer et al. (2000).

On the surfaces of the obstacle and channel walls, the half-way bounce-back

boundary condition was applied, ensuring second-order accuracy in the representa-

tion of no-slip solid boundaries. As illustrated in Figure 12, this condition operates

by reflecting the distribution functions into their opposite lattice directions during the

streaming step.

Figure 12 – Halfway Bounce-back Scheme

Solid
Fluid 526

87
4

Source: Author (2025).

At the outlet, four different approaches were tested—convective, null-derivative,

first order extrapolation and second order extrapolation conditions—in order to identify

the most suitable strategy for visualizing the secondary vortex shedding modes.

The relaxation parameter τ was obtained as

τ = 3ν + 0.5, (58)

where the kinematic viscosity ν is defined by

ν =
UmaxD

Re
, (59)

with Umax representing the maximum inlet velocity, D the cube side used as the charac-

teristic length, and Re the corresponding Reynolds number. This formulation allowed
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the analysis of cases within the range 60 ≤ Re ≤ 300, covering the transition from initial

vortex formation to the emergence of secondary modes reported in FVM studies.

The analysis of results focused on the characterization of vortices by calculat-

ing the lift coefficient over time, which was then subjected to spectral analysis using the

Fast Fourier Transform (FFT) to identify the dominant frequencies. The Power Spectral

Density (PSD) was used to represent the energy distribution of the signal as a func-

tion of frequency, allowing identification of the vortex shedding modes. The Strouhal

number, defined as

St =
fpD

Umax

, (60)

where fp denotes the dominant vortex shedding frequency, was employed as a di-

mensionless parameter to characterize the flow and to enable consistent comparison

between different boundary conditions and reference data.

The code was validated using a benchmark plane Poiseuille flow, where the L2

error norm was evaluated for all boundary conditions considered, as defined in Eq. (69).

Following this validation, a comparison with the results presented by Wang et al. (2015)

was conducted to assess whether the data obtained by the code were consistent with

their findings. Since no experimental data under the same conditions as the present

simulations are available, reference data from Reyes et al. (2013) were also con-

sidered, while acknowledging that these correspond to a confined three-dimensional

channel with a different confinement ratio. After these comparisons, simulations with

different outlet conditions were performed to analyze and compare the power spectra

associated with the various boundary conditions.

The computational implementation was developed in C++ with OpenMP for

parallelization, while post-processing and analysis were performed using Python 3.8

scripts. The NumPy and SciPy libraries were employed for numerical data handling,

and Matplotlib was used for graphical visualization. Flow field visualization was car-

ried out in Paraview, providing a qualitative analysis complementary to the quantitative

results.

3.2.1 Outlet boundary conditions

The accuracy and stability of LBM simulations strongly depend on the proper

definition of boundary conditions, particularly at the outlet where artificial reflections

can distort the flow field. To evaluate the influence of outlet treatment on the predic-

tion of vortex shedding, four types of conditions were implemented: convective, null

longitudinal velocity gradient, first-order extrapolation, and second-order extrapolation.
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3.2.1.1 Convective

The convective boundary condition assumes that flow disturbances are trans-

ported out of the computational domain with a prescribed convection velocity (Lou et

al., 2013). It is mathematically expressed as

∂ϕ

∂t
+ U

∂ϕ

∂x
= 0, (61)

where ϕ denotes a macroscopic variable and U represents the convection velocity.

In its discretized form, Lou et al. (2013) define the convective condition using

a first-order finite-difference scheme as

fi(x, t) =
fi(x, t−∆t) + U fi(x+ ci∆t, t)

1 + U
, (62)

where x is the position of the outlet node.

The bulk velocity U can be computed according to

U =



























Umax(t) ≡ max{u(x + ci, t)},

Uave(t) ≡
1

1 +M

∑

j u(x, t),

Ulocal(t) ≡ u(x, t).

(63)

These definitions yield three distinct measures of velocity, each associated with

a different level of flow characterization. The first, Umax, corresponds to the maximum

velocity observed in the lattice column immediately upstream of the outlet. The sec-

ond, Uave, represents the average velocity over that same upstream column, providing

a smoothed estimate of the flow. Finally, the local quantity Ulocal uses the macroscopic

velocity at each lattice site in the upstream column and applies it directly to the corre-

sponding outlet node.

Overall, this condition enables vortical structures to reach and cross the outlet

boundary with minimal interference. It also reduces spurious reflections back into the

computational domain (Breuer et al., 2000).

3.2.1.2 Second-Order Extrapolation (SOE)

By borrowing ideas from the finite-difference methods for partial differential

equations, some researchers were able to develop more general boundary schemes

for such problems, and a good example is the second-order extrapolation (Chen et al.,

1996). This method refines the outlet treatment by considering information from the

two nearest interior nodes, described as:

fi(x, t) = 2fi(x+ ci∆t, t)− fi(x+ 2ci∆t, t). (64)
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This scheme better approximates the streamwise gradient of the distributions,

providing a smoother continuation of the flow field at the outlet. However, is some

cases leads to unstable solutions (Zhao-Li et al., 2002).

