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Resumo

Neste trabalho, apresentamos uma nova formulagao variacional para o estudo das
equacgoes de Stokes nao estaciondrias em um dominio de Lipschitz aberto e limitado €2 C
R™, envolvendo uma derivada fracionaria de Caputo no tempo de ordem o € (1/2,1).
A natureza nao local da derivada fracionaria impoe desafios analiticos significativos, tor-
nando os métodos clédssicos, como a abordagem de Faedo—Galerkin, inadequados em sua
forma padrao para uma andlise abrangente do problema. Para superar essas dificulda-
des, desenvolvemos e analisamos rigorosamente novos espagos funcionais, denotados por
LP(0,T; X), especificamente concebidos para o contexto fraciondrio. Esses espagos per-
mitem reformular as solugoes fracas de modo consistente com a dinamica fraciondria,
possibilitando, assim, a implementacao bem-sucedida de um esquema de Galerkin gene-

ralizado que garante a existéncia e unicidade das solucoes da formulacao proposta.

Palavras-chave: Calculo Fracionario. Derivada Fracionaria de Caputo. Equagoes de

Stokes. Equacoes Diferenciais Parciais Fracionarias. Método de Faedo-Galerkin.



Abstract

In this work, we present a new variational framework for studying the evolution Stokes
equations in an open, bounded Lipschitz domain 2 C R", involving a Caputo frac-
tional derivative in time of order a@ € (1/2,1). The nonlocal nature of the fractional
derivative poses significant analytical challenges, rendering classical methods, such as the
Faedo—Galerkin approach, inadequate in their standard form for a comprehensive anal-
ysis of the problem. To overcome these difficulties, we develop and rigorously analyze
new functional spaces, denoted by LP (0, T; X), specifically designed for the fractional set-
ting. These spaces allow us to reformulate weak solutions in a manner consistent with
the fractional dynamics, thereby enabling the successful implementation of a generalized
Galerkin scheme that ensures the existence and uniqueness of solutions to the proposed

formulation.

Keywords: Fractional Calculus. Caputo Fractional Derivative. Stokes Equations. Frac-

tional Partial Differential Equations. Faedo-Galerkin Method.



Resumo Expandido

Introducao

Um dos modelos matematicos mais renomados na dinamica dos fluidos sao as equagoes
de Navier—Stokes. Essas equacoes tém como objetivo determinar os campos de velocidade
e pressao no interior de um fluido. Elas estao entre as equacgoes mais amplamente uti-
lizadas, descrevendo a fisica de inimeros fenomenos de interesse tanto economico quanto
académico. As equagoes de Navier—Stokes encontram aplicagoes na modelagem de padroes
climaticos, correntes oceanicas, escoamento de agua em dutos e em muitas outras areas.

A motivagao para o estudo dessas equagoes decorre do crescente esforco que os ma-
tematicos tém dedicado a tais problemas; ver, por exemplo, [19, 27, 32]. Essas equagoes
podem ser derivadas diretamente das leis de Newton sob a hipdtese de incompressibilidade.
Para mais detalhes, remetemos o leitor a [14, Capitulo 1].

Um avanco importante na teoria das EDPs foi a introdugao do conceito de solugoes
fracas por J. Leray, conforme detalhado em [28], particularmente no contexto das equagoes
de Navier—Stokes. A teoria de Leray estabelece a existéncia de solugoes em um novo
sentido variacional, que podem ser potencialmente irregulares. Essa abordagem baseia-se
em estimativas de energia e em processos limite especificos nas topologias fraca e fraca-x
de alguns espacos de Bochner—Lebesgue. Para uma visao mais abrangente, remetemos
aos trabalhos de [15, 16, 17].

Por outro lado, o célculo fracionédrio e suas aplicacoes a métodos analiticos para a
resolucao de equagoes diferenciais de ordem fracionaria, como demonstrado em [25, 33,
34, 36], vém se tornando ferramentas essenciais para o tratamento de uma ampla gama
de problemas relacionados a dinamica dos fluidos, estruturas porosas, teoria de controle
e sistemas dinamicos, conforme discutido nas referéncias classicas [39, 40, 41, 47]. Difer-
entemente do calculo cléssico, que lida principalmente com derivadas e integrais de ordem
inteira, o cédlculo fraciondario estende essas operacoes para ordens reais e até complexas.
Existem dois tipos de derivadas fracionarias comumente utilizadas: as derivadas de Rie-

mann-Liouville e as derivadas de Caputo (ver [25]). A definigao de derivadas fracionérias



de Caputo foi introduzida pela primeira vez em [7] para estudar o efeito de meméria da
dissipacao de energia em certos materiais anelasticos. Em comparacao com a derivada de
Riemann-Liouville [39], as derivadas de Caputo eliminam singularidades na origem e com-
partilham muitas semelhancas com a derivada ordinaria, o que as torna mais adequadas
para problemas de valor inicial.

Consequentemente, a relevancia dos temas combinados acima enfatiza o foco de es-
tudos recentes em equacgoes de Navier—Stokes com derivadas fracionarias de Caputo de
ordem « € (0,1) no tempo, com o objetivo de generalizar o problema classico e explorar
o caso limite (a = 1); ver [10, 12, 31, 43] para alguns exemplos.

Entretanto, a maioria dos estudos disponiveis aos autores concentra-se no estabeleci-
mento da existéncia e unicidade de solugoes brandas para o problema de Cauchy abstrato
associado as equacgoes de Navier—Stokes fracionarias. Em contraste, relativamente poucos
trabalhos abordam a existéncia e unicidade de solugoes fracas, principalmente devido aos
desafios técnicos do método de Faedo—Galerkin. Por exemplo, [48] define e demonstra
a existéncia de uma solugao fraca para as equagoes de Navier—Stokes com derivada fra-
ciondria de Caputo de ordem « € (0, 1), utilizando a mesma defini¢do de solucdo fraca
do caso classico quando o = 1. De forma semelhante, [31] introduz um novo espago
funcional (ver [31, Item (4.5)]) para o estudo de solugoes fracas das equagdes de Burgers
fraciondrias multidimensionais, um caso particular das equagoes de Navier—Stokes fra-
ciondrias compressiveis, mantendo a definigao classica de solucao fraca (ver [31, Definigao

5.1]).
Objetivos

Inspirados pelos trabalhos citados anteriormente, o objetivo principal deste trabalho
é ir além das abordagens tradicionais e propor uma nova formulacao para solugoes fra-
cas de EDPs com derivada fracionaria de Caputo na variavel temporal, no contexto das
equacoes de Navier—Stokes linearizadas, também conhecidas como equacoes de Stokes
nao estacionarias. Em particular, nao apenas introduzimos uma nova formulacao fraca,
como também realizamos uma analise detalhada de uma variacao dos espagos funcionais
apresentados em [31], justificando por que eles sdo mais adequados a esse arcabougo

variacional.
Metodologia

A metodologia empregada nesta pesquisa é a usual na area de Matematica: realizagao



de reunioes peridédicas entre o doutorando e o orientador, com o objetivo de estudar
novas abordagens e problemas da area de concentracao. A partir da leitura e do estudo
intensivos de trabalhos e artigos cientificos, propoem-se novos caminhos para garantir a

obtencao de solugoes para os problemas investigados.
Resultados e Discussao

Em conclusao, a elaboracao desta tese envolveu diversos aspectos técnicos que im-
puseram desafios tedricos e matematicos significativos, muitos dos quais foram abordados
com sucesso. Destacamos a seguir as trés contribuigoes que consideramos mais relevantes

para a estrutura e a conclusao deste trabalho.

(i) A Segao 3.1 introduz o problema de Cauchy fraciondrio (equagdo (3.1)) sob a
hipdtese de que a aplicagdo G : [0, T] x R™ — R™ seja uma fungao de Carathéodory.
Assumindo adicionalmente que G é localmente Lipschitz continua, o Teorema 3.12
estabelece a existéncia e a unicidade de solucao global quando o operador de Ne-

mytskii associado satisfaz a condicao p = q.

(ii) A Secado 3.2 apresenta o espago LP(0,7; X) e uma série de resultados voltados a
estabelecer relagoes entre os espagos LE (0, T'; X) para diferentes valores de a € [0, 1]
e p € [1,00), bem como sua conexao com o espaco classico LP(0,7T; X'). Mostramos
que L2 (0,75 X) é um espago de Banach e que ele é reflexivo sempre que X é um
espago de Banach reflexivo, conforme afirmado no Teorema 3.25. Por fim, o Teorema

3.27 e o Corolério 3.28 fornecem uma caracterizagao do espago dual de L2 (0,T; X).

(iii) A Secao 4 apresenta uma nova formulagdo para a solugdo fraca das equagoes de
Stokes nao estacionarias quando se consideram derivadas fracionarias na varidavel
temporal, conforme descrito na Defini¢ao 4.4. Aplicando o método de Faedo—Galerkin
em um arcabouco especificamente adaptado as derivadas fracionarias, provamos a

existéncia e a unicidade da solucao fraca.

E importante destacar que, ao impor a condi¢ao « € (1/2,1), o problema de Cauchy
fracionério introduzido na Secao 3 garante a existéncia de solugoes aproximadas e, conse-
quentemente, de uma sequéncia de solugoes aproximadas correspondentes a equacao 4.3.
Ademais, as estimativas de energia obtidas para essa sequéncia por meio do método de

Faedo—Galerkin demonstram a relevancia do espago L2 (0,T; X).

Consideracoes Finais



A pesquisa desenvolvida nesta tese ja resultou em contribuigoes cientificas concretas.
Em particular, parte dos resultados obtidos ao longo deste trabalho foi consolidada nos

seguintes manuscritos:

e P. M. Carvalho-Neto, C. L. Frota, J. C. Oyola Ballesteros, P. G. P. Torelli, Energy
Estimates for Fractional Evolution Equations, arXiv:2508.05780.

e P. M. Carvalho-Neto, J. C. Oyola Ballesteros, A New Approach for the Unsteady
Stokes Equations with Time Fractional Derivative in Bounded Domains, arXiv:2511-

.13896.

Esses trabalhos refletem os principais desenvolvimentos tedricos alcancados durante
este projeto de doutorado, particularmente no que diz respeito a problemas de Cauchy
fraciondrios, espagos de Bochner ponderados e formulagoes fracionarias de modelos da

dinamica dos fluidos.

Palavras-chave: Calculo Fracionario. Derivada Fracionaria de Caputo. Equacoes de

Stokes. Equacoes Diferenciais Parciais Fracionarias. Método de Faedo—Galerkin.
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Chapter 1

Introduction

One of the most renowned mathematical models in fluid dynamics is the Navier-Stokes
equations. These equations aim to determine the velocity and pressure fields within a
fluid. They are among the most widely used equations, describing the physics of numerous
phenomena of both economic and academic interest. The Navier-Stokes equations find
applications in modeling weather patterns, ocean currents, water flow in dutos, and many
other areas. The motivation for studying these equations cames from the growing effort
mathematicians have dedicated to such problems; see [19, 27, 32]. These equations can
be derived directly from Newton’s laws under the assumption of incompressibility. For
more details, we refer to [14, Chapter 1].

An important breakthrough in the theory of PDEs was the introduction of the concept
of weak solutions by J. Leray, as detailed in [28], particularly in the context of the Navier-
Stokes equations. Leray’s theory establishes the existence of solutions in a new variational
sense, which can be potentially irregular. This approach is based on energy estimates, and
on specific limit processes on the weak and weak-* topologies of some Bochner-Lebesgue
spaces. For a more comprehensive survey, we refer to the works of [15, 16, 17].

On the other hand, fractional calculus and its application to analytical methods for
solving differential equations of fractional orders, as demonstrated in [25, 33, 34, 36], are
becoming essential tools for addressing a wide range of problems related to fluid dynamics,
porous structures, control theory, and dynamical systems, as discussed in the classical
references [39, 40, 41, 47]. Unlike classical calculus, which primarily deals with derivatives
and integrals of integer order, fractional calculus extends these operations to real and
even complex orders. There are two types of fractional derivatives that are commonly
used: the Riemann-Liouville derivatives and the Caputo derivatives (see [25]). Caputo’s

definition of fractional derivatives was first introduced in [7] to study the memory effect of



energy dissipation in certain anelastic materials. Compared with the Riemann—Liouville
derivative [39], Caputo derivatives eliminate singularities at the origin and share many
similarities with the ordinary derivative, making them more suitable for initial value
problems.

Consequently, the importance of the combined topics addressed above emphasize the
focus in recent studies on Navier-Stokes equations with Caputo fractional derivatives of
order o € (0, 1) in time, aiming to generalize the classical problem and explore the limiting
case (o = 1); see [10, 12, 31, 43] for some examples.

However, most studies available to the authors focus on establishing the existence and
uniqueness of mild solutions for the abstract Cauchy problem associated with fractio-
nal Navier-Stokes equations. In contrast, relatively few works address the existence and
uniqueness of weak solutions, primarily due to technical challenges of the Faedo-Galerkin
method. For example, [48] defines and proves the existence of a weak solution to the
Navier-Stokes equations with a Caputo fractional derivative of order a € (0,1), using
the same definition of weak solution as in the classical case when o = 1. Likewise, [31]
introduces a novel function space (see [31, Item (4.5)]) for studying weak solutions of the
fractional multidimensional Burgers equations, a specific case of the fractional compress-
ible Navier-Stokes equations, while retaining the classical weak solution definition (see
[31, Definition 5.1]).

In conclusion, the primary aim of this work is to move beyond traditional approaches
and to propose a novel formulation for weak solutions of PDEs with a Caputo fractional
derivative in the time variable, within the framework of the linearized Navier—Stokes equa-
tions, also known as the unsteady Stokes equations. Specifically, we not only introduce a
new weak formulation, but also carry out a detailed analysis of a variation of the func-
tional spaces presented in [31], justifying why they are better suited to this variational

framework.

1.1 A Novel Weak Formulation

Let us first recall the standard approach to the weak formulation of the unsteady Stokes

equations. Suppose that H and V are Hilbert spaces satisfying the following conditions:
(i) V is dense and continuously embedded in H;

(ii) If H' denotes the dual of H, then by the Riesz representation theorem, we identify
H=H"



Under these assumptions, if V' denotes the dual of V', we obtain the continuous embed-
dings
Ve H=H <V

In this setting, following the standard procedure for deriving a variational formulation
of the classical evolution Navier-Stokes equations (see [46, Chapter III] for details), we

arrive at the following weak formulation.

Definition 1.1. Given f € L*(0,T;V’) and ug € H, find v € L*(0,T;V) N L>(0,T; H)

such that
0

5 (ut), v)u + v(u(t), v)v + b(ult), u(t), v) = (f(t), v)v.v,
almost everywhere in [0, 77, for all v € V| with initial condition u(0) = ug. Here, (-, )y/ v

denotes the duality pairing between V' and V.

The nonlinear term in the weak formulation of the Navier—Stokes equations is rep-
resented by the trilinear form b(-,-, ). Therefore, to obtain the weak formulation of the

unsteady Stokes equations, this term is omitted.

Definition 1.2. Given f € L*(0,T;V’) and ug € H, find w € L*(0,T;V) N L>(0,T; H)

such that
0

E(U(t)a V) +v(u(t),v)v = (f{1),v)v v,
almost everywhere in [0, T, for all v € V, with initial condition u(0) = w.

Next, by replacing the first-order time derivative with a fractional derivative of order
a € (0,1), we obtain the following weak formulation for the fractional unsteady Stokes

equations, where cDf* denotes the Caputo fractional derivative of order a.

Definition 1.3. Let « € (0,1). Given f € L*(0,7;V’) and ug € H, find u in suitable

function spaces such that
Dy (u(t), v)m + v(u(t), v)v = (f(t), v)v v, (1.1)

almost everywhere in [0, 7], for all v € V', with u(0) = wuo.

The above definition naturally raises a question of which function spaces are appro-
priate for the solution u. To address this, observe that if u satisfies (1.1), then, by taking

v = u(t) and assuming that

DR lu(t)|7 < 2(eDfu(t), u(t))n, (1.2)

3



for almost every t € [0,7] (cf. [10, Theorem 4.16]), we derive the following energy
inequality:

%CD?HU(f)H?q +ulfu@®y < (f(t), u(t)v v, for ae t€[0,T], (1.3)

which becomes an equality when o = 1.
Following the classical ideas introduced by Leray in [28, 29, 30], below we present a
series of formal arguments to explore the regularity that can be expected from the weak

solution of the unsteady Stokes equations, which is derived from (1.3).

(i) Recall that when o = 1, as is classically justified in the literature, integrating both
sides from 0 to ¢ and applying Young’s inequality allows us to deduce from (1.3)

that

t 1 t
lu()[IF + V/O lu() Il ds < ol + ;/0 1f(s)II5 ds,  fora.e. t € [0,T].

The above inequality suggests that requiring v € L*(0,T;V) N L>*(0,T; H) is a

reasonable regularity condition for the classical weak solution.

(ii) However, when « € (0, 1), these function spaces may no longer be ideal. Mimicking
the classical formulation, we integrate both sides of (1.3) from 0 to ¢, use Proposition

2.42, and apply Young’s inequality to obtain

t
T ()1 + v / ()|l ds
tl—a

1 t
< I'(2—a) luol|7r + ;/0 £ ()|} ds, for a.e. t €[0,T).

From this, we can derive the estimate

Tl—a

T Me®ln| _, + vilelzeryy < e

1
2 2
=T ——oé)HuO”H + ;HfHLQ(O,T;V’)' (14)

It follows from (1.4) that the solution u should belong to L?(0,T;V) and that

J | u(t)||%, evaluated at t = T, must be finite.

The discussion above indicates the need to consider a new subspace of LP(0,T; X),

denoted as L?(0,7; X) for any Banach space X and 1 < p < oo. This subspace consists



of measurable functions f : [0,7] — X for which

/0 (T — )2V £(s) % ds < oo,

The study of this space, along with the establishment of existence and uniqueness of
solutions to this weak formulation of the fractional unsteady Stokes equations using the
Faedo-Galerkin method, becomes our main focus from this point onward. In carrying
out this procedure, we encountered several challenges and technical difficulties, which we

successfully overcame and present in this document.

1.2 Organization of the Manuscript

This manuscript is organized as follows. Chapter 2 reviews the main technical concepts
relevant to this work, including the classical Bochner—Lebesgue spaces, the variational
formulation of the unsteady Stokes equations, the Riemann-Liouville fractional integral,
and the Caputo fractional derivative.

The fractional Cauchy problem, specifically designed to the requirements of the frac-
tional unsteady Stokes equations, is addressed in Chapter 3. Due to the absence of
references covering these specific results in the fractional setting, the necessary theoreti-
cal foundations are developed within this work. Also, in Section 3.2 we address the spaces
LP(0,T; X), their relationship with the classical spaces LP(0,T; X), and the conditions
on X ensuring that they are reflexive Banach spaces.