3.2.1.3 First-Order Extrapolation (FOE)

In order to mitigate the instabilities associated with higher-order outlet treat-

ments, Dupuis (2002) adopts a first-order extrapolation scheme in which the unknown

particle distribution functions at the boundary are simply copied from the adjacent in-

terior node. This procedure represents a direct implementation of a zero-gradient con-

dition at the outlet, consistent with the formulation described in Sec. 3.4.3 of Dupuis

(2002). Formally, the extrapolation can be written as

fi(x, t) = fi(x+ ci∆t, t), (65)

where x denotes the outlet location and x + ci∆t corresponds to the last fluid node

upstream along direction i. This condition assumes that the distribution functions vary

negligibly in the streamwise direction, effectively enforcing a zero-gradient approxima-

tion.

3.2.1.4 Null Longitudinal Velocity Gradient (Null Gradient)

Following the idea of the FOE, the formulation presented in Section 3.4.4,

Dupuis (2002) extends this approach by treating the outlet boundary through the impo-

sition of a null longitudinal velocity gradient at the end of the channel. This condition is

implemented by copying the particle distribution functions from the before last column

into the last column, ensuring that the longitudinal variation of the flow remains mini-

mal at the outlet. As pointed out by Dupuis (2002), a simple copy of the distributions

would progressively increase the density at the boundary. To avoid this effect and to

preserve global mass conservation, the copied fields are scaled proportionally to the

density ratio between the outlet node and the adjacent interior node.

The resulting boundary condition is given by

fi(x, t) =
ρ(x, t)

ρ(x+ ci∆t, t)
fi(x+ ci∆t, t), (66)

where x denotes the outlet location and x + ci∆t identifies the last interior fluid node

aligned with direction i. In this expression, ρ(x, t) refers to the boundary density com-

puted at the current time step, obtained using the same moment relations employed in

standard Zou&He condition for the outlet on the right of the domain:

ρ(x, t) =

∑

i∈K

fi(x, t) + 2
∑

j∈L

fj(x, t)

1 + u(x+ ci∆t, t)
, (67)
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where K and L denote, respectively, the sets of velocity directions whose discrete ve-

locities satisfy cix = 0 (i.e., directions orthogonal to the boundary normal) and cix > 0

(i.e., incoming known populations at the right outlet). In a D2Q9 lattice, as seen in Fig-

ure 2, these sets reduce to K = {0, 2, 4} and L = {1, 5, 8}, which recovers the standard

Zou&He formulation. Finally, ρ(x+ ci∆t, t) corresponds to the density evaluated at the

adjacent interior node along the streaming direction.

As emphasized by Dupuis (2002), this condition prevents spurious density

growth at the outlet and serves as an effective way to maintain a physically consis-

tent outflow when employing velocity-based flow settlement strategies. Moreover, it

significantly reduces the number of iterations required to obtain a stationary Poiseuille

flow when compared to forcing strategies that impose pressure or body-force-driven

profiles.
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4 RESULTS AND DISCUSSIONS

4.1 BENCHMARK PLANE POISEUILLE

To ensure the reliability of the numerical implementation and to quantify the in-

fluence of boundary conditions on the solution, a plane Poiseuille flow benchmark was

first simulated. This flow has an analytical solution, derived from the Navier–Stokes

equations, expressed in terms of maximum velocity:

u(y) = Umax

[

1−
(y

h

)2
]

. (68)

Several combinations of inlet and outlet boundary conditions were evaluated

to quantify the numerical error introduced by each approach. A fully developed velocity

profile was initialized from Equation 68 in the inlet and compared with the numerical

results, allowing an assessment of the deviations across different boundary treatments.

The computational meshes preserved the same proportions as the finest mesh

proposed by Wang et al. (2015) (320 × 2000, in the H × L convention), but were

rescaled to 60 × 375, 80 × 500, and 180 × 1125 to reduce computational cost. This

approach allowed an analysis of mesh convergence while maintaining consistency with

the reference study.

4.1.1 Velocity Error Analysis

The global velocity error was quantified using the L2 norm

L2 =

√

√

√

√

Nx
∑

i=1

Ny
∑

j=1

(uana(i, j)− unum(i, j))
2

√

NxNy

, (69)

which measures the deviation of the numerical solution from the analytical profile

across the entire computational domain.

Figure 13 presents the L2 error for the inlet and outlet conditions as proposed

by Zou and He (1997), providing an initial assessment of the numerical deviations.

The convergence of the L2 error with mesh refinement indicates that the numerical

solution approaches the analytical profile, confirming the consistency and accuracy of

the implementation. Furthermore, the slope of the curve shows a second-order decay

rate, in agreement with the expected behavior reported in the literature for this class of

boundary conditions.

Figure 14 compares the analytical Poiseuille profile with the numerical results

obtained using three different meshes. The profiles show close agreement, with dis-
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Figure 13 – Global L2 error for Zou–He inlet/outlet boundary condition
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crepancies decreasing as the grid is refined, which further supports the convergence

analysis.