A new formulation for weak solutions of the unsteady Stokes equations with a frac-
tional time derivative is introduced in Chapter 4. By imposing the condition o € (1/2,1),
the fractional Cauchy problem studied previously ensures the existence of approximate
solutions. This allows the application of the Faedo—Galerkin method, leading to suitable
energy estimates and, to the construction of a weak solution via a limiting process.

The recovery of the pressure associated with a given weak velocity solution is the
focus of Chapter 5. By relying on classical results concerning gradient distributions and
regularity properties of distributions with values in dual spaces, we establish the existence
of a pressure function with L?-regularity in space and continuous dependence on time.

Finally, Chapter 6 provides concluding remarks, including an overview of submitted
works and a discussion of future research directions naturally suggested by the results of

this thesis.






Chapter 2
Preliminary Knowledge

The first chapter introduces fundamental concepts and results that will be used through-
out this thesis, aiming to provide a foundation for the development of subsequent ma-
terial.  We begin by presenting some important results from the classical theory of
Bochner—Lebesgue spaces. Next, we explore the classical variational formulation of the
unsteady Stokes equations. Finally, we provide an overview of the essentials of fractional

calculus, focusing on fractional operators of integration and differentiation.

2.1 Bochner-Lebesgue spaces LP([; X)

This section discusses several properties of the Bochner integral for vector-valued func-
tions on a Banach space. Given a subset I C R, equipped with the Lebesgue measure
induced from R, we introduce the classical Bochner-Lebesgue spaces LP([; X') and estab-
lish their reflexivity under a suitable condition on X, namely that the dual space X’ has
the Radon-Nikodym property.

It is worth emphasizing that throughout this section, X always denotes a Banach

space, X' its dual space, and (-, -) x» x denotes the duality pairing between X’ and X.

Definition 2.1. Let n € N* :={1,2,...}, S a subset of R", ¥ a c—algebra on the set S,
and 4 a measure in (S, Y). We call the triplet (5,3, 1) a measure space .

(i) A function [ : S — X is said to be a simple Bochner function, if it can be written

as

I(s)=> xi-1g(s) Vs€S,
=1

where z; € X, the sets E; € ¥ are pairwise disjoint with p(FE;) < oo fori =1,...,n,

and 1g,(s) denotes the characteristic function of the set E;.
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(ii) A function g : S — X is said to be Bochner measurable if there exists a sequence
(I,,) of simple Bochner functions that converges to g in norm of X, for almost every
s € S. Furthermore, ¢ is said to be weakly measurable if the function (2’ g(-)) is

measurable for all ' € X'.

(iii) We say that g is almost separably valued if there exists a set N with p(N) = 0 such
that g(S \ IV) is separable.

Remark 2.2. We highlight two important results that arise from Definition 2.1.

(i) The most common way to check the measurability of vector-valued functions is
Pettis’ theorem, which links the notions of measurability and weak measurability.
This result can be stated as follows: a function g : S — X is Bochner measurable

if and only if g is weakly measurable and almost separably valued (see [2, Theorem

1.1.1]).

(ii) As a corollary of the previous item, we have that g : S — X is Bochner measurable
if and only if (z/, g(-)) is measurable for every &’ € M, and g is almost separably

valued, where M is a normed subspace of X".

Definition 2.3. (i) For a simple Bochner function [ : S — X the integral can be
defined as

/SZ(S) dp = _wip(Ey),
where I(s) = Y"1 z;1p,(s).

(ii) A measurable function g : S — X is Bochner-integrable if there exists a sequence

(1) of simple functions such that
fim [ n(s) = 9(s)llx dp =0,

and each integrand belongs to L'(S; ). In this case, [ 1n(s) dp converges in X to

a limit that is independent of the sequence of simple functions, which we denote by

Js9(s)dp.

Remark 2.4. The second item in the above definition allows us to relate the Bochner

integral with the Lebesgue integral (see [2, Theorem 1.1.4]). In fact, if g : S — X



is a measurable function, then g is Bochner-integrable if and only if ||g||x is Lebesgue-

integrable. Furthermore, we have the fundamental estimate

[ ots) < [ sl de

Proposition 2.5. Let ' € X' and g be Bochner-integrable, then

/ (2, 9()) o x dpt — <x / 4(5) du> Cviex
S S XX

Proof. By the definition of the integral, it holds that

[ ancan= (o [ 19 du>X/7X

for any simple functions {. Now, let (l,) be a sequence of simple functions as in the

definition of [ g(s) du. Observe that we can define a new sequence of simple functions as

follows:

/ Li(s), if [lla(s)]lx < 2[lg(s)]|x,
[,(s) = (), if [la(s)] lg(s)]]

0, otherwise.

Therefore, (z/,1,(s)) — (2/, g(s)) for almost every s € S, and |(z’, I,(s))| < 2||2’||x/]9(s)]|x.

Thus by the Dominated Convergence Theorem, we have that

/ (@, g(s)xox du = lim [ (2 5n(s))xx di
S

n—oo S

lim <a:’,/fn(8) du> = <x’,/9(8) du> :
o S X', X s X' X

where the last equality follows from the continuity of 2’ and the definition of the Bochner-

integral. O]

Definition 2.6. Let I be an interval of R, equipped with the Lebesgue measure inherited
from R.

(i) Let I = [a,b] with a < b in R. If g : I — X is Bochner integrable, we say that a

function G : I — X is a primitive of g if



for every t € I.

(ii) A function G : I — X is said to be absolutely continuous on I if, for every ¢ > 0,
there exists 0 > 0 such that for every finite collection {(a;,b;)} of pairwise disjoint

intervals in 7, if Y, (b; — a;) < 0, then Y. ||G(b;) — G(a)||x < €.

(iii) A function G : I — X is said to be Lipschitz continuous if there exists a constant
L > 0 such that
1G(#) = G(s)llx < L]t 5|

for all s,t € 1.
Remark 2.7. From the above definitions we can deduce:
(i) Every Lipschitz continuous function is absolutely continuous.

(ii) Let G : [a,b] — X be absolutely continuous, and suppose that derivative G'(t) exists
for almost every ¢ € [a,b]. Then, G’ is Bochner integrable and

G(t) = G(a) —i—/ G'(s) ds

for every t € [a, b]. See Proposition 1.2.3 in [2].

Theorem 2.8. Let X be a Banach space and let Ry = [0,00). The following statements

are equivalent:

(i) Every absolutely continuous function G : Ry — X is differentiable almost every-

where.

(i) Every Lipschitz continuous function G : Ry — X 1is differentiable almost every-

where.
Proof. See, for instance, [2, Proposition 1.2.4]. ]

Remark 2.9. Let a < bin R. The Theorem 2.8 does not depend on the choice of interval.
Indeed:

(i) Suppose that every absolutely continuous function G : [0,1] — X is differentiable

almost everywhere. We show that item (i) of the theorem holds.

Let G : R, — X be absolutely continuous. For each integer n > 0, define the

translated function

Gn(t) :=G(n+t), Vtelo,1].
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Each G,, is absolutely continuous. By assumption, each G, is differentiable almost
everywhere on [0, 1]. Hence, GG is differentiable almost everywhere on each interval

[n,n 4+ 1]. Since

o0

R, = U[n,n—i—l]

n=0
and a countable union of null sets is still a null set, it follows that G is differentiable

almost everywhere on R, .

Conversely, any absolutely continuous function G defined on [0, 1] can be extended

to an absolutely continuous function on R, by defining

. G(t), if te]o,1],
G
G(1), if t>1.
If absolutely continuous functions on R, are differentiable almost everywhere, then
their restrictions to [0, 1] are also differentiable almost everywhere.

Therefore, item (i) in the theorem is equivalent to the statement that every abso-

lutely continuous function G : [0, 1] — X is differentiable almost everywhere.
(i) Let F: [a,b] — X and defined
G(t) :=F(a+ (b—a)t), te]0,1].
The map
¢:10,1] — [a, b, o) =a+ (b—a)t,

is a Lipschitz bijection with Lipschitz inverse. Hence, F' is absolutely continuous on

[a,b] if and only if G is absolutely continuous on [0, 1].

(iii) Items () and (ii) together imply that absolutely continuous functions on [a,b] are
differentiable almost everywhere if and only if absolutely continuous functions on

R, are differentiable almost everywhere.

(iv) By analogous arguments, Lipschitz continuous functions on [a, b] are differentiable
almost everywhere if and only if Lipschitz continuous functions on R, are differen-

tiable almost everywhere.

Corollary 2.10. Let I = [a,b] with a < b in R and let X be a Banach space. The

following statements are equivalent:

11



(i) Every absolutely continuous function G : I — X is differentiable almost everywhere.
(ii) Every Lipschitz continuous function G : I — X is differentiable almost everywhere.

A Banach space X that satisfies either (and hence both) of the equivalent conditions
in Corollary 2.10 is said to have the Radon-Nikodym.

Based on [2, Theorem 1.2.6], we show that the Radon-Nikodym property is not a
typical among Banach spaces. Nevertheless, we present below two broad classes of spaces

that do possess this property.

Proposition 2.11. (Dunford-Pettis). Let I = |a,b] with a <b in R. Let X be a Banach
space whose dual space X' is separable. Then X' has the Radon-Nikodym property.

Proof. We use the characterization (i) from Theorem 2.8 to prove the claim. Let F :
I — X' be a Lipschitz continuous function with Lipschitz constant L. Consider the
function G(s) := [F(s) — F'(a)]/L. This transformation allows us to assume, without loss
of generality, that F'(a) = 0 and that L = 1.

For any x € X, the function (F(-),z)xs x is Lipschitz continuous with Lipschitz con-
stant ||z||x. By the Fundamental Theorem of Calculus (see [38, Theorem 7.20]), every
absolutely continuous function is differentiable almost everywhere. Therefore, for each
xr € X, there exists a measurable function g,, unique up to sets of measure zero, such

that

(F(t), x)x x —/ ge(s8)ds,

for almost every t € I. Moreover, since

gz(t) = lim (F(t+h),x) — (F(t), x)

h—0 h ’

we have

gzl ooz < flzllx-

Now, X' is separable, so is X. Let D C X be a countable dense subset. Consider all
finite linear combinations = = Z?Zl a;z;, where z; € D and «; € Q (for complex banach

space, o; € Q +1Q ). For such z, we obtain
(F () < \Ya > St
_ Zaz/ gz, (s)ds —/ Z%le

12



This implies that g, = > ., ®;g,, almost everywhere. Consequently, for almost every

tel,

= 19O < 92l ey < llzllx =

n
E ;5

i=1

=1

Since the choices of n,a;, and x; are countable, we can select a null set £ such that

X

the above estimate holds for all t € I\ E and all such z(n, o;, x;). Because Q is dense in
R, the estimate extends to all a;; € R. Thus, for almost every t € I, the map z — g, (t)
defines a linear functional on span(D), whose bounded in norm by 1, and hence extend
uniquely to all of X. We therefore obtain a function f(t) € X' for which ||f(¢)|lx < 1
almost everywhere.

For each z € D, we have (f(t),z) = ¢.(t), which is measurable and bounded. Now,
if x € X and (z,,) C D be a sequence converging to x, then (f(t),z,) — (f(t),z) almost
everywhere. Since each (f(+), x,) is bounded and measurable, the Dominated Convergence

Theorem implies that (f(-),z) is measurable, and

t

(F(t),z)x x = lim (F(t),z,)x x = lim Gz, (8) ds

n—oo n—oo

t

— dim [ (F(s), @) xrx ds / (F(s), 2) 0 x ds.

n—o0 a

Given that f : I — X', its image f(I) is separable. Viewing X C X", item (ii) from
Remark 2.2 allows us to deduce that f is measurable. From the previous computation

and Proposition 2.5, it follows that

(F (). ohvex = [ 706) ) ds = (] fs) sz

X' X

for almost every t € I and Vx € X. This allows us to conclude that

F(t) :/ f(s)ds, ae. inl.

Finally, Lebesgue’s Differentiation Theorem (see [2, Proposition 1.2.2 (a)]) implies that
F' is differentiable almost everywhere. Hence, X’ has the Radon-Nikodym property. [J

Remark 2.12. Theorem 2 in [13, Section 3, Chapte III] ensures that X has the Radon-
Nikodym property if and only if every closed separable subspace of X has it.

Corollary 2.13. FEwvery reflexive space has the Radon-Nikodym property.
Proof. Let D a closed separable subspace of a reflexive banach space X. Since every

13



closed subspace of a reflexive space is reflexive, D is reflexive. In particular, D is the
dual of a Banach space. Thus, Proposition 2.11 ensures that D has the Radon-Nikodym
property. Since D was an arbitrary closed separable subset of X, we conclude that X has

the Radon-Nikodym property. O

Definition 2.14. Consider I C R with the induced Lebesgue measure from R, and let
p € [1,00]. We use the symbol LP(I; X) to represent the set of all Bochner measurable
functions ¢ : I — X for which ||g||x € LP(I;R), where LP(I;R) stands for the classical

Lebesgue space. Moreover, LP(I; X) is a Banach space when considered with the norm

1/p
[ / ||g<s>||xds] L if pelo0),
||9||LP(I;X) = I

esssupyer l9(s)lx » if p=oo.

When I = [a,b] or I = [a,00), we may also use the notation LP(a,b; X) to refer to these

spaces.
We are now in a position to discuss the reflexivity of Bochner—Lebesgue spaces.

Theorem 2.15. Let X be a Banach space such that X' has the Radon-Nikodym property,
and let I = [a,b] witha < b inR. Then, forp € [0,00), we have an isometric isomorphism

LP(1; X) = LI(1; X),

where ¢ = p/(p — 1) is the Holder conjugate of p.

Proof. At the beginning of Chapter IV in [13], J. Diestel and J.J. Uhl show that the
inclusion mapping L(1; X') — LP(I; X)" is an isometry. Furthemore, in [13, Theorem 1,

Section 1, Chapter IV], they prove that this isometry is surjective. O

Corollary 2.16. (Phillips). Let I = [a,b] with a < b in R. If X is reflezive and
p € (1,00), then LP(I, X) is reflexive.

Proof. Let ¢ = p/(p — 1). Consider the following

(i) Since X is reflexive, we have X” = X, and hence LP([; X”) = LP(1, X), in the sense

that each element of one space corresponds naturally to an element of the other.

(ii) By Theorem 2.15, we have the isometric isomorphism LP([; X)) = L4(I; X'). Taking
the dual of both sides, it follows that (LP(I; X)) = L(I; X')".
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(iii) Again, by Theorem 2.15, we have that (L9(I; X"))" = LP(I;(X')). Using the
identification from (i), we deduce that (L¢(I;X’))" = LP(I; X). Thus, for every
T € LY(I; X"), there exists a unique v € LP(I; X) such that

(T,g) = / (9(s),0(s))xx ds Vg € L(T; X7).

From the above, we can conclude that (LP(I; X)')" & L?(I; X), completing the proof. [

2.2 The Unsteady Stokes Equations.

In this section, we briefly study the classical unsteady Stokes equations with the aim
of presenting a variational formulation of the problem. To that end, we first introduce a
sequence of function spaces, along with the definitions and notations of their norms and
inner products, where applicable. Next, we present the strong formulation of the unsteady
Stokes equations, followed by their weak formulation.

Let n € N* and let €2 be a bounded, open, and Lipschitz subset of R". For m € N*
and p € [1,00], denote by W™P(Q2) the Sobolev space of all functions v : © — R such
that, for each multi-index o with |a| < m, the weak derivative D*v belongs to LP(§2; R).
These are Banach spaces with the norms

1/p
0) Wl = | 3 [ 1D7w@P o) . if pe o)

|| <m

(ii) [Jvllwme) = Z esssgp|Dav(3:)|, if p=oc.

|laj<m

When p = 2, we write W™?(Q) as H™(2). This is a Hilbert space with the inner product

(v,g)Hm(Q) = Z (D%, Dg)2(am) = Z /QDO‘U D% dzx.

la|<m |a|<m

In this section, let D(2) denote the set of infinitely differentiable functions with com-
pact support in 2. The closures of D(Q) in W™P(Q) and H™(Q2) are denoted by W;""(Q)
and H["(Q2), respectively. In particular, due to the Poincaré Inequality (see [24, Theorem

2.3.4] for details), the space H}(Q), equipped with the inner product

n dg 0Ov
(9, ) m3() = Z (8_:15,-’ 8_:61) L2@m)

1=
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is a Hilbert space.

Remark 2.17. An important relationship between Sobolev spaces WP (§2) and LP(f2)
spaces is given by the Sobolev embeddings, which depend on the dimension of the domain.
Specifically, for a bounded open set 2 C R™ with C'-class boundary and p € [1, 00|, the

following continuous embeddings holds:

(i) If p <m,
/ 1 1
WP(Q) < LP (), where P

(i) If p=n,
WhP(Q) — LYQ), Y q€ [p,o0).

(iii) If p > n,
WP (Q) — L>®(Q).

Starting from the previous spaces and with the purpose of discussing the weak formu-

lation of the unsteady Stokes equations, we consider the following function spaces:

(i) For p € [1,00], define LP(Q2) as the space of vector functions v = (vy,...,v,) : 2 —
R™, such that v; € LP();R), for ¢ = 1,...,n. With the norms

(

n 1/2
<Z ”UiH%P(Q;]R)) ) Zf JAS [17 00)7
=1

|v]|Le () =

> lvill=@m), if p=oo,

\ =1

these are Banach spaces. In particular, IL?(2) with the inner product

(U;Q)U(Q) = Z(Ui7gi)L2(Q;R) = Z/ v; g; d, (2-1)
i=1 Y

i=1

is a Hilbert space.

(ii) For m € N*, we define H™(£2) as the space of vector functions v = (vy,...,v,) :

0 — R", such that v; € H™(Q), for all i = 1,...,n. When equipped with the inner
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product

(U,Q)HW(Q) = Z(Uwgz H™(Q) — Z Z U’HD gz L2(2R)>

=1 =1 |a|<m

it becames a Hilbert space. In particular, define H}({2) as the space of vector
functions v = (vy,...,v,) : @ — R", such that v; € Hj(Q2), for all i = 1,...,n. The

inner product

n L (91)1 agz
(0,9 )y = (00 90 (5r50)
H;(2) Z Z — &vj a$] L2(R)

=1 =1 3

also makes this a Hilbert space.

Remark 2.18. Throughout this manuscript, we use (-, -)12(q) to denote the inner product

in L?(Q) and ((+,-)) to represent the inner product in H}(€2).
Consider the functions space V := {v € [D(Q)]" : div v = 0}. We define

H:=7"" ={vel’Q):divv=0in Q and v-7=0 on 90},

which becomes a Hilbert space when endowed with the topology induced by L2(2). We
denote its inner product (-,-)y when referring specifically to H.