Figure 14 – Comparison of Poiseuille profiles for different meshes and the analytical
solution
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Table 2 summarizes the L2 errors for all combinations of inlet and outlet bound-

ary conditions. The results indicate that the convergence rate varies significantly

across the different boundary treatments. In particular, the Breuer and FOE outlets

showed a noticeably reduced rate of convergence, suggesting poorer agreement with

the imposed inlet profile. In contrast, the Zou&He and Null Gradient outlets paired
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with the Zou&He inlet delivered the highest convergence rates, reflecting better overall

consistency within the numerical scheme.

Table 2 – L2 error for all boundary condition combinations

Inlet

Outlet
Zou&He Breuer Convective FOE SOE Null Gradient

Zou&He 2.00 0.95 1.97 0.91 2.00 2.00

Breuer 0.96 0.96 1.05 0.91 1.26 0.96
Source: Author (2025).

In summary, the numerical implementation is able to reproduce the analytical

Poiseuille profile with convergence rates up to second order, depending on the bound-

ary condition combination. The configurations Zou&He + Zou&He, Zou&He + SOE and

Zou&He + Null Gradient provide the most accurate and stable behavior, making them

suitable choices for subsequent simulations.

4.1.2 Mass Conservation

In addition to velocity errors, the evaluation of mass accumulation in the domain

is an important step in the simulation, because variations in total mass may lead to the

appearance of non-physical phenomena. Since inlet and outlet boundary conditions

can introduce such imbalances, an analysis was performed for the specific configura-

tions used in this work.

To evaluate this effect, the same plane Poiseuille flow configuration used in the

validation tests was adopted and the mass accumulation was quantified by computing

the temporal variation of the total density in the domain, given by

∆M(t)

Mo

=

∑

x,y [ρ(x, y, t)− ρ(x, y, 0)]
∑

x,y ρ(x, y, 0)
,

where ρ(x, y, t) denotes the local density at time t. All simulations were run for a total

of 300s time steps for every combination of boundary conditions and mesh resolutions.

It is worth noting that the Zou & He and Breuer inlet conditions yielded identical

mass accumulation rates. This behavior is possibly attributed to the fact that the flow

is strictly imposed at the inlet, thereby making the global mass balance dependent on

the performance of the outlet boundary condition. Given this equivalence, and to avoid

redundancy, these two inlet cases are not explicitly distinguished in the data presented

below.

The results presented in Table 3 show some degree of mass accumulation in

all cases and reveal a notably larger increase when the FOE condition is applied. It

is also observed that the boundary configurations exhibiting the highest accumulation
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are those that use extrapolation of the distribution functions, which makes them more

prone to introducing density imbalances.

Table 3 – Mass accumulation (%) for all boundary conditions and meshes

Outlet
Lattices across channel width

60 80 180
Zou&He 0.58% 0.29% 0.06%
Breuer 0.50% 0.29% 0.06%

Convective 4.13% 2.96% 1.20%
FOE 14.53% 11.09% 5.09%
SOE 3.73% 2.74% 1.17%

Null Gradient 0.72% 0.41% 0.08%

Given that the simulations are conducted in the incompressible regime, these

small variations do not impact the velocity field. In incompressible LBM, the flow dy-

namics are governed primarily by the momentum distribution, making the observed

mass growth negligible.

4.1.3 Numerical Stability at High Reynolds Numbers

While the velocity and mass errors were small for low Reynolds numbers, simu-

lations at higher Reynolds numbers revealed numerical instabilities when the BGK col-

lision operator was coupled with the Zou and He (1997) inlet condition. For Re ≈ 250,

density fluctuations originated near the inlet corners and were amplified along the en-

trance with time, eventually leading to numerical blow-up. Figure 15 illustrates the

onset of these oscillations.

Figure 15 – Density fluctuations near the inlet for Zou&He condition at Re = 300

Source: Author (2025).

Attempts to initialize the field as fully developed or with a ramping of the inlet

velocity were also unsuccessful, and the instabilities persisted. The most likely cause

of this instability is the simpler relaxation structure of the BGK operator, which relies
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on a single relaxation parameter and therefore lacks the additional degrees of control

provided by the MRT model. This configuration produces an abrupt inlet condition that

the BGK scheme, particularly when coupled with the Zou and He (1997) treatment of

corner nodes, cannot properly handle, and even a mixed approach using Zou and He

(1997) for the unknown distributions (f1, f5, and f8) and bounce-back for the remaining

ones (as shown in Figure 16) did not eliminate the instability.

Figure 16 – Density fluctuations near the inlet for Zou&He condition at Re = 300.
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Consequently, the inlet condition proposed by Breuer et al. (2000) was adopted

for the simulations that follow due to its stability at higher Reynolds number cases, even

though it does not possess second-order accuracy. This limitation remains an open

issue to be addressed in future work.

Overall, the benchmark demonstrates that the numerical implementation ac-

curately reproduces the analytical Poiseuille solution, with convergence under mesh

refinement and some mass accumulation. Additionally, the tests highlight the impor-

tance of selecting stable boundary conditions for high Reynolds number flows. These

results provide a foundation for the subsequent comparison with the numerical simula-

tions reported by Wang et al. (2015).

4.2 INTERNAL FLOW AROUND A SQUARE CYLINDER

4.2.1 Comparison with Wang et al. (2015)

In an effort to replicate the simulations conducted by Wang et al. (2015), this

work employs a convective outlet boundary condition and an inlet boundary condition

following the method proposed by Breuer et al. (2000) (as described in Section 3).

The objective is to validate the implemented code by demonstrating that the physical

behaviors reported in their work are successfully reproduced.
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The analysis was carried out in two stages. First, a comparison between the

LBM collision models and the Discrete Unified Gas Kinetic Scheme (DUGKS) was

performed for low Reynolds numbers (Re ≤ 50), corresponding to a flow regime without

vortex shedding in the wake. Subsequently, simulations were conducted for higher

Reynolds numbers (60 ≤ Re ≤ 300) to examine flow separation and unsteady behavior.

For the low-Reynolds-number cases, the analysis focused on the velocity pro-

files at different cross-sections and on the evaluation of the drag coefficient. Figure 17

summarizes the profiles obtained from these simulations.

Figure 17a shows the streamwise velocity component normalized by the maxi-

mum inlet profile velocity along the centerline of the channel from the inlet to the outlet.

Figure 17b presents the streamwise velocity component normalized by the maximum

profile velocity along the vertical axis crossing the center of the square obstacle from

one domain wall to the other.

Figure 17c displays the transverse velocity component normalized by the max-

imum inlet profile velocity along the centerline of the channel from inlet to outlet. This

plot exhibits a noticeable peak in the transverse velocity near the obstacle because the

domain does not contain a lattice line exactly at the geometric center, which introduces

a small numerical asymmetry.

Finally, Figure 17d shows the transverse velocity component along the vertical

axis crossing the center of the square obstacle from one domain wall to the other.

Figure 17 – Velocity Profiles for Re = 30
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As observed, the BGK, MRT, and TRT collision operators all provide excellent

agreement with the results reported by Wang et al. (2015) using the DUGKS method.

This indicates that, for low Reynolds numbers without vortex shedding, the LBM is

capable of accurately reproducing the flow velocity field.

Figure 18 shows the mean drag coefficient (C̄d) as a function of the Reynolds

number. Once again, it can be seen that the LBM collision operators replicate the same

flow behavior observed by Wang et al. (2015).

Figure 18 – Mean Drag Coefficient for Re ≤ 50
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When entering the regime with vortex shedding, some differences in the mean

drag coefficient (C̄d) are observed as the flow approaches the upper limit of the laminar

regime for this problem. As shown in Figure 19, the LBM closely follows the data

reported by Wang et al. (2015). It is interesting to note that the TRT model exhibits a

slight deviation in this range and tends to approach the results of Breuer et al. (2000)

at higher Reynolds numbers, which is consistent with the fact that the TRT formulation

is designed to reduce wall-slip effects.

In addition to the mean drag coefficient, the variations of the drag (∆Cd) and

lift (∆Cl) coefficients are analyzed. These variations are defined as the temporal fluc-

tuations of each coefficient around its mean value and are computed as the standard

deviation over a statistically steady interval of the simulation. In Figure 20, it can be

seen that the lift coefficient predicted by the LBM remains consistent with the DUGKS

up to Re = 300, where both methods deviate from the results of Breuer et al. (2000).

As shown in Figure 21, larger discrepancies are observed in ∆Cd among the

LBM, DUGKS, and FVM results in Re = 300.

One may argue that the observed behavior could derive from three-dimensional

effects. However, although phenomena such as spanwise instabilities are known to in-

tensify wake unsteadiness for Reynolds numbers above 200, as demonstrated experi-
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Figure 19 – Mean Drag Coefficient for 60 ≤ Re ≤ 300
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Figure 20 – Lift Coefficient Amplitude for 60 ≤ Re ≤ 300
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mentally and numerically by Sohankar et al. (1998), this mechanism cannot be invoked

in the present study because all simulations were strictly two-dimensional.

When analyzing the Strouhal number over the studied Reynolds range, it is

observed that the BGK and MRT collision operators show excellent agreement with the

results of Wang et al. (2015) and Breuer et al. (2000). The TRT model also reproduces

the same general trend of the Strouhal curve as the other collision operators.

Figure 22 shows that the results obtained over the studied Reynolds range

present very good agreement for Re < 200. Above this range, however, the Strouhal

number displays more pronounced deviations, both in comparison with the other colli-

sion operators and with the DUGKS and FVM data.

In the TRT model, the separation between the symmetric (ω+) and antisymmet-

ric (ω−) relaxation rates allows for independent control of the viscous and dispersive

effects of the flow. This adjustment provides greater flexibility to the model because
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Figure 21 – Drag Coefficient Amplitude for 60 ≤ Re ≤ 300
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Figure 22 – Strouhal Number for 60 ≤ Re ≤ 300
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it can be tuned in different ways, including for increasing the stability and for reducing

wall slip. However, Wang et al. (2015) did not perform simulations using this collision

operator, which makes it difficult to establish an appropriate reference for parameter

tuning.