We also define the function space
—mrl
V=70 2 {v € H(Q) : dive = 0in Q},

which is also Hilbert space, equipped with the inner product inherited from Hj(Q2). By

classical arguments, we identify H with its dual space H’, and write the inclusions
Ve H=H <V (2.2)

where each space is densely embedded in the next, the injections are continuous, and the

inclusion V' < H is compact.

Remark 2.19. As a consequence of (2.2), there exists K > 0 such that, for each fixed

g € H, the inner product in H defines a bounded linear functional on V', given by

<g7U>V’,V = (gav)Ha Vo € ‘/7
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where ||g|lv: < K||gllz- -

Remark 2.20. The space C([0, T; C%(€2; R™)) consists of continuous functions from [0, T

into C%(Q; R"), and becomes a Banach space when equipped with the norm

sup [[9(t) |l c2@mrn)-
t€[0,7T]

Here, the norm in C2(2;R") is defined by

[vllc2@geny = sup [0(2)[lze + sup [ Vo (@) [[gucn + sup [|A%0 ()|, -
e z€Q €
We are now led to the main objective of this section: the weak formulation of the
unsteady Stokes equations. For this purpose, we first present the strong formulation.
Given a constant v > 0, a vector-valued function f : [0,7] x Q@ — R", and an initial
condition wug : © — R, find functions u : [0,7] — C?(;R") and p : [0,T] — C*(Q;R),

representing the fluid’s velocity and pressure, respectively, such that

w(t, ) — vAu(t,z) + Vp(t,z) = f(t,z),  in [0,T] x Q, (2.3)
divu(t,z) =0,  in [0,7T] x Q, (2.4)

ult,x) =0,  on [0,T] x OQ, (2.5)

w(0,2) = up(z),  in Q. (2.6)

Assuming u(t, z) and p(t, z) are classical solutions of the system (2.3)-(2.6), we then have
u € C([0,T); C*(;R™)) and p € CH;R), for all t € [0,T], and du/ot € C*(Q;R™) for
all t € [0, 7). Tt follows that u € L*(0,T; V) and Vp(t) € L*(Q) for all t € [0, T].

Now, observe that if v € V and f € L?(0,T; H), we obtain

(F(t), V)2 = (8?)&’5) _uAu(t)+Vp(t),v)L2(m
N (ag—g)’v) 12() — v(Au(t),v)i2(e) + (Vp(t),v)r2(0)- (2.7)

Remark 2.21. By analyzing each term on the right-hand side of (2.7), we can derive the

following conclusions:

(i) The term (—Au(t),v)12(q) can be rewritten as ((u(t),v)), given that u satisfies the
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boundary condition (2.5). Specifically,

(—Au(t),v)i2@0) = — Z(Aui(t),vi) =— Z /Q Au,(t, z) - vi(x)dx

n

= /VuZ (t,x) - Vui(z)de = Z(Vuz< ), Vuy).

=1

(ii) The term (Vp(t),v)r2(q) vanishes due to the fact that v € V, which implies divv = 0.
Indeed,

(Vp,v)12(0) = 2": (aafZ (t),vz) = ‘"1 {/ﬂ 88po (t,x) vi(x) dx]

i=1 =

_ _zn: {Lp(t>$)agi—gg)dx] = / [Z 815:61 ]

1=n

- —/Qp(t,x) divo(x) dz = 0.

(iii) For any small h > 0 such that 0 <t —h <t+ h < T, we observe that

(u(tj: h) — u(t) U) _ (u(t £ h),v)g — (u(t),v)y
h ) h ‘

Therefore, by the continuity of the inner product (-,-)y, we conclude

(iv) Since f € L*(0,T, H), Remark 2.19 allows us to regard (f(¢), )z as a duality pairing
in V. That is
(ft),v)vrv = (f(t),v),, forallvelV.

Thanks to the above observations, we can rewrite the original equation (2.7) as

%(u(t),v)H +v((u(t),v)) = (f(t),v)yy, forallte|0,T],

Since V is dense in V| this equations also holds for every v € V.
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WEAK FORMULATION: Given f € L?(0,T; V') and ug € H, find v € L*(0,T; V') such that

9 (u(t), ) + vAult), ) = (D) 0)ve, (2.9
almost everywhere in [0, 7], for all v € V', and such that «(0) = wuo.

Since we seek u € L?(0,T;V), the initial condition u(0) may not be well-defined in
the classical sense. However, the favorable properties of the operator ((u(t),-)), together
with the hypothesis f € L?(0,T; V"), imply that u has a representation in C([0,T]; V"),
which allows us to give meaning to u(0), see [46, Chapter III].

2.3 Fractional Integration and Derivation

Our initial goal in this section is extend the classical operations of integration and
differentiation to fractional (non-integer) orders. To this end, we begin by introducing
the standard notations and fundamental definitions. We then focus on the study of the
fractional operators, both integral and differential, and present several properties that are
used throughout this thesis.

We begin by presenting some special functions that are used throughout this section.
First, we introduce the Gamma function, denoted by I'(z), which is undoubtedly one of
the fundamental functions in fractional calculus. It generalizes de factorial n!, allowing n

to take non-integer and even complex values.

Definition 2.22. The Gamma Function is defined for all complex numbers z with positive

real part, i.e., for Re(z) > 0, by the integral

['(z) = /OO t*~tetdt. (2.9)
0
Remark 2.23. The Gamma function admits an analytic extension to the domain
D) ={2e C\ {0,—-1,-2,...}},
for which the following properties hold:
(i) If Re(z) > 0, then I'(z) is given by the integral (2.9).
(ii) The identity 2I'(z) = I'(z + 1) holds for all z € D(I").
(iii) I'(n+1) = n! for all n € N.
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For more details, see [36, Section 1.1].

Another useful mathematical function in fractional calculus is the Beta function, de-
noted by B. Its importance lies in the fact that its form closely resembles that of fractional

integral of many functions, particularly polynomials of the form ¢¢.

Definition 2.24. The Beta function is defined for complex numbers x and y with positive

real parts, i.e., Re(x),Re(y) > 0, by

1
B(z,y) = / s H1 — s)Y " ds.
0

Theorem 2.25. Let z,y € C with Re(x),Re(y) > 0. Then the Beta and Gamma func-
tions are related by the identity

L(2)C(y)

Ble.y) = I(r+y)

Proof. See Section 1.1.4 of the reference [36]. O

Next, we introduce the Mittag-Leffler functions, which are useful in formulating a
fractional version of the Gronwall’s inequality. The Mittag-Lefler function is a special

function that generalizes the exponential function.

Definition 2.26. Let a and [ be strictly positive real numbers. The generalized Mittag-
Leffler is the function E, 3 : C — C defined by

Eap(z) = kz:: T(ak + B)

0

Remark 2.27. There are many important special cases and identities associated with

the general Mittag-leffler function.

1. If B =1, we obtain the standard Mittag-leffler function, denoted by

E.(2) = E,1(2).

)

2. If a« = 8 =1, the function reduces to the exponential function

E.p(z) = E11(2) = €.
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3. For « =2 and B = 1, we have the identity

k:2k:

Eop5(—2*) = Esa(~ ZI‘ 2k+1 Z = cos(z).

=0 k=0

4. As an additional observation, for |z| < 1, if we formally set & = 0 and § = 1, the

series becomes -

Eo1(z Z Fyzl o

k=1

which is the standard geometry series.
For more information, see the literature [4, 22, 35].

Theorem 2.28. (Fractional Gronwall inequality theorem) Given b > 0, a > 0 and [ :
[0,00) — R be a non-negative function that is locally integrable on [0,T) for some T < occ.
Assume that u : [0,00) — R is also a non-negative function, locally integrable on [0,T),

and satisfies the inequality

t

u(t) <IU(t) + b/(t — 5)* u(s) ds,

for allt € [0,T). Then,

where 6 = (bI'())Y/®. Moreove, if there exists a constant | > 0 such that 1(t) = [ for all
t€[0,T), then
u(t) < 1E,(6t).

Proof. See for instance [23, Lemma 7.1.1] m

Now we can begin an introduction to fractional calculus. To do this, we first present
the classical integral used in the Bochner-Lebesgue spaces. Henceforth, we assume that
I = [0,7] with T" > 0. However, replacing [0,7] with any other interval [to,?;] does
not affect the results obtained in this section, except for slight changes in the constants
involved in the estimates. The structure of this section is partially based on [36, Chapter

9.
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Let X be a Banach space. We consider the operator:
1:LY0,T;X) — C([0,T]; X),
where, for almost every t € [0, 7], (Iv) is defined by
t
(To)(t) = / o(s)ds.
0
We observe that

(JQU)(t):/Ot/OSU(r) drds:/ot/rtv(r) dsdr:/ot (t;r)v(r) dr.

If we repeat this operation once more, we obtain

(13@)(t>=/0t/0T/osv(7) dr ds dr:/ot <t_2!r2)v(7“) dr.

By induction, we conclude that (I™v), that is, the result of applying the integral operator

n times to the function v(t), is given by

(I"v)(t) = ! I /0 (t —r)"to(r) dr.

(n—1

To introduce a concept that generalizes this pattern, we rewrite the formula above in

more suggestive way
1 t
I"v)(t :—/ t—r)""to(r) dr.
(I"v)(t) o) s ( (r)

This expression provides a natural clue for generalization. Informally, we may say that

the fractional integration of order o > 0 of the function v is given by:

(I*v)(t) = 1 (t —r)*to(r)dr forae. t €[0,T].
I'(a) Jo

Definition 2.29. For a € (0,00) and v : [0,7] — X, the Riemann-Liouville fractional

integral of order « at 0 of the function v, denoted by J2v(t), is defined as

1

Jovu(t) = m/o (t —s)* tu(s)ds, (2.10)

for every t € [0,T] such that integral (2.10) exists.

Proposition 2.30. Let o > 0.
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(1) v € LY0,t; X), for every t € [0,T), if and only if, J*v(t) exists for almost every
te[0,7].

(ii) if v € L*(0,T; X), then J*v(t) is Bochner integrable in [0,T].
Proof. See, for instance, [8, Theorem 2.5]. ]

To better understand this definition, let us recall some additional definitions and

results.

Definition 2.31. Let a > 0. Consider the function g, : R — [0, 00) given by

—t >0
F(O{) ) b

0, t<0.

9a(t) =

Proposition 2.32. Let «, 8 > 0 and consider g, : R — [0,00) given in Definition 2.31.
Then

o * G = Gatp, > 0.

Proof. See, for instance, [36, Section 2.4.2]. O
Remark 2.33. Note that for any a € (0,00), item (i) of Proposition 2.30 implies that

if Jov(t) exists for almost every ¢ € [0,7], then v € L*(0,7; X). Thus, the Riemann-

Liouville fractional integral and g, functions are related by the identity

t

Jou(t) = (0% ga)(t) = /0 gu(t — s)o(s) ds, for ae. t € [0,T].

Theorem 2.34. Let o > 0 and p € [1,00]. Then the Riemann-Liouville fractional integral

operator

Jo L LP(0,T;X) — LP(0,T;X)

1 t o1
o) m/O(t—s) o(s) ds

1$ a bounded linear operator. Furthermore, it holds that

T Te
[ 1ol ] < |5 el
0

a+1)

Proof. This theorem was proved by Carvalho-Neto and Fehlberg Junior in Theorem 3.1
of [8]. O
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Theorem 2.35. If a >0 and v € L>(0,T; X), then JXv € C([0,T]; X).

Proof. Since v € L*>*(0,T; X ), we have the estimate

[e7

1 t T
Ju(t < — t—g)o ! ds < ———— o (0.T
1720 @lx < Frgs / (t = 9" o) lxds < g s Ivlsor,

for any t € [0, T]. This shows that Jfv(t) exists for every ¢ € [0,T].

Now, for ¢,w € [0,T] with w < t, we consider

0(e) = Tgowl < s [ 6= 9ol ds

(@) Ju
+ L /w [(w—s)*"" = (t — )] [Ju(s)||x ds.
(a) Jo
But then, we obtain the bound
N N (t —w)* we! (t —w)~ t
t) — < — (0T
ogole) - ol < [f 4 s S follamamy
M” [
= F(Oé+1) VL= (0,T;X)-
Therefore, Jfv(t) is continuous on [0,77, i.e., Jiv € C([0,T]; X). O

Definition 2.36. Let a € (0,1), and v € L'(0,T; X) such that v* g;_, € WH(0,T; X).

The Riemann-Liouville fractional derivative of order a, denoted by Dfv(t), is defined as
D¢v(t) := D} 0(t) = DHgy_o xv)(t)  for a.e. t € [0,T],

0
where D} = (a) Explicity, we have

Dou(t) :Dt{ﬁfot(t—s)%(s) ds}, for ae. t € [0,7)

1 -«
Example 2.37. Let a € (0,1), 8 € (—1,00) and consider the function v(t) = ct®. Then

apy o LB+ 5,
Dt U(t) = Cmtﬁ .

Proof. Computing the Riemann-Liouville fractional derivative

Do(t) = Di{ﬁ /O t(t—s)acsﬁds}
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D1 Ctl'i‘ﬁ—a 1 1 W IBd
- t{m—a)/o( me) s }

et~
F(B+1) 5.4
Cmt’g s for t > 0.

]

Remark 2.38. From Example 2.37, observe that the Riemann-Liouville fractional deriva-
tive of a constant function c is given by
t*OL

D?C:Cm, fOI't>0.

Thus, when computing the Riemann-Liouville derivative of a function, we cannot generally
expect non-singular behavior at ¢ = 0. To avoid such difficulties, we adopt the Caputo
fractional derivative, which can be viewed as a regularization of the Riemann-Liouville
derivative at the origin and satisfies the relevant property of vanishing when applied to

constant functions.

The previous remark, along with several physical and practical considerations, moti-

vates the definition of the Caputo fractional derivative.

Definition 2.39. Let a € (0,1), and v € C([0,T], X) with v* g;_, € WH1(0,T; X). The

Caputo fractional derivative of order a, denoted as cDgv(t), is defined by
cDYv(t) := Dy (v(t) — v(0)), for a.e. t € [0,T].

Proposition 2.40. Let o € (0,1) and suppose that v € C*([0,T]; X). Then cDv(t) €
C([0,7],X) and
cDu(t) = J1'(t),  for a.e. t €1]0,T).

Proof. First, observe that

eDEu(t) = DX(u(t) — v(0)) = D} {ﬁ REERCEE v<o>>ds} .

Since v is differentiable in the usual sense, we integrate by parts

Dott) = D { e [ [y0Me -] vt — w0

a—1
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) =9 (w(s) — 0(0))
B Dt{ I'l—a)a—1

s;(] N I'(1 1— a) /0 a i 1(t — )17 (s) ds}

= Oi{rey [ et e )

Thus, by applying Leibniz Rule (see [42, Theorem 8.1]), we conclude that

cDf(t) = ﬁ/{) (t—s8)"'(s) ds = J} =/ (t), forae. t€0,7].

Finally, Theorem 2.35 ensures that cDv(t) belongs to C([0,T]; X). O

Corollary 2.41. Let a € (0,1) and suppose v € C*([0,T]; X) with v(0) = Ox. Then
D} v(t) € C([0,T], X), and

D} v(t) = D} JMv(t) = J'(t),  for a.e. t € [0,T).

The next proposition revisits a classical set of computation commonly found in text-

books on fractional calculus, such as [25, 34, 36, 39].

Proposition 2.42. Let ay,ay, with v € LY0,T;X) and h € C([0,T],X). Then the
following properties hold

(i) JPJP%o(t) = JPT*%0(t), for almost every t € [0,T);
(ii) D JMo(t) = o(t), for almost every t € [0,T];
(ii) If J}~*v € WHY(0,T; X), then
J DM o(t) = o(t) — %Oél)tal_l{Jsl_o‘lvHSo, for a.e. t €[0,T).

Moreover, if there exists an integral function ¢ such that v = J* ¢(t), then

JADMo(t) = v(t), for a.e. t€0,T).

() ¢D Jh(t) = h(t), for almost every t € [0,T];

(v) If J1"*h € WHH0,T; X)), then JeD{ h(t) = h(t) — h(0), for almost every t €
[0,77].
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Proof. We prove each item separately.

(i) We just observe that by Proposition 2.32
TP TP 0() = oy * (Gaz % 0)(8) = (gay * gap) * 0(t) = T 70 (8).
(ii) Using item (i), we compute
D I u(t) = Dy J I u(t) = DyJlo(t).
By the Fundamental Theorem of Calculus, we have

D} Jlv(t) = % </0tv(s)ds) = o(t), for a.e. t € [0,7).

(iii) Since D{*w(t) € LY(0,T; X), we write

1 t
JDMw(t) = F(al)/(t—s)al_nglv(s) ds
0
1 —
= ———— | D;(t—s)""Dv(s) ds.
i | D= smDrete)

Now, using Leibniz’s rule

« « 1 ! (03 a1
JMDMw(t) = D) {alf(al) /0 (t —8)* DM uv(s) ds}

1 t
= D} t—s) DLyl ds ¢ .
Ho - ompi) as)

Integrating by parts

ety = D s — 9 e

1 t
—_ DLt — s) Jly(s ds}
e |, P

1
= D/{- g -
t { OqF(Oél) { s U(S)}‘ =0

s [ e s
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1
= —_—— ga-lggl-a o DlJaljl—oq ¢
F(Oél) { s U(S)}l =0+ D JyJy U( )

1
= v(t) = =t I ()} so, for ae. t € [0, 7.
0(8) = Tyt o, for e ¢ € [0.7)
Now, if v(t) = J" ¢(t), then by item (i),

D () = J DI () = Ji(t) = u(t).

(iv) Using the estimate

aq 1 ’ o1 —
128 ol < [l / (s — 1) dr

we conclude that

D P h(t) = Dt (J7h(t) — I3 h(s)ls=0) = D Ji h(t) = ho(?).

(v) Finally, observe that if H(t) = h(t) — h(0), by item (i7i) and by the fact observed

in item (iv), we obtain

JReDP h(t) = J DV H(E) = H(t) — ﬁta”ujalﬂ@)}uzo — h(t) - h(0).

]

By finishing this section, we establish a conection between fractional calculus and the

Radon-Nikodym property discussed in Section 2.1.

Proposition 2.43. Let a € (0,1) and let X a Banach Space with the Radon-Nikodym
property. If v :[0,T] — X is absolutely continuous, then J 7% s absolutely continuous

on [0,T) and J}~*v € WHY(0,T; X). Moreover,

v(0)t~

P e

+ J2'(¢).
for almost every t € [0,T].

Proof. Since v is absolutely continuous, item (ii) in Remark 2.7 ensure that v' belongs to

L'(0,T; X) and



for every t € [a, b]. Thus,

By the Fubini-Tonelli theorem for Banach-valued functions, we deduce

Jtl_av(t) =

JI(t) = ﬁgg)f:; + F(Ql_ o) /0 V' (8)(t — s)'ds. (2.11)

Since functions defined as integrals of L'(0,T; X) functions are absolutely continuous, it
follows that J!' “v is absolutely continuous on [0, T]. Again, by item (i) in Remark 2.7,
we conclude that J!~“v belongs to W(0,T; X). Differentiating equation (2.11) using
the Libniz Rule (see in [8, Theorem 53]), we obtain

Izj((lo)—t:) + r(1 1_ Q) /0 v'(s)(t — s)""ds, (2.12)

for almost every ¢ € [0, T]. O

Diwv(t) =

Remark 2.44. Let X be a Banach Space with the Radon-Nikodym property. Sup-
pose a € (0,1) and v : [0,7] — X is a absolutely continuous function, then D{v(t) €
L™(0,T;X) for all 1 <r < 1/a. Indeed, by Proposition 2.43, representation (2.12) holds.

Therefore,

v(0)t @
Il -«

+ Hﬁ /Ot o (s)(t — 5)~*ds

For the second term, by the Minkowski’s integral ineqaulity for Banach-valued function,

| Dfv(t) ||l Lro,rx) <

L7(0,T;X) L7(0,T;X)

we obtain

Since 1 <r < 1/a, we have

1/r

T T
< / 10" (s) |l x (/ (w — s)_“’"dw) ds.
Lrorx)  Jo 5

/Ot V'(s)(t — s)"%ds

T T 1/r T(l/r)foz T
[ el ([ =) i< o [Feas

Concluding that for every 1 <r < 1/a,

. T/r)—a
(0% t r . <
[1DFv@) ]| Lro15x) < F1—a)1-ar

G o)l x + 1Vl 21 orx)] -
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Chapter 3

Carathéodory’s Problem and the
Spaces L5(0,T: X)

With the aim of formulating and solving the fractional version of the unsteady Stokes
equations, the third chapter is devoted to the study of two important tools. The first
concerns the conditions for the existence of solutions to the fractional Cauchy problem.
The second introduces the space L2 (0,7; X), along with a study of its most important

properties.

3.1 The Fractional Carathéodory’s Problem

Our aim in this section is to establish the existence and uniqueness of global solution

to the Cauchy problem

cDfu(t) = G(t,u(t)), for ae. t €[0,T],
U(O) = up € R™,

(3.1)

where o € (0,1) and ¢Dy is the Caputo fractional derivative, 7' > 0 is a fixed value and
G :[0,7] x R™ — R™ is a Carathéodory map. It is worth noting that Lan and Webb
discussed a similar problem in [26, Theorems 5 and 6] for the case m = 1, where the
Carathéodory map grows at most linearly on the second variable. However, our focus
here lies on addressing a slightly different problem using a different method.

To this end, below we introduce some conventional concepts and a classical theorem.

For the proofs and further details, we refer to [37, Theorem 1.27].

Definition 3.1. (i) We say that a : [0,7] x R™ — R™ is a Carathéodory map if the
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function a(-,z) : [0,7] — R™ is measurable for each x € R™, and the function

a(t,-) : R™ — R™ is continuous for almost every ¢ € [0, T7.

(ii) The Nemytskii Mapping N,, is a function that maps a function ¢ : [0, 7] — R™ into
a function N,(¢) : [0, 7] — R™ which is defined by

From the above definition, we may deduce the following result.

Proposition 3.2. Ifa:[0,T] x R™ — R™ is a Carathéodory map and ¢ : [0,T] — R™ is

measurable, then t +— [Na(Qﬁ)} (t) is measurable. Moreover, if a(t,x) satisfies
la(t, z)[lm < (1) + Cllz]|4?,

for some v € LP(0,T), with q € [1,00), then N, is a bounded continuous mapping from
L0, T;R™) into LP(0,T;R™).

In what follows, we adopt a structured approach. First, we establish a criterion that
allows us to transform the fractional Cauchy problem (3.1) into an equivalent integral
problem. Next, we prove the existence and uniqueness of a local solution, followed by a
discussion on the extension of this local solution. Finally, we present a theorem concerning
the existence and uniqueness of the global solution.

To begin, we introduce two definitions for the solution of the Cauchy problem (3.1).

Definition 3.3. Let 7 € (0,7) and ¢ : [0,7] — R™ a continuous function. Then, if ¢
satisfies both equations of (3.1) in [0, 7], we say that it is a local solution of (3.1).

Definition 3.4. Let ¢ : [0,7] — R™ a continuous function. If ¢ satisfies both equations
of (3.1) in [0, T], we say that it is a global solution of (3.1).

First, we focus on establishing the existence of a local solution to Problem (3.1). To

achieve this, we begin by proving its equivalent integral formulation.

Lemma 3.5. Let 7 € (0,7), p € (1,00), a € (1/p,1), ¢ : [0,7] = R™ a continuous
function and assume that G : [0,T] x R™ — R™ be a Carathéodory map that satisfies

Gt @) < A(8) + Cllelg?, (3:2)
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for some v € LP(0,T), with q € [1,00). Then ¢ is a local solution of (3.1) in [0, 7], if and

only if, ¢ satisfies the integral equation

¢(t>:u0+ﬁ /0 (t — s)° G (s, ¢(s)) ds, Vte [0,7]. (3.3)

Proof. Since ¢ is continuous in [0, 7], Proposition 3.2 ensures that G(-, ¢(-)) € LP(0, T;R™).

Now, if we assume that ¢ is a local solution of (3.1), since
cDPo(t) = G(t, ¢(t)), for a.e. t €0, 7],

item (iz) of Remark 3.6 allows us to apply J{* to both sides of the above equality, which,
together with the Proposition 2.42 [item (v)], ensures that

o(t) = ug + ﬁ/o (t—8)*'G(s,¢(s)) ds, Vt€ [0,7].

Conversely, since ¢ € C([0, 7], R™) and satisfies the integral equation,

1 t o1
¢<t):uo+m/o(t—s) (s, 6(s)) ds, Vte [0,7].

the continuity of the Riemann-Liouville fractional integral is sufficient for us to deduce
that ¢(0) = uy. Moreover, item (ii) of Proposition 2.42 allows us to apply Df* in both

sides of integral equation, obtaining
cDEg(t) = G(t, (1)), a.e.in[0,7].

[]

Remark 3.6. The hypothesis imposed on p and « in Lemma 3.5 can be justified by the

following observations:

(i) To establish the fixed-point argument used in the proof of Carathéodory’s classical
theorem, it is necessary that G(-,¢(:)) € L?(0,7;R™) for some p € [1,00), for all
continuous, ¢ : [0, 7] — R™. This condition ensures that the integral formulation of
the Cauchy problem is well-defined as a mapping between subspaces of continuous
functions. This property is closely tied to the fact that, for every g € L'(0,T) we

have that function .
0,T] >t —>/ g(s)ds,
0
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defines a continuous function. However, this assertion does not hold in general
when dealing with the Riemann-Liouville fractional integral of order av € (0,1). For

example, if we consider o < 3 < 1 and g(t) = t=#, we see that g € L'(0,7T') but

o o F(]- _B) a—
a0 = |y )

which does not define a continuous function on [0, 7.

(ii) In 1928, Hardy and Littlewood established that for all functions in LP(0,7") with
p € (1,00], the fractional integral of order o € (1/p,1+ 1/p) is Holder continuous
of order o — (1/p), which proves to be sufficient for the continuity of the fractional
integral (see [21, Theorem 12] for details). Recently, Carvalho-Neto and Fehlberg
Junior improved this result for Bochner-Lebesgue spaces (see [9, Theorem 7]). Con-
sequently, to ensure that the integral formulation of the Cauchy problem related to
the Caputo fractional derivative of order o € (0, 1) is well-defined as a mapping be-
tween subspace of continuous functions, it is essential that G(-, ¢(-)) € LP(0,T;R™),

for some p € (1/a, ), for all continuous functions ¢ : [0, 7] — R™.

Now we present our first main theorem, which discusses the existence and uniqueness

of local solutions to problem (3.1).

Theorem 3.7. Let p € (1,00) and o € (1/p,1]. Assume G : [0,T] x R™ — R™ is a
Carathéodory map that satisfies (3.2) for some v € LP(0,T), with q¢ € [1,00), and is a
locally Lipschitz contimuous in the second variable for almost every t € [0,T); that is, for

each fized ug € R™, there exist r = r(ug) > 0 and constant L = L(B,(ug)) > 0 such that
|G (t,2) = Gt y)llm < Lz = yllm,

for all x, y € B.(ug) and almost every t € [0,T], where B,(uy) denotes the open ball
centered at ug with radius r. Then, there exists T € [0,T] such that (3.1) has a unique

local solution on [0, T].

Proof. Given uy € R™, let » > 0 and L > 0 denote the constants associated with the
Lipschitz continuity of G' at ug. Choose § € (0,7) and 7 € (0,T") such that

7L

Tlatl) =

1 1 [p—1\0m 5
Z d —— a—(1/p) || (3. s
2 an IN()) (ap— 1) T |G( 7u0)||LP(0,T,R ) S5
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Consider
K:={¢ € C([0,7],R™) : ¢(0) = up and [[¢(t) — uollm < B8, VL €[0,7]}

a nonempty and closed subset of C([0,7],R™). Due to Proposition 3.2 and item (i) of
Remark 3.6, we can define the operator T': K — C([0, 7], R™) by

1

—)/0 (t — 5)*1G(s, ¢(s)) ds.

To apply Banach fixed-point theorem, we shall prove that T(K) C K and that T is a
contraction. First, observe that for ¢» € K, as argued before, J*G(t,1(t)) is continuous,

which ensures that T € C([0, 7]; R™) and T%(0) = uy . Moreover, notice that

1 t o1
1T (t) — uollm < W/o (t = )" [I[G(s,9(s)) — G(s,u0)|[m + [|G(s, u0)|[m] ds,

for all ¢ € [0,T]. Therefore, since Proposition 3.2 ensures that G(-,ug) € LP(0,t;R"), we

have

1 [ _ 1 o
| =Gl ds < = e (G

IA

L po1 e
F(a_) (ap— 1> T (1/10)||G(.7uo)HLP(QT;]R?”)7

for all t € [0, 7], what implies that

IT0E) = ugllm < —lP ! (p_l

1-(1/p) W)
o P G * P RM
ma+n+r@)(w—1> T G (-, wo) |l oo smm)

<

IV e

B _
+5=8.

Now, if 91,19 € K, we have that

1

[T (t) = Tha(t) [l < m/o(t—s)aIHG(S,zﬂl(s))—G(S,wg(s))Hm ds

LT
Ta 7 1) Sp, 11(5) = 4l

IN

L sup I1n(s) = (8,

2 s€[0,7]

IN
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for all t € [0, 7], or in other words, T is a contraction. Summarizing the conclusions above,
and applying the Banach fixed-point theorem, we conclude that there exists 7 € (0,7)
and a unique local solution « : [0, 7] — R™ to problem (3.1) in K.

To complete the proof, we note that any continuous function from [0, 7] into R™ that
also satisfies the integral formulation (3.3) must coincide with the unique local solution
¢ € K whose existence we have just established. However, we omit the details, as the
result follows from a standard argument based on classical fractional Gronwall inequality,

see for instance Theorem 2.28. ]

Next, our attention turns to extending the local solution, which exist due to the conclu-
sion of Theorem 3.7. To accomplish this, we initially introduce the concept of continuation
of local solutions, followed by the results that prove the existence and uniqueness of such

extensions.

Definition 3.8. (i) Let ¢ : [0,7] — R™ be a local solution on [0, 7] of (3.1). If 7* > 7
and ¢* : [0,7*] = R™ is a local solution of (3.1) on [0, 7*], then we say that ¢* is a

continuation of ¢ on [0, 7*].

(ii) We say that a function ¢ : [0, 7*) — R™ is a local solution of (3.1) on [0, 7%), if it is
a local solution of (3.1) on [0, 7] for all 7 € (0, 7).

(iii) If ¢ : [0,7%) — R™ is a local solution of (3.1) on [0,7*) but is not a local solution of

(3.1) in [0, 7*], then we call it a maximal local solution.
Before addressing our next Theorem, we establish a simple technical lemma.

Lemma 3.9. Let ty > t; >0, p € (1,00), @ € (1/p,1) and v € LP(0,t1;R™). Then we
have that

ot [ M= = = oo

m

1 [ p—1 )\
< = ty— )= /D) .

— ') (ap — 1) (L2 1) ||U||LP(0,t1,R )
Proof. Since we know that for 0 < a < b and m € [1,00) it holds that

(b—a)™ <b"™ —a™,

we may deduce that
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1M
- t _ thl_ t _ a—1 d
o [ 6= = = utea|
1 (r=1)/
<L t [(t _3)(a—1)p/(p—1)_(t _3)(a—1)p/(p—1)}d3 ’ pHvH

1 t1 to d (a—1)p/ (1) (p—1)/p
= — — _ _ a—1)p/(p— d d . N~ 4
['(a) {/0 [ /tl dUJ(w ) w} S} vz Otirm)-  (3.4)

As a result, by applying Fubini-Tonelli’s theorem to (3.4), we arrive at

1 po1 .
= T(a) ( ) (ta — )" YP)|0|| Lo(0 4y mm)-

]

Theorem 3.10. Letp € (1,00), a € (1/p,1), and G : [0, T|xR™ — R™ be a Carathéodory
map that satisfies (3.2) for some v € LP(0,T), with q € [1,00), and is a locally Lipschitz
in the second variable for almost everywhere on [0,T]. If ¢ : [0,7] — R™ is the unique
local solution of (3.1) on [0, 7], for some T € (0,T), then there exists a unique continuation

o* of ¢ on some interval [0,7 4+ 7] C [0,T), for some T > 0.

Proof. Let ¢ : [0, 7] — R™ be the unique local solution to (3.1) on [0,7]. Let B, (¢(7))
be the open ball centered at ¢(7) with radius r; > 0, and let L = L(B,,(¢(7))) be the
Lipschitz constant of G associated with its local Lipschitz continuity on B, (¢(7)). Fix
B1 € (0,71) and choose 71 > 0 with 747 € (0,7"), such that the following conditions are
satisfied

where

D = max {[|G(-, ¢(r) | rorizm), |G C ¢l Loorizm) }

37



Consider

K= {90 € C([0,7 + 7], R™) - o(t) = ¢(t) Vt € [0,7] and }

l(t) = (Tl < Br, VEE [1,7 + 7]

a nonempty and closed subset of C([0,7 + 7|;R™) and T': K — C([0,7 4+ 71]; R™) given
by

Toolt) = g + ﬁ /0 (t = $)°' s, p(s))ds.

Let us prove that T'(K) C K.

(i) If ¢ € K, then p(t) = ¢(t) in [0, 7] with ¢ the local solution of (3.1) in [0, 7]. So, if
te0,7]

To(t) = uO+ﬁ / (t — )G (s, o(s))ds
1 t o—1 B B
~ 0t / (t — )G (s, 6(s))ds = To(t) = 8(2).

(i) If t € [1,7 + 7], then

ITo(t) = 6(F)lm < Hﬁ [ st stonas = s [ - 96, ot
+ﬁ/(t—s)o‘_lG(s,qﬁ(T))ds—F(la)/(t—s)o‘_lG(s 6(r))ds

m

< |/ (£ — 5 (G (s, 0(5)) — s, d(r))ds
+

1

s [l = = 976, s

m

1

@/ (t=)""Gs, p(r))ds|| = Tu(t) + Ia(t) +Ja(h).

m

Now, we proceed to estimate each of the functions J;(t), Ja(¢), and J3(¢) defined

above.

(a) A direct estimate shows that

Lﬁl T{I .
Ji(t) < m7
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(b) Proposition 3.2 and Lemma 3.9 ensure

1 o1\
w)g_( ) =0 G S o

(¢) Again, a direct computation guarantees

1 p—1 1—-(1/p) o (1/p)
1)< o (225) UG oD

Therefore
IT(p(t) — ()|l < By, forall te[r,7+ 7]

Now, let us prove that T is a contraction. For ¢, s € K and t € [0, 7 + 71], it holds that

IT(1(8)) = T(a(t)]lm < ﬁ / (t— )7 1G5, 1(5)) — G5, 02(5)) [ ds
Lt
< ot 1) 86[2&371] l¢1(s) = @2(5)|Im
< I sup Ylei(s) — oals)

3 s€[0,74+71]

Therefore, Banach’s fixed-point theorem ensures the existence of a unique fixed point
¢* € K for the integral equation, which is, in fact, the only continuation of ¢ over the
interval [0,7 + 71]. The uniqueness of this continuation can be established by applying
the same argument used at the end of the proof of Theorem 3.7

]

Since the radius r and the parameter § are given in Theorem 3.7, and the radius r; and
the parameter 5 in Theorem 3.10, Figure 3.1 below, illustrates a possible local solution
¢ to the fractional Cauchy problem and its extension ¢*, assuming that r; is smaller than
r, that is, By, (¢(7)) C By (up).

Next, we present an important Lemma, which provides support for the theorem con-

cerning the existence and uniqueness of the global solution to problem (3.1).

Lemma 3.11. Let p € (1,00), o € (1/p,1), 7 € (0,T], and G : [0,T] x R™ — R™
a Carathéodory map that satisfies (3.2) for some v € LP(0,T), with ¢ € [1,00). If
¢ [0,7) — R™ is a local solution of (3.1) and belongs to L(0,7;R™), then we can
extend ¢ continuously on [0,7] in a unique manner. Furthermore, this extension is a

solution of (3.1) on the interval [0, 7].
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Rm

Figure 3.1: Representation of the balls B,.(ug) and B, (¢(7)), and a possible local solution
0.

Proof. Assume that ¢ is a solution of (3.1) on the interval [0, 7), for ¢,w € [0,7), where

t > w > 0, we have

1 ot
[6(t) = ¢(w)[m < m/ (t =) NG (s, ¢(s))l|m ds

w

[ =9 = = 9 UG o) s
By Proposition 3.2 and Lemma 3.9, it follows that

. 1-(1/p)
[6(t) = d(w)]|m < o (u) (t = w)* NG, d()) | o (o,rimm)-

I(a) \ap—1
Now, let (tk) C [0, 7) be a sequence such that t, — 7 as k — oo. The above inequality
shows that (¢(tx)) is a Cauchy sequence. Since R™ is a Banach space, there exists u, € R™
such that limy_,o. ¢(tx) = u,.
Next, consider another sequence (sk) C [0,7) such that sy — 7 as k — oo. We show

that ¢(sr) — u, by observing that:

. 1-(1/p)
me—¢@mméiL<p 1) (tx = 7) + (7 = 5]V NG () o0,y

['a) \ap—1
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Thus,

[P(sk) = tUrllm < [P(sk) = d(tr)|lm + [|P(tr) — tr||m

< Otk — 1)+ (= s0)]* Y7+ l6(th) — e lm,

which implies that ¢(s;) — u, as k — oo.

Define now the function ¢ : [0,7] — R™ as follows:

3(t) = o(t) iftel0,7),

Uy ift=r.