In this work, ω+ was calculated according to Equation 39, while the antisym-

metric relaxation rate ω− was chosen to be as close as possible to the odd-moment

relaxation rates of the MRT model used by Wang et al. (2015). Consequently, the re-

sults indicate that the use of the TRT model must be approached with caution, since the

second relaxation time—although not directly related to the viscosity—significantly af-

fects the simulation outcome. It is important to note that when the two relaxation times

are set equal, the TRT operator reduces to the BGK model and the results should

therefore coincide.

Overall, despite the consistent trends observed among the BGK, MRT, and
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TRT collision operators, the LBM results still present noticeable discrepancies when

compared to the reference data from Wang et al. (2015) and Breuer et al. (2000),

particularly for higher Reynolds numbers. These differences persist regardless of the

chosen collision operator, indicating that other factors beyond the relaxation scheme

may significantly influence the numerical accuracy of the method.

Therefore, since the LBM theoretically recovers the Navier–Stokes equations

in the low-Mach-number regime, where the flow behaves as nearly incompressible, it is

reasonable to assume that the observed discrepancies arise from the treatment of the

inlet and outlet boundary conditions. For this reason, the following section focuses on

a detailed investigation of these boundary-condition implementations in the LBM for-

mulation, aiming to assess their direct impact on the predictive capability and stability

of the simulations.

4.2.2 Boundaries

After validating the code through the benchmark in Section 4.1 and compar-

ing it with the results of Wang et al. (2015), this subsection analyzes how different

outlet boundary conditions—Convective, Null Gradient, and First-Order Extrapolation

(FOE)—affect vortex shedding and the spectral response of the lift coefficient. The

Second-Order Extrapolation (SOE) condition was excluded due to numerical instabili-

ties at Re > 250.

The evaluation is based on the PSD of the lift coefficient Cl, obtained from the

Fourier transform of its time history. The procedure begins by reading the temporal

signal Cl(t) and converting lattice quantities into physical units using the characteristic

simulation scales, after which the mean value is removed so that only the fluctuating

component contributes to the spectral analysis.

The signal is decomposed as

C ′

l(t) = Cl(t)− Cl, (70)

where CL is the temporal average, ensuring that the spectrum reflects only oscillatory

content. The fluctuation field C ′
l(t) is then processed using the Welch method, which

computes the Power Spectral Density (PSD) as

ΦCl
(f) =

1

Nw

Nw
∑

k=1

1

fs L
|F{w(t)C ′

l(t)}k|
2
, (71)

with w(t) denoting the Hann window, fs the sampling frequency and Nw the number of

overlapping segments, which reduces variance and yields a smooth and well-resolved

estimate of the dominant frequencies. This enables the identification of the principal

shedding frequency, as well as secondary oscillation modes that may emerge for cer-

tain boundary-condition choices or Reynolds numbers.
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To isolate the influence of the outlet boundary conditions, simulations were

performed for each configuration using all available collision operators. This procedure

verified whether the choice of collision model affects the vortex-shedding behavior or

alters the frequency spectrum.

Figure 23 groups the three vorticity fields, where panel (a) shows the con-

vective boundary condition, panel (b) the Null Gradient condition, and panel (c) the

FOE treatment, allowing a direct comparison of their wake behaviors. The convective

case in panel (a) exhibits a well-defined Kármán vortex street with alternating vortices

that decay smoothly downstream, whereas the Null Gradient case in panel (b) shows

slight irregularities near the outlet that suggest partial reflections, and the FOE case

in panel (c) presents similarly mild deformations with distortions marginally lower than

those observed for the Null Gradient condition.

Figure 23 – Cropped mid-plane vorticity field.

(a) Convective

(b) Null Gradient

(c) FOE

Source: Author (2025).

This combined visualization provides a qualitative assessment of the wake dy-

namics prior to the quantitative analysis conducted through the PSD. This context high-
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lights how the flow behavior observed in the vorticity fields guides the interpretation of

subsequent spectral results.

To complement this analysis, Wang et al. (2015) presents in his work Fig-

ure 24, which compares side by side the time history of drag and lift coefficients from a

simulation using the DUGKS (a) and another using the BGK lattice Boltzmann model

(LBGK) (b). In that figure, the LBGK results show no indication of a secondary fre-

quency in the oscillation, whereas the DUGKS results clearly exhibit additional oscilla-

tory modes.

Figure 24 – Time history of the drag coefficient Cd and lift coefficient Cl at Re = 300.

(a) DUGKS (b) LBGK

Source: Wang et al. (2015).

Building upon these qualitative observations, a quantitative investigation of the

oscillatory modes is now performed through the PSD analysis. Figure 25 presents the

PSD for the convective boundary condition, where this treatment allows disturbances

to exit the computational domain smoothly, minimizing reflections and ensuring stable

wake development downstream of the obstacle.

The spectra obtained for all collision operators—BGK, MRT, and TRT—display

nearly identical distributions of fluctuation energy, with a single dominant frequency

associated with periodic vortex shedding. This behavior is consistent with the vorticity

field in Figure 23a, which shows a well-organized Kármán vortex street and gradual

dissipation of structures near the outlet, evidencing the efficiency of this condition.

Figure 26 presents the PSD for the Null Gradient boundary condition. The

results obtained for different collision operators show overall good agreement across

the frequency range, with deviations at high frequencies that are likely associated with

the reflections observed in the vorticity field.