It follows that é is continuous on [0, 7] and is the only possible continuous extension of
(t).
Finally, observe that

t

3(r) = lim o(t) = Tim_fuo+ (= 5" Gls.0(5)ds

T

= uy + /(7’ — 5)*71G (s, ¢(s))ds.

0
Therefore, ¢ is a solution of (3.1) on [0, 7], as claimed. O

Theorem 3.12. Letp € (1,00), a € (1/p,1], G : [0, T] x R™ — R™ a Carathéodory map
that satisfies (3.2) for some v € LP(0,T), with p = q and is a locally Lipschitz continuous
in the second variable for almost every t € [0,T]. Then, the problem (3.1) has a unique
global solution in [0,T)].

Proof. Consider

H := {7 € (0,T] : exists a unique ¢, : [0, 7] — R™

that is a local solution of (3.1) on [0, 7]}.

Note that Theorem 3.7 guarantees that H is nonempty. Therefore, if we denote 7" =
sup H, we can define a continuous function ¢ : [0, 7%) — R™, which is the unique solution

of problem (3.1) in [0, 7], for all 7 € (0,7*). Now notice that due to (3.2) we have
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1 D — 1 1-(1/p) L
160l < ol + 57 (225) TPl

(& J/

TV
=M

C

i / (t — )% [ 6(5)llm ds.

for all ¢ € [0,7*). But then, since ¢ € L] (0,7*;R™), the fractional version of Gronwall’s

loc

inequality (cf. Theorem 2.28) ensures that
lo(®)llm < MEL(CY1),

for all t € [0,7"), where E,(z) is the Mittag-Leffler function. This implies that ¢ €
L0, 7% R™).

Consequently, we can deduce that 7 = T'. Indeed, if this were not the case, that is, if
7% < T, Theorem 3.10 and Lemma 3.11 would guarantee the existence and uniqueness of
a solution defined on an interval properly containing [0, 7*], contradicting the definition of
7*. Therefore, since 7 = T, we may apply Lemma 3.11 once more to ensure the existence

of a unique extension of ¢ on [0, 7], as desired. O

Remark 3.13. It is worth noting that Theorem 3.12 becomes significantly more challeng-
ing to prove when ¢ # p, as extending Gronwall’s inequality to this scenario results in a
far more complex task. Since such an improvement does not contribute to our objectives,

we have opted not to address this generalization here.

3.2 The Spaces L2(0,T; X)

As mentioned in the introduction, it is essential to discuss a new space that is iso-
metrically isomorphic to a Bochner-Lebesgue spaces and plays a crucial role in the main
results of this work. Therefore, in this section, assuming that X is a Banach space, we
first introduce the space L2 (0,7; X), along with the definition of a suitable norm. We
then present a series of results aimed at establishing relationships between the spaces
LP(0,T; X) for different values of o € [0,1] and p € [1,00), as well as their connection
with the classical space LP(0,T; X). Finally, we show that L?(0,T; X) is a Banach space

and address its reflexivity properties.

Definition 3.14. For a € (0,1] and p € [1,00), the («, p) Bochner integrable functions is
denoted by LP(0,T; X) and consists of all Bochner measurable functions v : [0,7] — X
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such that

T (T o S)afl )
/0 (o) NPlixds < oo

For completeness, we also define L{(0,7; X) = L>(0,T; X) for any p € [1, 00).

Remark 3.15. (i) It is interesting to note that the choice of the interval [0, 7], in the
definition of the sets L2(0,7; X), was made solely for the purposes of the studies
developed in this manuscript. Nevertheless, replacing [0, 7] with any other interval
[to, t1] does not affect the results obtained in this section, except for slight changes

in the constants involved in the estimates.

(ii) Observe that this definition could be extended to a > 1. However, since it falls
outside the scope of the results we are proving in this manuscript, we prefer not to

discuss this case at this moment, leaving such an analysis for a future related work.

Let us begin our study of L2 (0,T'; X) by proving that each of these sets forms a normed

vector space, which is also a subspace of LP(0,T; X).

Proposition 3.16. Let o € [0,1] and p € [1,00). Then L}(0,T;X) = L?(0,T;X) and
LB(0,T; X) = L=(0,T; X), both of which are trivially subspaces of LP(0,T;X). On the
other hand, for o € (0,1), L2(0,T; X) is a vector subspace of LP(0,T; X).

Proof. Assume that « € (0,1). First, observe that for any v € L2(0,T; X), we have

T T
[ Ilrds = @ = 9@ - 92 o) P ds < D@ ollzioz < .
0 0

where || - ||z o7, x) is defined below. Thus, LE(0,7T; X) is contained in LP(0,7; X). Now,
let A € R and vy,ve € LE(0,T; X). Then,

(T — s)> ! - N ) T(T — g)o-t S
/0 Ty [ Avi(s) +va(s)|lds < 2 {1,|/\|}{/0 ) vy (s)|% d

i /oT(Tr_(—Z))a_l”%(S)H?( dS] < o0.

Hence, A\v; + vy € LP(0,T;X), which proves that L2(0,7; X) is a vector subspace of
LP(0,T; X). O

Now, we define an appropriate norm for the vector space L2 (0,T; X).
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Proposition 3.17. Fora € [0,1] and p € [1,00), consider |||tz or.x) : L5(0,T; X) = R
given by

0]l oo 0,7, if a =0,

lolizorx =3 / (77— g "
LE(0.T:X) (/ (TTZ))IIIU(S)HWS) , ifa € (0,1].
0

With this, (LQ(O,T; X), | - HL{;(O,T;X)) defines a normed vector space.
Proof. Assume that o € (0, 1).
(i) If v € L2(0,T;X) and [[v|[zz01.x) = 0, since (T — 5)* '|u(s)|/5x > 0 for almost

every s € [0,T], it follows that |[v(s)|[% = 0 for almost every s € [0,T]. Therefore
v=0.

(ii) It is straightforward to verify that for v € L2(0,7;X) and A € R, we have

Al 0.7 x) = (Aol 2z 0.7, -

(iii) For vy,ve € LP(0,T; X) we have

Jioi(t) + v () 1% o

1

T
= o) / (T — 8) @ D/P vy (8) + va(8)|| x (T — )@ DEP||wy (5) + vy (s)||5 s,
0

what ensures that

Tl (®) + vl

S)a—l el

< [ E 22 o [ZR 2 o)+ i

p—1

! / {%} el [%] 7 oa(s) + enlo) B s

Thus, Holder’s inequality allows us to achieve that

I lloa(8) + oo (D)l

p—1

- </0T(T;<—f§_l||m<s>||§(ds>; ([ T ) + s )
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p—1

+(/ T%uvz(s)n&ds); (/ T%nw Folo)lds) |

Therefore

||U1+U2||LP (0,7:X) [||U1||LP or:x) + llvallrz OTX]||Ul+U2||LP(0TX) (3.5)

It follows now directly from (3.5) that

o1 4+ vall 2 0.1:x) < ||o1llzzorx) + o2l 22 0.7:x) -

completing the proof that || - |1z o7 x) defines a norm in LE(0,T; X).
O

Now, in order to establish some relationships between L (0,T; X) for different values
of @ € [0,1] and p € [1,00), as well as its connection with the classical LP(0,T; X), we

present the following series of results.

Proposition 3.18. Let a, 8 € [0,1], with o < 3, and p € [1,00). Then, L2(0,T;X) C
L5(0,T; X), and for all f € LE(0,T; X) it holds that

T8 1/p
(m) ”U“Lg(O,T;X)a for a =0,

o]l 2z 0,7,x) < (3.6)

Tﬁ—ar 1/p
(W;Q)) HUHLZ(O,T;X), for a € (0,1].

Proof. First, let a = 0. If v € L5(0,T; X), it follows from Theorem 2.35 that JJ ||v(t)|/%
belongs to C([0,T]; R). Consequently, we obtain the inclusion L{(0,7; X) C L7(0,T; X)

for all B € (0,1]. To show that this inclusion is strict, consider the function v(t) = t=%/7,
which belongs to Lj;(0,T;R) but not to Lg(0,7;R). Indeed, observe that

- 1 T o 1/p
IE B/pHL’B’(O,T;R) _ (m/() (T — s)° s ﬁds)

(i)

_(BOA=BBNT gy
—( - ) — (0= 8.
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Now, assume that 0 < o < 8 < 1. For any v € L2(0,T; X), we have

T T
| @9 eeds = [ =97 @ - 9 o) ds
0 0
T
S N LG
0
This implies the norm bound (3.6), which establishes the inclusion
Le(0, T3 X) € Lg(0,T; X),

for0<a< <1,

Finally, to verify that this inclusion is strict, consider v(t) = (T — t)™/? for any
v € (a, ). In this case, we have that v € LIB’(O,T; R) but v ¢ L2(0,T;R). Indeed, since
a — v < 0, the integral

T
s

T
=07 g = [ (== |

diverges.

]

Corollary 3.19. Let o € (0,1), and p € (1,00) such that « > 1/p. If v € L2(0,T; X) U
LP(0,T; X), then Jpv € C([0,T]; X) and Jfv(t)|,_, = Ox.

Proof. First suppose that v € LP(0,T; X). According to [9, Theorem 7|, it follows that
Jfv € C([0,T]; X). Moreover, observe that

« 1 ! a—1
750l x < m/o (t = 5)" lv(s)llx ds

vl ze(0,m:30) t ooy o\ .
< (Fagoie ) ([ -areonas ) < O 157,

Thus, limy g+ ||Jfv(t)||x = 0, and consequently va(t)}tzo = 0x.

Now suppose that v € L2(0,7;X). By Proposition 3.18, we have L2(0,7;X) C

LP(0,T; X), and hence the continuity of J?v follows from the previous case. It remains

to prove that J2v(t)|,_, = Ox. Consider

« 1 ! a—1 l1—a)/p a—1)/p
175 0(8)]] x Sm/o(t—S) (T = )" P(T = 5) V7 ||u(s)||x ds
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lvllzs07:0) t pla=1)/(p-1) (1-0)/(p—1) e
=\ Tl /O(t—s) (T =) ds . (37)

for all t € (0, 7.
Now notice that by applying the change of variable s =T — (T — t)h™!, we obtain

t
/ (t — 5)P@=D/=D (] _ g)(1=0)/=1) g
0

1
:(T——ﬂ“/1 (1= RyPeD/0-Dp-a=1gy  (38)
(T—)/T

. s

— ()

It follows from (3.7) and (3.8) that

o . o ||U||Lg(0,T;X) .
g elolx,_, =t 100l < (FEg2 ) (o) =0

Thus, the result holds, completing the proof. O

Theorem 3.20. Let o € (0,1] and p,q € [1,00), with p < q. Then L1(0,T;X) C
LP(0,T;X), and for all v € LP(0,T; X) it holds that

q9—p

T Pq
ol < (pasr) . o

Proof. Assume that o € (0,1). For v € L2(0,T; X), we have

-p

W = [ (T ) o ()

< ([ o) (f Fe)

9—p

T NS
= \Tfarn) Mhaorx

Now, to prove the strictness of the inclusion, consider v € (p,q) and let v(t) = (T —
t)~%/7. Then v € L2(0,T;R) but v & LL(0,T; R).
]

Theorem 3.21. For a € (0,1) and p,q € [1,00), with ¢ > p/a, we have the strict
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inclusion L1(0,T;X) C LP(0,T; X). Furthermore, for all v € L(0,T; X), it holds that

q—7p )(q—p)/pq (T(aqp)/pq

otz < (A2 ) Iolor, (39)

Additionally, we have
L0, T; X) ¢ LP*(0,T; X) and L*(0,T; X) ¢ L5(0,T; X).

Proof. For ¢ > p/a and v € L1(0,T; X), observe that

T T (g—p)/q T p/q
/ <T—s>a-1||v<s>||pdss( / <T—s><“-1>q/<q-p>ds) ( / ||v<s>||qu) ,
0 0 0

which implies (3.9).

To verify that L9(0,7;X) C LP(0,T; X) for all ¢ > p/a, choose v € (1/q,a/p) and
define v(t) = (T' —t)™. Then, v € L2(0,T;R) but v ¢ L(0,T;R). Indeed, since
1 —~vq < 0, the integral

—~g |T
sl

1 —q],

T
=0 ey = [ (=) =

diverges.

Finally, to establish the last part of this theorem, we need to provide two counterex-
amples showing that the sets L2(0,7;X) and L?/*(0,T;X) are not contained in each
other. It suffices to consider the scalar case X = R. First, consider v(t) = t~*/? and
observe that v € L2(0, T;R) but v ¢ LP/*(0, T;R). To prove the remaining non-inclusion,
assume, just to simplify the computations, that 7" = 1, and consider v(¢) : (0,1) — R

defined by
1

(1 —t)/r[log(e/(1 — )] "

Observe that, by applying the change of variable u = log(e/(1 — s)), we obtain

1 1 p/o . N
lolple, = / ds — / wVody — O
PR o (1= s)ele[tog(e/(1 - 5))] : L-a

which shows that v € L?/%(0,1;R). On the other hand, for ¢t € (0,1) we have

v(t) =

N , 1 ! (t—s)! s 1 t ! s
e (@)l —p(a)/o (1= ) logle/(1 )™ = F(a)/1 (1= ) log(e/(1 =)
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By making the substitution v = log(e/(1 — s)), it follows that

log(r/1—t) du

o » 1 1
ROP > g [ S = s oatloate/(1 - 1)

which diverges as t — 17. Consequently, v € L (0, 1; R). m

Remark 3.22. We have L7(0,7;X) = LP(0,7;X) and L{(0,7;X) = L*>(0,T; X).
Therefore, at this point, by Proposition 3.18, we can assert that the sets LP(0,7;X)
interpolate between LP(0,7; X) and L*(0,7; X) as « decreases from 1 to 0.

We conclude our analysis of the relationship between the spaces L?(0,7;X) and

LP(0,T; X) with the following result.

Theorem 3.23. For a € (0,1) and p € [1,00), let ¢ € (p,p/c). Then neither of the

following inclusions holds:
LU0,T;X) C LP(0,T;X) mnor LE(0,T;X)C L%0,T;X).

Proof. The first inclusion does not hold. Indeed, if there existed g € (p,p/a) such that
L9(0,T; X) C L2(0,T;X), this would imply that LP/(0,T;X) C L2(0,T;X), which
contradicts Theorem 3.21.

To prove the other case, we restrict ourselves to the scalar case X = R, since if
¢ : (0,T) — R satisfies the desired properties, then for any xy € X with ||zo||lx = 1,
the function v(t) = ¢(t)x, satisfies ||v(t)||x = |p(t)|. Consequently, the same inclusion
relations follow.

Let us prove that L2(0,T;R) ¢ L%(0,T;R). Since ¢ > p, there exists § such that

<0< (3.10)

Q| =
=

Choose to € (0,T) and € € (0, min{tg, T —to}). Consider function ¢, : (0,7) — R, given
by p2(s) = |s — to| 0 X(to—e, to+<)(5), Where X(i,—c 1o+<) denotes the characteristic function
of the interval (to — ¢, to + €).

On (ty — €,tp + €) the weight (T" — s)*! is bounded above and below by positive

constants. Hence
to+e €
ol < M s —to|™Pds =2 u_dpdu<oo<:>§p<1,
P21,
« to—e 0

which holds by (3.10). Thus ¢y € L2(0,T;R).
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On the other hand,

T to+e €
/ lpa(s)|?ds = / [pa(s)|?ds = 2/ 1% dr = +00, whenever dq > 1,
0 to—e 0
and since 0 > 1/q, we have dq > 1. Therefore po ¢ L9(0,T;R). O
The next result is dedicated to prove that LP(0,7T; X) is a Banach space.

Theorem 3.24. Assume that o € [0,1] and p € [1,00). Then, L2(0,T; X), equipped with

the norm || - || 2 0,r,x), i a Banach space.

Proof. The case @« = 0 and a = 1 are classical. Hence, assume that a € (0,1). Let
(Vg )keny C LP(0,T; X) be a Cauchy sequence. Observe that

p

ds.
X

a—1

/0T<T = )% () = va(s) s = /OT | = )% fons) = va(s)]

Then, <(T — )QT_lvk) is a Cauchy sequence in LP(0,7T; X). Therefore, there exists v €
LP(0,T; X) such that ((r<—-)gilvk> v in LP(0,T; X).
It is not difficult to verify that (7 — )FTQU € L2(0,T; X), and that

‘AZT—SWA

what implies that vy — (T — )liTav in L2(0,7; X), as we wanted. O

1— p

uk(s) = (T =) 7 (s)

p

a—1

ds = H(T —) P v —v

X Lr(0,T:X)

Finally, we address the reflexivity properties of the space LE(0,T; X).

Theorem 3.25. For o € (0,1] and p € (1,00), we have that LP(0,T; X) is isometrically
isomorphic to LP(0,T; X). Therefore, if X is reflexive, then LF(0,T; X) is also reflexive.

Proof. To begin the first part of the proof, let us consider the set

a—1\ 1/p
(LP(0,T; X)), = {(%) v(+) : such that v € LQ(O,T;X)} :

Observe that (LP(0,7; X)), is a subset of LP(0,T; X) since, for any v € LP(0,T; X), we

have

H (%)/U - ([ 2 e as) Y lelizone

(3.11)

LP(0,T:X)
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Thus, if we define

H,:L?(0,7;X) — L*?0,T;X)

(T e\ o (3.12)
v(-) - (W) v(-),
due to (3.11), we deduce that H, is an isometry from L2(0,7;X) into (LP(0,T;X))q.
Since L2 (0,7; X) is a Banach space, we deduce that H,(L (0,7 X)) = (LP(0,T; X)), is
a closed subset of LP(0,7; X).

Now observe that if ¢ € C.((0,T); X), which means that ¢ is a continuous function

with compact support contained in (0,7), then by considering

W(t) == [(T = )T ()] 7o(1),

we deduce that ¢ € LP(0,7;X). This implies that ¢ = H,(¢) € (LP(0,T; X)), which
means that C.((0,7); X) C (L*(0,T; X))q. Since C.((0,T); X) is dense in LP(0,T; X), it
follows that (LP(0,T; X)), is dense in LP(0,7"; X). However, since we already know that
it is closed, we have proved that L2 (0,7; X) is isometrically isomorphic to L?(0,T"; X).
Finally, if X is reflexive, then LP(0,7;X) is reflexive (see Corollary 2.16), which

implies, thanks to the isometric isomorphism, that L2 (0,7 X) is also reflexive. O

We have decided to conclude this section after a last result, which provides a complete
characterization of the dual space of LP(0,7; X). For the remainder of this thesis, we

recall that for a Banach space X, its dual will be denoted by X’.

Lemma 3.26. Let X and Y be normed vector spaces, and let T : X — 'Y be an isometric
isomorphism. Then there exists an isometric isomorphism T" . Y' — X' given by T' () =
poT. We recall that, for any normed space X, the simbol (-,-)x x denotes the duality
paring between X' and X.

Proof. 1t is straightforward to prove that 7" is linear. To prove surjectivity, note that
since T : X — Y is an isometric isomorphism, it admits an inverse 77! : Y — X, which
is also an isometric isomorphism. Then, for any h € X', we have T'(ho T~') = h. To
prove that it is an isometry, observe that

IT"¢llx = sup {|(T"¢, z) x x| : [lzlx =1} =sup{[{po T\ z)x x| : ||zl x = 1}

= sup {[(p, T(@))yry|: lzllx = 1} = sup {[(p, )y | lylly = 1} = llelly.
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]

Theorem 3.27. If X is reflexive, a € (0,1] and p,q € (1,00) satisfy (1/p) + (1/q) = 1,
then for each ¢ € (L2(0,T;X")), there exists a unique v, € L?(0,T;X), such that

T a—1
T—s
{0, ) a0y La 0.1 :/ Q(U(S)WW(SDX/,X ds, (3.13)
0 I'(a)

for allve LL(0,T; X") and ||¢||rao0,rxny = [vellz07:x)-

Proof. Let o € (0,1). Recall the classical isometric isomorphism

TILQ:(LP(OaT;X)) — (Lq(O,T;X,))/
f — Kf,

where Ky : L9(0,7; X') — R is given by

for all g € L9(0,7T; X").

Next, recall that the proof of Theorem 3.25 ensures that for any r» > 1, the mapping
H,: L (0, T;X) — L"(0,T; X), given in (3.12), is an isometric isomorphism. Moreover,
due to Lemma 3.26, we already know that H, induces an isometric isomorphism between

their dual spaces, which is given by
Hy = (L0, 75 X7) = (Lo (0, T3 X))
¥ — Yo,
Finally consider the isometric isomorphism S, , = H; o T, , o H), and observe that
Spqt LP(0,T;X) — (LL(0,T;X"))
f — Wf.

where Wy : LL(0,7; X’') — R is given by

Wil = [ %w, F(s))xrx ds,

for all h € L2(0,7;X’). In other words, the isometric isomorphism S, , allows us to

identify any ¢ € (L2(0,7;X’)) with a unique element v, € LE(0,7;X) such that
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HSOH(Lg,(o,T;X'))' = ”%HL’;(O,T;X) and (3.13) holds. L

Corollary 3.28. If H is a Hilbert space, a € (0, 1] and p, q € (1,00) satisfy (1/p)+(1/q) =
1, then for each ¢ € (LL(0,T; H))', there exists a unique u, € L?(0,T; H), such that

_ 8)a—1

™r
, V) (e Y T4 gy = ——(v(8), U,(S ds,
<<P >(La(0,T,H)) ,LL(0,T;H) /0 F(a) ( ( ) Lp( ))H

for-allve LL(0,T; H) and (¢l (Lso,r:myy = lluellLzo,rm)-
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Chapter 4

Fractional Weak Formulation for

Unsteady Stokes Equations

Building on the discussion from the previous sections, we now address the main ques-
tions introduced in the introduction of this work. This involves formulating a new notion
of weak solution for problem (2.8) and proving its existence and uniqueness.

Following the standard approach for deriving a variational formulation of the classical
unsteady Stokes equations (see [46, Chapter III] for details), we obtain the following

fractional formulation of (2.3).
Definition 4.1. Consider a € (1/2,1), f € L*(0,T; V') and ug € H. A fractional solution
to (2.3) is a function w € L?__(0,T; H) N L?(0,T;V) such that cD%u € L'(0,T; H) and

D7 (u(t), v)m +v((u(t), v)) = (f(t), v)vv (4.1)

for almost every t € [0,T7], for all v € V and u(0) = wy.

Since we seek a solution J&(u(t) — u(0)) € WH1(0,T; H), the above definition can be

reformulated. For this purpose, we first introduce the following remarks.

Remark 4.2. Let a € (0,1). Assume that J*(u(t)—u(0)) € WH0,T; H), and let v € H
be fixed. Then, we can deduce that

(eDpu(t) v} = o (S~ (u(t) ~u(0) v}

Indeed, let ¢ € C§°(0,T;R). By the Fubini-Tonelli Theorem, we have, for n = 2, 3,4,
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/0 (J}~*(u(t) = u(0)),v) ,, ¢ (t)dt

/ [ /J1 Y(wi(t, ) — u;(0,2)) - v;(x) dx] o (t)dt
N Z/ U Ty~ (ui(t, ) — ui(0,2)) vi(z) (1) dt] dz.

Now, integrating by parts in the time variable and applying Fubini-Tonelli again, we

obtain

n

Z/Q [/OT cDfui(t, x) vi(w) o(t) dt] dx

=1

/0 (2 (u(t) — u(0)),v),, ¢ (t)dt = —

_/0 [Z/Qch‘ui(t,:c) v () dx] go(t)dt:—/o (eDfu(t), (t))H (t)dt.

Since this identity holds for all test functions ¢ € C5°(0,T;R), we conclude that the
previous relation is valid in the weak sense.

Moreover, by similar argument, we obtain
(J}*(u(t) — u(0)), U)H = J 7 (u(t) — u(0), U)H.
Therefore, we conclude that
(eDfu(t), U)H = Dy (u(t), U)H, Vv e H.

Remark 4.3. Let n € V. Consider the linear and continuous functional on V' defined by
<A777U>V’,V = ((777U)) . Then,

[Anlly: = sup |[(An,v)yv|

el =1
= sup [((n,v))] < sup |oflvllnllv =7y

llvllv=1 llvllv=1

Now, assume wu is a solution in the sense of the Definition 4.1. According to the above

remarks, one can rewrite (4.1) as

(cDju(t),v)u = (f(t), v)vrv — v(Au(t), v)v: v
forallv e V.
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Since v € L*(0,T;V), the functional f — vAu belongs to L?(0,T;V"). Therefore, we
can write that cD{u(t) = f(t) — vAu(t) for almost every ¢t € [0,7], and hence cD{u €
L?(0,T;V’). Thus, an alternative and equivalent formulation of Definition 4.1 is the

following.

Definition 4.4. Let a € (1/2,1), f € L*(0,T;V’) and ug € H. A fractional solution to
(2.3) is a function w € L?__(0,T; H) N L*(0,T;V) such that cD@u € L*(0,T; V') and

cDfu(t) = f(t) — vAu(t)

for almost every ¢ € [0,7], and with u(0) = u,.

Remark 4.5. Notice that Definition 4.1 is sufficient to guarantee Definition 4.4, but
not necessary. This is because the condition ¢Dfu € L*(0,T;V’) does not imply that
cDfu e LY0,T; H).

In the definitions above, since we seek a solution v € L}__(0,7; H) N L*(0,T;V), the
initial condition u(0) = uy may not be well defined, as u is only defined almost everywhere.
To overcome this issue, when developing a solution corresponding to Definition 4.4, we
prove, analogously to the classical case, that u € C([0,T],V’). This result gives meaning

to the initial condition, particularly when ug € H, since H C V' by Remark 2.19.

4.1 The Approximate Solution

In this section, we present an approximate weak formulation for the unsteady Stokes
equations involving the Caputo fractional derivative with respect to time.

To achieve this goal, let (w;) be a sequence of orthonormal basis functions in H, which
are orthogonal in V and complete in V (see [6, Theorem IV 5.5]). For each m € N*, we
define the subspace V,,, = span{wy, ..., w,}, and, in the context of Definition 4.1, we
consider the following approximate variational problem.

FRACTIONAL WEAK FORMULATION APPROXIMATION: Given m € N*, a € (1/2,1), f €

L*(0,T;V') and ug € H, we seek a sequence functions (gi,), where g, : [0,7] — R,
such that by defining

um(t) = Zgzm(t>wu w; € Vma Vi e {17 '-'7m}7 (42)

i=1
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we have

D7 (um (t), w;) i+ v((um (), w;)) = (f(8), wj)vrv, Vje{l,....mj,

um(()) = Uom,

(4.3)

for all every t € [0, 7], where ug,, denotes the orthogonal projection of uy onto V,, in H,

that is,

m
Uy, = g (uo,w;)gw; = up in H, m — oo.
=1

Using the definition of w,, in the approximate problem (4.3), we obtain the following

system of equations:

m m

> (i, w) geDy ginm (8) + v Y (Wi, w;))gim () = (f(E), w5}y

i=1 i=1

Gim(0) = (ug,w;) forie {1,2,..}.

This system can be written equivalently as a system of fractional ordinary differential

equations:
A [chUm(t)] 4 UBnUn(t) = Fn(t),
Um<0) = U0m7
with
(wr, w1) (Wi, w1) (w1, w1)) (W, we))
A, = , B, = )
(w1, W) (Wi, Wi (w1, wm)) (W, win))
<f(t)> w1> g1m<t) (u0> wl)
F(t) = : , Un(t) = : , Un(0) = :
<f(t)’ wm) gmm(t) (u(h wl)

Since {w;}™, is an orthonormal family in H, we have A = Id. Therefore, the above
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system can be reformulated as the following Cauchy problem:

cDYUL(t) = Gu(t,Uy(t)), a.e.in[0,7]

(4.4)
Um(O) — UOm c Rm,

where Gy, : [0, 7] x R™ — R™ given by
Gn(t,z) = F,(t) — vBz. (4.5)

From the theory developed in Section 3.1, we can directly establish the following

theorem.

Theorem 4.6. Let o € (1/2,1). Then (4.4) has a unique global solution U, in [0,T] for
all m € N* such that cD2U,,(t) € L*(0,T;R™).

Proof. Observe that G, : [0,7] x R™ — R™, defined in (4.5), satisfies the following

conditions:

(i) For each z € R™, the function G,,(-,z) : [0,7] — R™ is measurable.

(ii) For almost every ¢ € [0, 7], the function G,,(t,-) : R™ — R™ is continuous. Indeed,
observe that for M = max {((w;,w;)) : i € {1,...,m}}, we have

[Gn(t; 2) = G, y)llm < VM2 = yllm,

for all z,y € R™ and almost every t € [0, 7.

Thus, G,,(t,x) is a Carathéodory map.

Moreover, we obtain

1/2
1Gm(t, @)l < (lorllE + o+ lwmlE) Ol +2 M

N

-~

=(t)

Applying Theorem 3.12 for p = ¢ = 2, we ensure the existence and uniqueness of a

continuous function U, : [0,7] — R™ that satisfies both equations in (4.4). O

Now, since for m € N*, the Fractional Weak Formulation Approximation u,, is defined
in (4.2), and in analogy to the classical treatment of the unsteady Stokes equation, we

need to examine the energy estimates. In other words, use the identity

Dl ()13 = 2(D}un(8), wn())r,  Tor ae. t € [0,7],
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which is equivalent to the identity

m

d m
Z pr [92,()] =2 Zgz’-m(t)gim(t), for a.e. t € (0,71,
i=1 i=1

see [46, page 284] for more details. However, adapting this approach becomes intricate
when fractional derivatives are involved. Following a similar methodology, Carvalho Neto
and Fehlberg Junior demonstrated in [10, Theorem 4.16, item (b)] that under the condi-
tions u € L*(0,T;V), cDYu € L*(0,T; V') and J}~*|lu||% € W"1(0,T;R), the inequality

DY |lu(t) |7 < 2(eDult), u(t)) for a.e. t € (0,7,

H’

is established. With this inequality, we can follow the same steps described in the classical
case. However, a significant technical challenge arises: since, by construction, for m € N*,
we only know that u,, € C([0,T];V) and ¢cD%u,, € L?(0,T; V'), how can we ensure that
Ty luml3; € WHHO, T3 R)?

Remark 4.7. For m € N* we have the following:

(i) From equation (4.2), we obtain u,, belongs to C([0,T]; H) .

(ii) Observe that by Theorem 4.6, we have

T T m
/ leD&uy, |3, dt :/ [Z(thagim(t))Q] dt < o0.
0 0 Li=1
Therefore, cDfu,,, € L*(0,T; H).
Theorem 4.8. Let a € (1/2,1). Assume ¥ € C([0,T]; H) and cD® € L*(0,T; H).
Then, J;~*||9||% € W10, T; R).

To begin the proof of the previous theorem, we first introduce several auxiliary lemmas,
propositions, and definitions that are needed. We start by presenting a short proof of the

following classical result.

Proposition 4.9. Ifv € W42 (0,T; H), then

for almost every t € [0,T]. Note that the derivatives above are understood in the weak

Sense.
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Proof. Let ¢ € C§°(0,T;R). By the Fubini-Tonelli Theorem, we have

[ 1o o /[ /mm\dx] (t)d
—Z/[/ vilt, 2) ]2 () dt | da.

Now, integrating by parts in the time variable and applying Fubini-Tonelli again, we

obtain

/OTHU( )5 ¢/ (¢ Z/ [/ 20;(t, 2)Vi(L, 2)p(t) dt} d

= —/0 [Z/{)Qw(t,x)v;(t,x) dx] o(t)dt = —/0 Z(Ul(t),v(t))Hw(t)dt.

Since this holds for all test functions ¢ € C§°(0,7T"), we conclude that the weak deriva-

tive of [|u(-)||3, exists and satisfies

O = 20/0),0(0))

for almost every t € [0, T1. O

Lemma 4.10. Let a € (0,1) and ¢ € C=([0,T]; X) such that o*~V(0) = 0x for all
k € N*. Then v := J&p belongs to C([0,T); X) and satisfies »*~Y(0) = 0x for all
k e N*.

Proof. From the regularity of ¢, the condition ¢*~1(0) = 0x for all ¥ € N*, and Corollary
2.41, we deduce that

w0 = S Lo} = S o)

d(k_S) a, I a, (k—1)
= W{Jtsp(t)}:---zjt@ (t),

for all £ € N* and almost every ¢ € [0,7]. Then, Corollary 3.19 implies that ¢ €
C*>([0,T]; X) and ¥*~Y(0) = 0x for all & € N*. O

Proposition 4.11. Let a € (0,1) and v € L>(0,T; X) such that Dfv € L*(0,T; X).
Then there exists a sequence (1;) C C*([0,T]; X) satisfying 1/1](k_1)(0) = 0x forall j,k €
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N*, such that
Y; = v and Dy — Dfv, in L(0,T; X).

Proof. Since D¢v € L*(0,T; X), there exists a sequence (¢;) C C>((0,T); X) such that
¢; — Dfv, in L*(0,T; X).

Define v;(t) := J*¢;(t). Then, thanks to Lemma 4.10, each 1; belongs to C*([0, T; X)
and satisfies wj(k_l)(O) = 0y for all 5,k > 1. Moreover, Theorem 2.34 allows us to deduce
that

V; = JP¢; — JH (D), in L*(0,T; X). (4.6)

Now, since v € L>*(0,T; X), items (i7i) from Proposition 2.42 together with Corollary
3.19 imply that

I (DEu(t) = () = fros 717000

= ou(t), (4.7)

s=0

for almost every t € [0, T]. Therefore, from (4.6) and (4.7), we deduce the convergence
Y;(t) = o(t), in L*(0,T; X).
Finally, observe that, from item (i¢) of Proposition 2.42, we also obtain
Dgp;(t) = DR g;(t) = ¢;(t) — Dfv(t), in L*(0,T; X).

This completes the proof. n

An analogous version of the previous proposition, but involving the Caputo fractional

derivative, is the following:
Corollary 4.12. If a € (0,1) and v € C([0,T]; X) is such that cDv € L*(0,T; X), then
there exists (1;) C C*([0,T; X) such that 1;(0) = v(0), wj(k)(O) = 0x for all j,k € N*,
and

Y;— v and DMy — cDfv, in L*(0,T; X).
Proof. Define ¢(t) = v(t) — v(0), then g € L>(0,T; X) and D?g = cD@v € L*(0,T; X).
Hence, Proposition 4.11 ensures the existence of a sequence (lﬁ]) that belongs to C*°([0,T; X)
such that " (0) = 0x for all j,k > 1, and

;=g and DX, — D2gin L*(0,T; X).
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Finally, define 1;(t) = v;(t) + v(0). The desired result then follows. O

At this point, we need to extend the result of Alsaedi et al. in [1, Lemma 1] so that it
can be applied to vector-valued functions. To this end, we first recall the notion of Holder

continuity, as well as its relationship with the fractional integral operator.

Definition 4.13. Let 2 be an open subset of R™ and let X be a Banach space. For any
real a € (0,1), the Holder spaces C*(€2; X) is defined by

v is bounded in €2, and there exists k& > 0 such that

CY%uX)=qvelC(Q,X):
[o(z) —v(y)llx <Ellz—yll7,  Ve,yeQ

This space, equipped with the norm

vllce@x) = [|v]loo + [V]ca@ix),

where

[olom(@ux) == sup {””@f) — o)l } |

2.y€eQ |z —ylls
T#Y

is a Banach space.

Lemma 4.14. Let o« € (0,1) and let X be a Hilbert space with inner product (-, -). Suppose
that w € CP([0,T); X) and v € C°([0,T); X), where « < B+ and 0 < 3 < § < 1.
Moreover, assume that J}~%u € WH(0,T; X) and J}=*v € W0, T; X). Then, we can
deduce that for almost every t € [0,T]

Df (u(t), v(t)) = (u(t), Div(t) + (v(t), Diu(t))

__« /t(U(S) —ult),v(s) —vt) , o (u(t),v(?))

T(1—a) (t — s)ot T (1 —a)

Proof. First, assume without loss of generality that k is the Holder constant for u and v.

Now, observe that for s and t in [0, 7], we have

We know that by definition

Dff (u(t), v(t)) =
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1 1 t+e Y t Y
lim — {/0 (t+e€—5)""(u(s),v(s)) ds _/o (t—s)"“(u(s),v(s)) ds|. (4.9)

I'(1—a)e0e

Inserting (4.8) into identity (4.9), and assuming that the limit is taken from the right of
0 (i.e., lim._,o+), we obtain an expression that can be rearranged as the sum of four pairs

of terms. For clarity, we denote these terms by

ﬁ {Lm ! [ / T e 9 (uls) — ult). o(s) — oft))ds
_ /Ot(t — )7 (u(s) — u(t), v(s) — v(t)) dS} }

I

(S}
—
—~

~+
N—

e L [ e et o
- /Ot(t - 3)_0‘(u(s),v(t))d8] } =:J2(1),

ﬁ {%é [/Ot+€(t e s)(ult), o(s)) ds
_/Ot(t — s)—a(u(t),v(s))ds” =: J3(t),

and finally

T Ao
-/ (¢ 5 ut), o) ] } =i

for almost every t € [0,7] such that the four limits above exist. In fact, we shall prove
that each of these limits does indeed exist.

We begin with Jo(¢) and J3(t), for which it is straightforward to verify that
J(t) = (Dfu(t),v(t)) and J5(t) = (u(t), Djv(t)).