This formulation behaves as a temporal extrapolation of the outgoing distribu-

tions, assuming that the downstream evolution follows that of the upstream node. Al-

though it preserves continuity and does not completely eliminate reflections, it corrects
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Figure 25 – Power Spectral Density (PSD) for Convective at Re = 300
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Figure 26 – Power Spectral Density (PSD) for Null Gradient at Re = 300
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the mass accumulation problem observed in the FOE due to the correction coefficient

in the formulation.

Figure 27 presents the PSD for the FOE boundary condition. The spectra

show strong agreement among all collision operators, with consistent energy distribu-

tion across the frequency range. A distinct increase in energy appears at frequencies

below the primary peak, indicating a possible secondary oscillation mode. In contrast,

the smaller peaks at higher frequencies are likely caused by reflections at the outlet

boundary.

Finally, Figure 28 compares the PSD of the lift coefficient Cl for the Convec-

tive, Null Gradient, and FOE outlet conditions at Re = 300 using the MRT. The Con-

vective condition exhibits the highest amplitude at the primary frequency, showing a

well-defined dominant shedding mode with almost no secondary components, aside
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Figure 27 – Power Spectral Density (PSD) for FOE at Re = 300
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from a slight rise near 7 × 10−5 that marks the onset of a weak secondary frequency

also present in the other conditions.

Figure 28 – PSD of All Boundaries at Re = 300 (MRT)
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The Null Gradient and FOE boundaries follow this same primary shedding fre-

quency, but they differ from the Convective case by presenting higher amplitudes at

frequencies below the primary. Both conditions also share nearly identical spectral

shapes, including a small peak at higher frequencies near 9 × 10−4 that does not ap-

pear in the Convective spectrum and is likely associated with reflections generated at

the outlet boundary.

In summary, the results demonstrate that the choice of outlet boundary condi-

tion significantly affects the spectral characteristics of the flow. The Convective condi-

tion provides the most stable behavior with minimal interference, while the Null Gradi-

ent exhibits spectral characteristics comparable to the FOE treatment and simultane-
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ously prevents the mass-accumulation effects associated with FOE. The FOE condition

maintains a balanced performance with partial mitigation of reflections and coherent

flow behavior, and both FOE and Null Gradient display higher-frequency components

with similarly amplitudes. These findings highlight the importance of proper boundary

treatment for accurately capturing the unsteady dynamics of confined vortex shedding.

4.2.3 Comparison with Experiments from Reyes et al. (2013)

A detailed experimental investigation of the confined three-dimensional laminar

flow past a square prism was conducted by Reyes et al. (2013) for Reynolds numbers

ranging from 100 to 256. The channel had a square cross-section of 25× 25 mm, while

the obstacle had a side length of 10 mm, resulting in a high blockage ratio of 1 : 2.5 and

an aspect ratio of 1 : 1. The experiments were performed in a closed-loop water chan-

nel using Particle Image Velocimetry (PIV) to obtain detailed velocity fields in multiple

planes along the flow domain. Figure 29 presents a schematic view of the experimental

setup, illustrating the test section geometry and measurement configuration described

by the authors.

Figure 29 – Schematic view of the experimental setup.

Source: Reyes et al. (2013).

The results demonstrated that lateral confinement exerts a strong influence

on flow topology, delaying the onset of vortex shedding to Reynolds numbers near

170, in contrast to unconfined cases where the transition occurs between 50 and 60.

Three distinct regimes were identified: a steady recirculation bubble for Re < 120,

a pulsating bubble for 120 ≤ Re ≤ 170, and a periodic vortex-shedding regime for

Re > 170. Furthermore, the shedding frequency remained nearly constant throughout

the unsteady regime (Re > 170), with the parameter St×Re varying between 67.4 and

73.2, where Reyes et al. (2013) assign this behavior to the fact that three-dimensional



60

confinement modifies the oscillatory behavior typically observed in two-dimensional

configurations.

Given the absence of experimental data in transitional regime, the work of

Reyes et al. (2013) provides a valuable reference for validation. Therefore, the present

section includes a direct comparison between the numerical simulations and the exper-

imental observations reported by Reyes et al. (2013), aiming to evaluate the accuracy

of the model in reproducing the main flow features and frequency characteristics.

The simulation was conducted in a two-dimensional domain using the same

reference scales as Wang et al. (2015), but with an aspect ratio of 1/2.5 consistent

with the experimental configuration. To enhance numerical stability in this setting, the

collision step employed the MRT operator, whose relaxation coefficients were set to

Se = 1.64, Sϵ = 1.54, Sqx = 1.2, Sqy = 1.2, and Spxx = Spxy = 1/(3ν + 0.5). The outlet

boundary conditions evaluated in the previous section—Convective, Null Gradient, and

FOE—were likewise incorporated into the present simulation to assess their behavior

under this configuration.

Before presenting the comparison, a Grid Convergence Index (GCI) analysis

was performed to verify the spatial independence of the numerical results. This tech-

nique assumes that the discretization error depends on the grid spacing through a

power law, whose exponent corresponds to the observed order of convergence, pro-

viding a quantitative estimate of the asymptotic solution and the uncertainty associated

with grid refinement (Roache, 2009). The observed order of convergence p is calcu-

lated from three successively refined meshes as

p =

ln

(

ϕ3 − ϕ2

ϕ2 − ϕ1

)

ln(r)
, (72)

where ϕ1, ϕ2, and ϕ3 are the numerical solutions obtained on the fine, medium, and

coarse grids, respectively, and r is the grid refinement ratio (r = h2/h1 = h3/h2). Once

p is known, the extrapolated value ϕext can be estimated by

ϕext = ϕ1 +
ϕ1 − ϕ2

rp − 1
, (73)

and the Grid Convergence Index for the fine grid is obtained as

GCIfine = Fs

|ϕ1 − ϕ2|

ϕ1(rp − 1)
× 100% , (74)

which represents an estimate of the relative discretization error multiplied by the safety

factor Fs, commonly set to 1.25 for three-grid comparisons. This analysis ensures

that the numerical solution lies within the asymptotic range of convergence, providing

confidence that mesh-related errors are negligible in the subsequent comparison.
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For the GCI analysis, three grids were employed at Re = 170: one with a

square obstacle of 40 lattice units per side, another with 60 lattice units, and the finest

grid with 90 lattice units. The results obtained from the three-mesh GCI procedure

are summarized in Table 4, and the observed order of convergence shows excellent

agreement, likely because all grids used were already sufficiently refined for the flow

configuration considered.

Table 4 – GCI Analysis for Experimental Case.

Case Re Mesh r p φext(CD) GCI [%] Convergence order

1 170
M1 - M2

1.5 5.21450043 2.44849563
0.005765

1.000336
M2 - M3 0.047739

This assessment confirmed that the solution is within the asymptotic range of

convergence, indicating that discretization errors are sufficiently small for the subse-

quent comparison with experimental data.

Once grid independence was verified, the Power Spectral Density (PSD) anal-

ysis was performed. In the approach of Reyes et al. (2013), the PSD is computed

from a streamwise velocity signal extracted from a point (P1) located downstream of

the cube, as illustrated in Figure 30. The velocity at this point was monitored over time

and used to compute the PSD, allowing the identification of the dominant frequency

components associated with vortex shedding. A complete conversion from physical

to lattice units was carried out to ensure that all geometric and flow parameters were

properly scaled for direct comparison between the experimental and numerical results.

Figure 30 – Schematic view of the experimental setup.

Source: Reyes et al. (2013).

The experimental PSD curves presented by Reyes et al. (2013) were digitized

for direct comparison with the numerical simulations performed in this work. The pri-
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mary shedding frequency obtained from the simulations was extracted directly from the

numerical PSD curve.

Table 5 summarizes the Strouhal numbers obtained from both sources, includ-

ing the product St × Re and the percentage deviation between simulation and experi-

ment. These results correspond to the configuration employing the convective outflow

boundary condition.

This comparison allows a direct quantitative evaluation of the LBM perfor-

mance in reproducing the experimental vortex shedding dynamics. It also provides

a consistent basis for analyzing the influence of boundary conditions and flow param-

eters on the oscillatory behavior, as discussed in the subsequent analysis.

Table 5 – Relationship between St and Re.

Re fp [Hz] (fp)Exp. [Hz] St StExp. St x Re (St x Re)Exp. Error [%]

160 0.684 0.681 0.427 - 68.37 - 0.368

205 0.729 0.736 0.356 0.357 73.0 73.2 0.829

256 0.706 0.699 0.276 0.273 70.603 69.9 0.934

The results in Table 5 show that the relative error in the primary frequency

is very low, confirming that the LBM accurately reproduces the dominant shedding

frequency. However, since the present simulation is two-dimensional, an inherent limi-

tation must be acknowledged, as three-dimensional experimental effects can introduce

additional dynamics that are not represented in the numerical model.

As shown in Figure 31, other oscillation modes present in the experimental

PSD are not well captured by the simulation, and although some secondary peaks

appear at similar frequencies, their amplitudes and exact positions differ from those

observed experimentally. This discrepancy indicates that the numerical model can

only partially reproduce the multi-frequency behavior of the flow, a limitation that is

consistent with the reduced dimensionality of the simulation.

It can also be observed that, for this confinement ratio, the outlet boundary

condition does not significantly affect the oscillation modes of the vortices. The flow re-

mains dominated by the primary shedding mechanism, and variations between bound-

ary treatments result mainly in minor amplitude differences rather than frequency shifts.

This behavior suggests that, under more confined conditions, the feedback effects from

the outlet are less pronounced, since the channel walls dominate the flow dynamics.

Overall, these results confirm the ability of the LBM with MRT collision operator

to accurately reproduce the dominant shedding frequency observed experimentally for

confined flow. However, the discrepancies in secondary modes reveal the sensitivity of

more complex flow structures to boundary effects and three-dimensional influences not

fully captured by the two-dimensional model. Further investigation is required to de-
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Figure 31 – PSD comparison between boundary-condition simulations and experimen-
tal data.
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Figure 32 – Velocity flow field - Re = 256.