For J4(t), since we have

1 tte t 1 t l1-«a tl—a
lim — {/ (t+e—s) “ds —/ (t— s)ads] = lim — [( et =t
0 0

e—0t € e—0t € 11—« 11—«
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we obtain
(u(t),v(t))

MO =g

Finally, let us address the most complex term, which requires a more careful analysis.

First, we rewrite I'(1 — )71 (t) = H;(t) + Ho(t), where

() = lim F/t (42— 5) (uls) — ult), vs) — v(t)) ds

e—=0t | €
and

(t+e—s) = (t—s)™@ (

Ho(t) = lim i { u(s) — u(t),v(s) —v(t)) ds

e—07+
To deal with H;(t), we apply the change of variables w =t + & — s, which gives

Hi(t) = ll—%é 05 w*(u(t + e —w) —u(t),v(t+e—w) —v(t)) dw.

Then, the Cauchy—Schwarz inequality, along with the Holder regularity, ensures that

€ — 1 —
9,(t) <lim [ “—k*(z — w)™ dw = lim %k/j(s —eh) e dh
e=0 g € e—=0 Jy €
= 1ir%55+5*%23(1 —a,B+6+1)=0,
e—>

where, above, B(-,-) stands for the Beta function.
On the other hand, to handle Hy(t), let us first denote by g : [0,¢] — R the integrand
function that defines it, given by

go(s) o= |EEZ ST Em ST ) — ey, w(s) — v(t)).

3

Note that

lim g.(s) = —a(t — )7 (u(s) — u(t),v(s) —v(t)), forae. s€ 0,1

e—0t
Moreover, we have

(t+e—s) = (t—s)"

E*(t — )Pt for ae. s €[0,1],
£

|92 (s)| <

thanks to the Holder continuity of u and v.
Consider now the function & : [0,e] — R given by h(w) = (t +w —s)~“. By the Mean
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Value Theorem, there exists 6 € (0,¢) such that

(t+e—s)“—(t—s)"

= W (0)] = a(t+0—s5)" > < a(t—s) L.

Therefore,
|9e(s)] < O(t = s)H0at,

for almost every s € [0, ¢].
The aforementioned properties are enough for us to apply the Dominated Convergence

Theorem in order to obtain

t

Ho(t) = lim [ g.(s)ds = /0 —a(t — )7 (u(s) — u(t),v(s) — v(t)) ds,

e—0t 0

for almost every t € (0,T).
By combining the results obtained for J1(t),J5(t),I3(¢), and J4(t) in (4.9), and noting
that the limit from the left of 0 can be treated analogously, we conclude the proof.

O

Definition 4.15. Fractional Sobolev-type spaces are also referred to as Aronszajn, Gagliardo,

or Slobodeckij spaces, named after the mathematicians who introduced them; see [3, 18,
45].
Let X a Banach space. For any a € (0,1) and p > 1, we define:

(i) The fractional Sobolev-Bochner spaces

Wer(0,T; X) = {v € L7(0,T; X) : Hlvaf _) y|(1/(3))+’LX e L7((0,T) x (O,T))} ,

which is a Banach space with the norm

1/
1ol _ ||v 2 da + M@ =ol” 0 N
War(0,T;X) ’1‘ — ’1+poc .

(ii) For p = 2, we denote W*2(0,T; X) by H*(0,T; X). It is equipped with the frac-

tional Sobolev norm

Tuv )% V2
Jollreorox) = (el + | ,x_ ,ma dvdy) . (4.10)
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Proposition 4.16. Let o € (0,1). Then, there ezist constants m, M > 0, such that
m||JE vl ooy < |vllezorm) < M7l oo,

for all v e L*(0,T;R).
Proof. See [20, Theorem 2.1]. O

Before presenting the proof of Theorem 4.8, we generalize Proposition 4.16 to vector-

valued functions.

Corollary 4.17. There exist constants m, M > 0 such that
ml|Ji vl e omsm) < \vllz2omm < M|JFvll e omm),

for every v € L*(0,T; H).
Proof. Let v € L*(0,T; H). Observe that, for almost every z € €, we have v;(-,x) €
L?(0,T;R) for 1 <i <n. Therefore, from Proposition 4.16, it follows that for 1 <i < n,

ml|Jivi(x, ) geor) < lvils 2)l s20mm) < M| JE0i( 2) | 5e01),

for almost every x € €2, with constants m and M independent of x. Squaring both sides of
the inequality, integrating it over €2, applying the Fubini—Tonelli Theorem, and summing

over 1 = 1,...,n, we obtain the desired result. O

We have now established all the necessary results to prove Theorem 4.8. It is worth
emphasizing that the next theorem, is built from a sequence of ideas that are carefully

detailed in the proof, in order to make the argument as clear and organized as possible.

Proof. To clarify the structure of the proof, we divide it into three steps. In the first step,
we construct an auxiliary sequence (§;) C C*([0,7; H) such that

Je NG e + 20 (g, 0(0)m + S 00)I5 — J 9]  in L0, T3 R).

In the second step, we explain why it is necessary to prove that the sequence

(Dellrels)
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is Cauchy in L'(0,T;R). Finally, in the third step, we show that the existence of such a
limit allows us to conclude that D%||9||% exists and belongs to € L*(0,T;R).

Step 1: Construction of an approximating sequence. We begin by recalling that

Corollary 4.12 ensures the existence of a sequence (¢;) C C*([0,T]; H) such that ¢;(0) =

/

9(0), ¢,(0) = Op for each j € N*, and
¢; =¥ and cD8¢; — cDM, in L*(0,T; H). (4.11)

Define the auxiliary sequence &;(t) := J;~*[¢;(t) — ¢;(0)] for all j € N. Lemma 4.10
ensures that (§;) C C*([0,7]; H) and satisfies f](k)(()) = Og for all & € N. Moreover, by

the continuity of the fractional integral operator .J;~® in L?(0,T; H), we obtain
& — J[9() = 9(0)], in L*(0,T; H).

Consequently, using the second convergence in (4.11), we deduce

§ = TR 00) ~ 6,(0)] = Doy eDpd, i IX0.TiH).  (412)

Since ¥ € C([0,T]; H), items (v) of Proposition 2.42 implies that JFeD{I(t) = 9(t) —
9(0) for almost every ¢ € [0,T]. Hence,
JPE = JreDy) = 9(-) —9(0), in L*(0,T; H). (4.13)
Thus, we have
1725 + 2(0)[3, = 19113 in L'(0, T3 R).

Furthermore, by the continuity of the operator J!~ in L'(0,T;R), together with the
definition of the norm in H (see (2.1)), it follows that

T NI T + 2 (g, 9(0) i + T [9(0)I[F — J 19115 (4.14)

in L'(0, T;R). Therefore, we conclude that J! = [|9]|3, € L*(0, T;R).
Step 2: The Cauchy sequence in L'(0,T).
In this step, we begin by observing that, by a recursive argument already used in the

previous step, it holds that

JrE(t) = JPeDioi(t) = ¢;(t) — ¢;(0),
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for almost every t € [0, 7]. Thus, Proposition 4.9 guarantees that
[ ETINTE: d 2 /
GO, = = 1958 = 65 O0)[17; = 2 (6(1), ¢5(t) = 6(0)) ;.
Since ¢; € C*([0,T]; H), it follows that (¢/(t), ¢;(t) — qb(O))H belongs to C([0,7T];R).
Hence, by Proposition 2.40, we obtain

d

Dz | 7205 = S [ 165(6) = 65(0)1%] = 2772 (6 (1), 65(0) = 6,(0)) .

for almost every ¢ € [0,T]. Consequently
o « 2
Dy || Jpg;®)]|, € L'(0,T; R).

Moreover, Remark 4.2 guarantees that Dy (J*¢, £(0)) , = (¢Df¢;, £(0))
Now, following the classical definition of weak derivative and searching for a weak

derivative of J/~*||9||%, let ¢ € C°([0, T]; R). Then, we have

"

T
/O [T NG+ 2 (J7€5,9(0)) y + Ji19(0) 7] ' (t)dt

T
= [ DRI Iy + 2(D505,9(0) + DO ] (0 e

If the sequence (Df||Jp€j|13;) converges in L'(0,T;R) to the some function v, then by
(4.14)

/0 0|5 (£t = — / [o(t) + 2eDgd, 9(0)) s + DEIO)|3] o(t) dr.

which implies that .J}~*||J||% has a weak derivative in L'(0,T;R).
Step 3: Existence of the fractional derivative.

From the previous step shows, it remains to verify that (Df||J¢}||7;) forms a Cauchy
sequence in L'(0,7;R). We now turn to this task. To begin, observe that for every
J, k € N¥,

[Ty — TGO = (JEE ) — TR (), P& () + TRE() 4y (4.15)
for almost every t € [0, T]. To simplify notation, we temporarily set

ujn(t) = JP&(t) — JP&(t) and  wvi(t) = JE(t) + JE(1). (4.16)
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If (&) € C~([0,T];H) and & = 0y for all j € N*, then both J(& + &) and
J2 (& — &) belong to C*([0,T]; H), by Corollary 2.41. Consequently u;; and v belong
to C*([0,T]; H) for every 0 < o < 1.

Therefore, applying Lemma 4.14 to equation (4.15), we obtain

Del|laeei )| — DellJee )|’ = D (up(t), vin(®)

(ujk (1), vjk(t))
['(1— a)te

« t (Uj,k(S) — ujk(t), vir(s) — Uj,k(t))H
CT(1-a) /0 (t —s)ott

= (Dffusk(t), vix(t)) ; + (wik(t), Dfvji(t)) ,, —

ds.
for almost every ¢ € [0,7]. In other words,
D& )] — DN €|z = Tin(t) + iw(t) + K (t) + L (2),

for almost every ¢ € [0, T], where

30)i= 3 [ [6uant) = ulan)] - 7 [€(0.0) + o)

8jk(t) = Z/Q‘]ta [gz(xat) _fllci(xvt)} ’ [531(957@ +€I/ci(xvt)} d$a

1

Kijn(t) = —WZ;/Q%Q i, t) = &, )] - TP [Eila, ) + &, 1)] dar,

and

o P g s) — Gala, )] = TP [l ) — Gl )]
Im—mlg;é{ (t—s)" }

{@uw@+%umydﬂgmw+%mm}Mﬁ_%%w
(t—s)F R

Let us now analyze each of these terms. First, observe that Holder’s inequality yields

()] < [|6(#) = & O] ([ 71650 + & @] -

for almost every ¢t € [0,7]. Then, we integrate with respect to the variable ¢ over [0, 7]
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and apply Holder’s inequality once again, thereby obtaining

195kl 20,y < €5 — Elle2ommy - 1216 + ElllL20,05m0) -

Hence, it follows from (4.12) and (4.13) that the values (||Jjx|/r1(0,7:7)) tends to zero as j
and k increase. A similar argument shows that the same holds for ({|d;xlz10.7:%))-

Regarding the third term, we apply the Cauchy-Schwarz inequality, to obtain

@Mﬁﬂ}{ﬁkﬂ%ﬂ+%@iﬂ}w
K (t |<Z/{ 1_a)ta] [D(1 - a)te]
_{wwk’ — g Hu}{wpk’ +&twb},<4n>

L1 = a)te]2 [C(1 = )]

for almost every ¢t € [0, T]. Thus, integrating with respect to the variable ¢ over [0, 7] and
applying Holder’s inequality, we conclude from (4.17) that

A Jta ) — & (t 2 %
1Kkl 0,7m) < (/0 H 1[?(31(2 a)ﬁk( )} HH dt)

e e g +aolh O\
(ﬂ r(1-a) “)

Since J [{; — &) and Jp [{; + &}, belong to C([0,T); H), it follows that

lone < ey ([ 0700 19 16 = Gl loguanan 195 16+ ooy
Moreover, for 1/2 < o < 1, Corollary 3.19 ensures that the operator
J2 L*(0,T; H) — C([0,T]; H),
is a linear and bounded. Therefore, we finally obtain
15kl 0rmy < Ca ||€) — f/lgHH 1€ + fichH- (4.18)

Consequently, it follows from (4.12) and (4.18) that the sequence of real values (||%;x|/r107%))
tends to zero as j, k — oo.

To conclude that (D ||Jf¢/||7;) defines a Cauchy sequence, it remains to estimate the
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L*(0,T;R) norm of the fourth term, L. For every ¢,s € (0,T) with 0 < s < ¢, Holder’s
inequality yields

a+1

(t—s)>

{ﬂ @M$}Jﬂﬁ@w—%mM}

a+1

(t—s)2

{BHM@+%@$LJﬂ&@w+%@M}M

which is bounded above by

175 (§(s) — &k (s)) — I (&) = &(0) ]
(t—s)"

172 (&(s) + & (s)) = I (G0 + &) |y
(t—s)az1

Integrating first with respect to the variable s over [0, ¢], then with respect to ¢ over [0, T7,
and applying Hélder’s inequality twice in succession, we obtain the inequality (the full

expression follows from identity (4.16))

1Lkl 21 0,7:R)

= ﬁ {/OT /Ot(t — )7 ujk(s) — ujn ()3, ds dt}l/2
{/OT /Ot(t =) ugals) = v @Il dsdt}m_

Using the definition of the norm in H?2 (0,7; H) (see equation (4.10)), this yields

HLJkHLl(OTR H ¢ [ Ek]HHz(OTH HJa[f +€k}HH2(OTH)

By recalling the semigroup property of the Riemann-Liouville fractional integral (Propo-

sition 2.42 (4)) and applying Corollary 4.17, we further obtain

JE[e - €] 2 ¢+ &)

(0%
L. R S ———— ‘ ’
| JkHLl(O,T,R) ~ m2I(1 —a) L2(0,T;H)

L2(0,T;H)

Finally, Theorem 2.34 ensures that
||£jk||L1(0,T;R) < N HS; - 5;fHL2(o,T;H) Hﬁ; + §;€||L2(O,T;H) :
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As before, we conclude that the sequence (HL il L1(07T;R)) tends to zero as j and k increase.
Taking into account the entire discussion above, we conclude that (Dg||J2€}[|3;) defines

a Cauchy sequence in L'(0, T;R). Consequently, by Step 2, we obtain

d

Dy 9l = =

(" 1901%) € L0, T; R).

]

Corollary 4.18. Let o € (1/2,1) and m € N*. The unique solution u, : [0,7] — V of

the Fractional Weak Formulation Approximation satisfies the inequality

DY lum ()7 < 2(cDftn (t), um(t)) for a.e. t €10,T).

H?

Proof. For any m € N* Remark 4.7 ensures that the solution u,, satisfies the hipotheses of
Theorem 4.8. Hence, we have u,, € L*(0,T;V), cD%u,, € L*(0,T; V") and J}*|lun||% €
W10, T;R). Therefore, by [10, Theorem 4.16, item (b)], the desired inequality follows.

[

The previous result allows us to continue the steps of the Fadeo-Galerkin method.
Multiplying equation (4.3) by ¢, for each 1 < j < m, and then summing the m resuluting

equations, we obtain

(€Dt (£), (1)) + V(i (£), 1w (£))) = (F (), um(E))v,v (4.19)

for almost every ¢ € [0,T]. From Corollary 4.18, it follows that

%CD?HUm(t)H% +Vl[um @17 < (), tn()vv,

for almost every t € [0, T]. Thus, for 0 <t < T, we have

2[(f(); um(@®)vv] < \/— Hf( v llwm(@®)llv

(Young’s Inequality) <
Consequently,

, forae. .t e[0,T]. (4.20)

o LI
D um (@7 + vllwm @)} < ==
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Now, observe that when o = 1, as is classically justified in the literature, we can deduce
from (4.20) that wu,, belongs to L?(0,T;V) N L>(0,T; H). However, when o € (1/2,1),
integrating both sides of the equality (4.20) yields

t
T (O + v / et (3) ds

11—«

1 t
T2 _a) lesoll + ;/0 £ ()1} ds, for ae. t € [0,7].

Since u,, belongs to C([0,T]; V'), we then obtain, for all ¢ € [0, 7],

l—«

_ T 1
T WOl vl < gy ol I (421)

t=T

It is not difficult to notice that the aproximation solution wu,, belongs to L*(0,7;V) N
Li_,(0,T; H).
On the other hand, note that from equation (4.19) we have

(eDfum(t),v) = (f(t), v)vr v — v(Aup(t), v)yv v, Yo eV,

for almost every ¢ € [0,T]. Thus, Remark 4.3 ensures that

leDfum | 20mvy < [ flle2o,rvry + lwmllz20,7v)-
Therefore, by inequality (4.21), there exists a constant C' > 0 such that

cDMum || 2000y < C for all m € N*. 4.22
t ( 4 )

4.2 Boundedness and Convergence of the Sequence

(Um)

It follows from (4.21) that the sequence of aproximation solutions (u,,) belongs to a
bounded subset of L*(0,7; V) and to a bounded subset of L?__ (0, T; H). Therefore, by
the reflexivity of the spaces L?(0,T;V) and L?__(0,T; H), there exists u* € L*(0,T;V)
and v € L?__(0,T; H) such that, up to a subsequence,

Uy —v in L3 (0,T;H), and u,, —u* in L*(0,T;V).
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Next, in order to ensure that the sequence (um) converges to a solution of the problem
defined in 4.4, we establish in this section an additional convergence criterion: namely,
that (um) converges in L2(0,T; H). To this end, we recall the following results concerning

compact sets in LP(0,T; H), as proved by J. Simon in [44, Theorem 5].

Proposition 4.19. Assume V, H, and V' are as in (2.2). Suppose p € [1,00) and let
W C L. .(0,T;V) satisfy the following conditions:

loc
(i) W is bounded in LP(0,T;V).
(1) || — ul| oo, r—nyvry — O uniformly for w € W as h — 0.

Then W is relatively compact in LP(0,T; H). Here, 1, denotes the shift operator, defined
by Thu = u(t + h).

On the other hand, L. Li and J. Liu in [31, Proposition 3.4] established a criterion
for the uniform convergence ||7,u — ul|zr0,7—n;v7) — 0, based on the boundedness of the
Caputo fractional derivative on W. We present below the case in which the Caputo

fractional derivative belongs to a bounded subset of L*(0,T;V").

Proposition 4.20. Let o € (1/2,1). Suppose (uy,) is the sequence of global solutions of
the Fractional Weak Formulation Approximation, as stated in Theorem 4.6. Then there

exists C' > 0, independent of h > 0 and u,,, such that for ro =1/(1 — a),

| Thtm — Um0 0 —nyvry < Chotrt (4.23)
forallm e N* and 1 <r < rg.