Source: Author (2025).

termine whether these differences arise from from numerical limitations, confinement

effects, or experimental uncertainties.
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5 CONCLUSION

The present work evaluated the influence of outlet boundary conditions on the

ability of the Lattice Boltzmann Method (LBM) to reproduce vortex shedding phenom-

ena in confined laminar flows past a square obstacle. It combined theoretical formu-

lation, numerical implementation, and validation through benchmark and comparative

analyses with numerical and experimental references.

In this context, the implementation of a C++ code, validated through a plane

Poiseuille flow benchmark where the convergence order of each boundary condition

was analyzed, enabled the evaluation of different boundary conditions, including Con-

vective, Null Gradient, First-Order, and Second-Order Extrapolation, together with BGK,

MRT, and TRT collision operators.

The results showed that the present implementation, which employs the inlet

condition proposed by Breuer et al. (2000), achieved at most first-order spatial accu-

racy for all boundary conditions tested, including the convective one used by Wang et

al. (2015), and this choice was necessary because the Zou and He (1997) condition

caused instabilities when combined with the BGK operator. In practical applications,

however, the analysis indicates that the combination of the Zou and He (1997) inlet

condition with a convective outlet yields the highest convergence order and offers the

most accurate configuration among those evaluated.

Regarding the specific objectives established for this work, the formation and

evolution of vortical structures were quantitatively characterized from the lift coefficient

and vorticity fields, allowing the identification of periodic shedding and flow regimes.

The comparative analysis among BGK, MRT, and TRT collision operators demon-

strated consistent reproduction of the main flow characteristics, and since no signifi-

cant accuracy differences were observed, choosing the MRT operator appears more

advantageous due to its improved stability. The Fourier analysis enabled the identifica-

tion of dominant frequencies and the evaluation of secondary modes, confirming that

outlet boundary conditions have a significant impact on the spectral response. The

implementation and assessment of different boundary schemes revealed that the Con-

vective condition provides the most stable behavior with minimal reflections, while the

Null Gradient and First-Order Extrapolation introduce subharmonic peaks.

Comparisons with the results of Wang et al. (2015) demonstrated that the LBM

accurately reproduces velocity profiles, drag coefficients, and primary vortex-shedding

frequencies for Reynolds numbers up to 300. Nonetheless, increasing discrepancies

in lift and drag amplitudes were observed at higher Reynolds numbers.

However, as observed in the work of Wang et al. (2015), the emergence of

secondary frequencies in the vortex wake was reported for the DUGKS method and
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other finite-volume approaches, which are not identified in the same manner in LBM.

These deviations may be related to the influence of the outlet boundary conditions em-

ployed, but in the current stage of this study a definitive cause cannot be established,

making a more recent experimental investigation valuable for further clarification.

The spectral analysis highlighted that the choice of outlet boundary condition

strongly affects the energy distribution of the Power Spectral Density (PSD). The Con-

vective condition yielded the most stable and reflection-free behavior, while the Null

Gradient and First-Order Extrapolation conditions introduced low-frequency subhar-

monic peaks associated with partial reflections at the outlet, and the Null Gradient con-

dition also corrects the mass accumulation problem observed in the FOE. In contrast,

the Second-Order Extrapolation condition, although more accurate in theory, exhibited

numerical instabilities at higher Reynolds numbers, leading to divergence and thus

limiting its applicability to confined laminar flow simulations.

When compared with the experimental data of Reyes et al. (2013), the sim-

ulations using the MRT operator reproduced the dominant shedding frequency with

relative errors below one percent. However, secondary modes were not fully captured,

indicating that confinement and three-dimensional effects dominate the flow behavior

and limit the representativeness of two-dimensional simulations.

These findings confirm that the LBM, when properly configured, is capable of

accurately predicting the primary vortex shedding dynamics in confined laminar flows.

Nevertheless, the method remains sensitive to boundary treatments and dimensional

simplifications, which constrain its ability to capture higher-order oscillatory structures

observed experimentally.

In addition, the independent development of the numerical code reinforced the

understanding of the objectives proposed in this research, demonstrating that the LBM

is a computational method of relatively simple implementation. This process not only

confirmed the feasibility of applying the method to confined flow problems but also

deepened the understanding of its physical foundations.

5.1 FUTURE WORKS

The present work compared different boundary conditions with both numerical

and experimental results available in the literature. To refine the current work and

advance research on boundary conditions and their influence on the flow field, aiming

to further consolidate the LBM as a reliable tool for aerodynamic flow simulations, the

following research directions are proposed:

• Investigation and implementation of non-reflective boundary conditions available

in the literature.
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• Implementation of the boundary condition proposed by Bouzidi et al. (2001) for

curved surfaces to extend the study for more complex cylinder geometries.

• Analysis of three-dimensional effects on confined flow through numerical simula-

tions.

• Execution of experiments within the Reynolds number range evaluated in this

work using a recirculating water channel to obtain up-to-date experimental data.
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APPENDIX A – REPOSITORIES OF THE CODES USED

The codes uses in this work can be found in the GitHub Repository:

• https://github.com/poro-labcc/LBM-Thomas
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