Proof. First, note that from equation (4.22), there exists a constant K > 0 such that
Dt || L1 0,3y < K for all m € N*.
Now, observe that by Proposition 2.42, item (iv), we have

1 t
U (t) = ugm + —/ (t —8)*" ! eD%u,, ds, for a.e.t € [0,T].
() Jo

To prove of the inequality (4.23), first define the following kernels

Ki(s,t;h) = (t+h—s5)*"
Ko(s,t;h) = (t—s)*1 —(t+h—s)*"",
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and observe that for h > 0

1 t+h t
Trm (t) — um(t) = m (/ Ki(s,t;h) cDuy, ds — /0 Ky(s,t; h) cDSuyy, ds) .
t

Thus, we can to deduce the estimate

T

T—h t+h
/ ( / Ki(s,t: h) [[cD% |y ds) dt
0 t
T—h t r
+/ (/ Ks(s,t; h) ||[eDS ||y ds) dt} .
0 0

Furthemore, applying the Holder’s inequality with 1/r 4+ (r — 1)/r = 1, we obtain

t+h t+h 1/r t+h (r=1)/r
/ Ki(s,t; h)||cDSum v < (/ K{HcD?umHv/ds) (/ HcD?umHv/ds)
¢ ¢ ¢

t t 1/r t (r=1)/r
/ Ky(s,t; h)||[cDSum v < (/ K§|]0D§‘um|\v/ds> (/ HcD?umHV/ds) )
0 0 0

Then, by Fubini-Tonelli’s theorem, we have

T—h t+h T s
/ </ K{||cD?um||V/ds> dt < / leDS || v {/ K{dt} ds,
0 t 0 max{s—h,0}
T—h t T—h T—h
/ ( / Kg||cpgum|yv,ds) it < / leD v [ Kgdt] ds.
0 0 0 s

Now, note that
s hr(a—l)—i—l
/ (b4 h—sye g < 1"
max{s—h,0} T(CK — 1) +1

T—h 27"—1
m(t) — um (B)]|7 dt <
| 1) = w0l e < s

Moreover, since we know that for 0 < a < b and m € [1,00) it holds that (b — a)™ <

b™ — a™, we may deduce the inequality

T—h T—h
/ [(t o S)a—l . (t +h— S)a—l]T’dt < / (t - S)r(a—l) i (t +h— S)r(a—l)dt

(T — h — s)rle= D+ 4 pria=D+l _ (7 _ g)rla=1+1 prla—1)+1
<
rla—1)+1 “rla—1)+1

for 1 <r < 1/(1 — «). Therefore, we conclude that

2"[|eDgum 21 0 vy pr(o—1)41

L)) fr(a=1)+1]

T—h
| Ittt = un (Ol at <
0
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In other words,
1
| Thtm — || Lo, 7—nsvry < C RO

for all m € N*, as desired. O

The conclusion of Proposition 4.20 allows us to assert that if a € (1/2,1), then

||7_hum - um||L2(O,T—h;V’) —0

uniformly as h — 0, for all m € N*. Therefore, for p = 2, Proposition 4.19 guarantees that
the sequence (u,,) is relatively compact in L?(0,T; H). That is, there exists a function

u € L*(0,T; H) such that, up to a subsequence,
U, —u in L*(0,T; H).
Remark 4.21. For a € (1,1/2), the limits of the sequence (u,,) obtained via different

types of convergence are actually the same function.

(i) v = u*. Let f € (L*(0,T;H)). From the stronger convergence of u,, — u in
L2(0,T; H), it follows that f(u,,) — f(u). On the other hand, since (L2(0,T; H))' C
(L*(0,T;V)), and we also have weak convergence u,, — u* in L*(0,T; V'), we obtain
f(um) — f(u*). Therefore, by the uniqueness of weak limits, we conclude that

u = u.
(ii) u=wv. Let f € (L?*(0,T; H))". By Proposition 3.18, we have

Lf (W] < 1 flzz .y Pl 2008y < TNl 2oy IRllLe_o0m;m),

for all h € L?__(0,T; H). Thus, f belongs to (L?__,(0,T; H))', and we conclude the

result by applying an argument analogous to item (i).

Summarizing this section, we obtain

Uy — uw in L*0,T;H),
Uy — u in L20,T;V), and
Uy — w in L2 (0,T;H).

Remark 4.22. Some observations about the limit function w:

76



(i) By the same argument used in this section, we obtain that for every ¢ € (0,77, there

exits a finction u; such that

Um — uy in L*(0,t; H),
Up — uy in L*(0,t;V), and
Uy, — up in L3 (0,t; H).

Moreover, the strong convergence implies that u;(s) = u(s) for almost every s €

0,¢].

(ii) From the previous item and the inequality (4.21), we deduce that for all ¢ € (0,7

-«

lullz_, 0.4 < lmio%f [wmllL2__(0.6m) < r2—a)

2
ol +

Bz

4.2.1 Passage to the Limit

The purpose of this section is to show that the limit function v approximates a solution
of Definition 4.4 in a suitable sense.
Let ¢ be a test function in C2°([0,T];R). If we multiply the equation (4.19) by ¢ and

integrate over [0, 7], for a fixed j < m, we obtain

/0 (D2 tn(t), ;) ,6(t) dt + v / (), ;)5 (8) dlt = / (0w O(0) dt.

This can be rewritten as

T T T
| eDrunt) ott1ws) e+ v [ ((wn(®) 000 dt = [ (700 S0y .
0 0 0
Using Remark 4.2 and the definition of weak derivative, we have

/0 % (I (um(t) = uom), d(t)wy) , dt = —/O (™ (um(t) — wom), &' (t)w;) ,, dt.

Therefore,

- / (T (s — ), & (B, it + v / (), B(t)u0;))

= [ w0 ar. (424)
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Our next step is to use the convergence of sequence (u,,) in the respective spaces to
establish the convergence of each terms.

Since ¢w; belongs to L?(0,T; H) for all j € N*. We consider the first term

T T
/ (= (um (t) — uom), ¢’(t)wj)H dt — / (J = (u(t) — uo), gb’(t)wj)H dt’
0 0
= [||Jt1—“um(t) = I pao gy + |19 0w — Jtl_auoHLQ(O,T;H)] lpw;l z20m5m)-

Thus, the convergences J! ™ “u,, — J}~*u in L?(0,T; H), and wug,, — ug in H, implies the

convergence of the first term. Moreover, since u,, — u in L*(0,T; V), we also have

T T
| Gttty de = [ (). o) ar
This allows us conclude that, after passing to the limit in equation (4.24), we obtain

- / (T (ult) — uo), & (hwy) , dt + v / ((u(t), S(tywy))dt = / (1), S(0ywshyy dt.

Now, observe that the linearity of the summation guarantees that the previous equality

holds for all elements in span(w,), that is, for all ¢ € span(w,)

- / (T u(t) — o), & ()0, dt + v / ((u(t), S(t)p))dt = / (1), b(O)@) vy dt.

To extend this further to arbitrary v € V, take a sequence (¢,) C span(w;) such that

¢©n — v in V. Focusing on the first term (the others follow analogously). we have

/0 (T (ult) — o), & (£)pn) , — (J(u(t) — u), &/ (£)0), dt\
< o — vl / |72 Cult) — wo), 16/(1)]
< Clign =oly [ 7" (®) = w160

This tends to zero as n — oco. Therefore,

- / (T (ult) — uo),v) , &(8) i+ / ((u(t), 0))b(2) dt = / (), vhvry 6(¢) dt.
(4.25)
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Concluding, in the sense of distributions, that for all v € V', we have

d

= (7 l®) = wo),v) f + v((ult), v) = (f(2), v)vv

for almost every ¢ € [0, 7.
On the other hand, observe that Remark 2.19 ensures that, for almost every ¢ € [0, 7]

(Ji=(u(t) = uo), ) = (J; " (u(t) — o), )

defines a duality pairing on V. Then, we can rewrite equality (4.25) as

—/0 (') T (u(t) —uo), v)yr v dt—H//O (p(t)Au(t), v)yr v dt:/o (p(t)f(t), vy v dt,

where Au is defined in Remark 4.3. By Proposition 2.5, we conclude that

<— /OT ¢ ()T (u(t) — up)dt, U>V/,v = </OT o(t)[f(t) — vAu(t)]dt, U>VI7V ,

Therefore, at V', we obtain

- [ o) — i = [ o))~ vauoe
That is, J;~*(u(t) — ug) € W0, T, V"), and as a duality in V
D (u —ug) = f(t) — vAu(t), (4.26)

almost every ¢ € [0, 7.
From the above, it only remains to show that u(0) = ug in order to guarantee that u

is a solution in the sense of Definition 4.4.

Remark 4.23. In the convergence arguments used above, we relied on strong convergence
in L*(0,T; H) together with the boundedness of the Riemann-Liouville fractional integral
Ji=* . L*0,T; H) — L?*(0,T; H), rather than on weak convergence in L? _(0,T; H).
Both notions of convergence could, in principle, have been employed at this stage, and
neither would lead to a weaker convergence result.

However, the introduction of the space L?__ (0,T; H) is not motivated by convergence
issues. Its role is to encode additional time regularity of the solution. Indeed, since

L? (0,T; H) is a proper subset of L?(0,T; H), the corresponding integrability condition
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reflects a finer behavior near the initial time, which is intrinsic to fractional evolution
problems. Therefore, although the convergence argument is carried out in the larger
space L%(0,T; H), the weak solution exhibits the improved regularity inherited from this

new framework.

4.3 Initial Condition and Regularity of the Solution

In this section, we show that the solution u belongs to C'([0,7];V’), thereby ensuring
that ug = u(0) in the sense of the duality in V.

Since f and Au belong to L?*(0,T; V"), Corollary 3.19 guarantees that, for a > 1/2,
both J*Au and J2 f are in C([0,T]; V'). Moreover, the same corollary ensures that

JPAu(t)]—g = I ()] =o = Ovr.
In summary, for v € (1/2,1), equation (4.26) guarantees that
Jta[Dta(u - Uo)] € C([07 T]v Vl)?

and J{[DY(u — ug)] [t=0 = Oy.

Now, Proposition 2.42; item (iii), ensures that

ult) —uy = Jf“[D?(u—Uo)]Jrﬁt“‘l (T u(s) — uo)}|_,

= D= )]+ gt ()

for almost every ¢ € [0, T]. Moreover, since v € L3__(0,¢, H)NL*(0,¢,V) for all ¢t € (0,77,
see Remark 4.22, and using the embeddings V — H = H' — V', we obtain

/0 t %u(s) ds

tl—a 1/2 Tl—a ) 1 ) 1/2
<C ., < P - g7 .
< (=) (rmsgluli+ 21

The last inequality follows again from Remark 4.22 item (ii). Thus, without loss of

t (t _ S)—a
=c / Il ds
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generality, we can assume that Jtl_au| +—o = Oyr. Therefore, we conclude that
u(t) —uo = JP[D} (u — uo)],

for almost every ¢ in [0,7]. That is, v admits a representation in C([0,7]; V") such that

u(0) = up in V', as desired.

4.4 Uniqueness of the solution

Under the condition that the solution u is a continuous function over V/ when o €
(1/2,1), we establish in this section that it is unique, except possibly on a set of measure
ZEro.

Assume that u; and us are solutions in the sense of Definition 4.4, and define u =

uy — ug. Thus, u(0) = 0y and as duality on V', we obtain
Dfu+ vAu(t) = Oy, (4.27)

for almost every t € [0,7]. Applying J to both sides of (4.27) and using item (iii) of
Proposition 2.42, we have

u(t) + vJi Au(t) = Oy,

for almost every ¢t € [0,T]. Since u € L*(0,T;V), taking the duality paring with wu(t)
yields
(u(t), u(®)) vy +v(J7 Au(t), u(t))v v =0, (4.28)

for almost every t € [0, 7.

Remark 4.24. Concerning the duality term J/* Au(t), note that Proposition 2.5 ensures
that, for all v € V|
(S Au(t), v)vrv = J(Au(t), v)vry,

for almost every t € [0, 7. Then, seeing u(t) = (uy(t), ..., un(t)), by Remark 4.3, recalling
the definition of the inner product ((-,-)) in V/, and applying Fubini-Tonelli theorem, we
deduce that for all v = (vy,...,v,) €V

<J£XAU(ZS),U>V/’V - 21: (vauz(t% vvi)Lz(Q)a

for almost every ¢ € [0, T].
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Thus, the above remark and Remak 2.19 imply that equation (4.28) is equivalent to
)13+ 23 (T Vuslt). Vaa() o g = 0. (4.29)
i=1

for almost every t € [0, T.
Now, since Vu; € L*(0,T;1L2(2)) for i = 1, ...,n, item (ii) of Proposition 2.42 gives

D? [Jf‘Vul(t)] = Vuz(t)

for almost every t € [0,7]. Hence, (4.29) can rewritten as

[l + v (D7 JVaalt)], JTs®) gy = O (.30
i=1
for almost every t € [0, T.
Because a > 1/2, Corollary 3.19 ensures that J*Vu; € C([0,T];L*(Q)) for all i =
1,...,n. This allows us to apply Theorem 4.8 for case the H = IL?(Q) (see [11, Corollary
19]). We then conclude that Dg||JVu,(t)|[2q) € L'(0,T5R) for all i = 1,...,n, and

()17 + (#/2) Y DEJEVui(t)|Eaq) < 0, (4.31)

=1

for almost every ¢ € [0,7T]. Finally, by item (iii) of Proposition 2.42, (4.31) is equivalent
to

Tl + (v/2) Y 198 Vui(t)|F2q) < 0,
i=1

for almost every ¢ € [0,7]. Hence Jt"‘Hu(t)H]QLQ(Q) =0 a.e.in [0, T]. Since J* : L*(0,T;R) —
L*(0,T;R) is injective (if follows from item (ii) of Proposition 2.42), we conclude that

u = 0, or equivalently, u; = us. This proves uniqueness.
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Chapter 5

Pressure Recovery in our Variational

Problem

Let us first recall the fractional order approach to the Stokes equations. Let 2 be a
bounded Lipschitz subset of R™, and let a € (0,1), T'> 0, and v > 0 be fixed constants.
Consider f : [0,7] x 2 — R™ as the forcing term and ug :  — R™ as the initial condition.
The Stokes equations with a Caputo fractional derivative in the time variable are given
by )

cDfu(t, x) — vAu(t, x) + Vp(t, z) = f(t,x), in (0,77) x €,
divu(t,z) =0, in (0,7) x Q,
u(t,z) =0, on [0,T] x 01,
uw(0,z) = up(x), in .

(5.1)

\
In this setting, following the standard procedure for deriving a variational formulation
of the classical time-dependent Stokes equations (see Section 2.2 of this paper), we arrive

at the following weak formulation, which is developed in the beginning of the Section 4.

Definition 5.1. Let a € (1/2,1), f € L*(0,T; V') and vy € H. A fractional weak solution
to (5.1) is a function w € L?__(0,T; H) N L*(0,T;V) such that cDYu € L*(0,T; V") and

(eDfult), v)a = (F(t) - vAu(t), o)y (5.2)

for almost every t € [0,T7], for all v € V' and u(0) = ug. Here, the operator Au is defined
in Remark 4.3.

Note that the pressure term Vp(t) is absent from Definition 5.1. The goal of this

section is to recover the pressure, in some sense, given a solution v € L} _(0,7;H) N
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L*(0,T;V) of problem (5.2), thereby establishing a connection between problems (5.1)

and (5.2). For this purpose, we rely on the following propositons.

Proposition 5.2. Let Q be an open subset of R™, and let g = (g1, ..., gn) with g; € D' (Q),
i =1,...,n. A necessary and sufficient condition for the existence of a distribution p €

D'(Q) such that g = Vp is that
(g,v) =0 YveWV.

Proof. See [46, Chapter I, Proposition 1.1] or [46, Chapter I, Remark 1.9]. ]
Proposition 5.3. Let Q be a bounded Lipschitz open subset of R™.

(i) If a distribution p has all its first-order derivatives % € L*(Q), for 1 <i<mn, then

p € L*(Q), and there exists k > 0, and ¢ € R such that
1P+ cllzz@) < Kl Vplliz@)-

(i) If a distribution p has all its first-order derivatives g—i € (HLQ)Y, for1 <i<n,
then p € L*(Q), and there exists k > 0, and ¢ € R such that

1P+ cllzz) < IVl @y )y -

Proof. See [46, Chapter I, Proposition 1.2]. m

To introduce the pressure into our variational problem, let us define

oz(t):/otAu(s) ds and F(t):/otf(s) ds.

If w is a solution in the sense of Definition 5.1, then Section 4.3 ensures that u €

C([0,T); V'), and:
(i) By Theorem 2.35, J:=*u € C([0,T]; V');
(ii) By Remark 4.3, we know Au € L'(0,T;V"), and hence a € C([0,T]; V");
(iv) Since f € L*(0,T; V"), we obtain F € C([0,T]; V).

Therefore, the functions o and F' also belong to C([0,T]; V).
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Now, Proposition 2.5 ensures that, upon integrating the equation (5.2), we obtain

( /0 eDou(s) ds,v)H _ < /0 (7(5) — vAu(s)] ds,v>w

for all v € V. Thus, for almost every ¢ € [0, 7]

<—J3-a[u<t> —u(0)] + / U6 - vAus) dscv) =0

VIV

Observe that the function —J;' ] —i—fo —vAu(s)|ds belongs to C([0,T]; V).
Therefore, since V' C Hj, this funct1on also belongs to C([0, T); (HL(2))).
By applying Proposition 5.2 and Proposition 5.3 | item (iz), we obtain the existence

of a distribution p such that p(t) € L?(Q) and

—J 7 u(t) — u(0)] —i—/o [f(s) — vAu(s)] ds = Vp(t) for a.e. t € [0,T].

Hence, we conclude that Vp € C([0,T]; (H})'), and thus, by Proposition 5.3, there exists
¢ € R such that p+ ¢ € C([0,T]; L*(2)).
Now, since u € L*(Q x (0,T)), and in the distributional sense on 2 x (0,7T') we have

d d d d

for all p € D(Q x (0,T)); that is

We obtain in D'(Q2 x (0,7)) that
—cDju(t) + f(t) — vAu(t) = VP(t) for ae. t €[0,T],

where P := %p. Recalling the definitions of the operator A, we conclude that, in the

distributional sense on €2 x (0,7),
cDyu(t) — vAu(t) + VP(t) = f(t) for ae. t €[0,T],

as desired.
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Chapter 6

Final Considerations and Future

Work

The research developed in this thesis has already led to concrete scientific contribu-
tions. In particular, part of the results obtained throughout this work has been consoli-

dated in the following manuscripts:

e P. M. Carvalho-Neto, C. L. Frota, J. C. Oyola Ballesteros, P. G. P. Torelli, Energy
Estimates for Fractional Evolution Equations, arXiv:2508.05780.

e P. M. Carvalho-Neto, J. C. Oyola Ballesteros, A New Approach for the Unsteady
Stokes Equations with Time Fractional Derivative in Bounded Domains, arXiv:2511-

.13896.

These works reflect the main theoretical developments achieved during this PhD
project, particularly concerning fractional Cauchy problems, weighted Bochner spaces,
and fractional formulations of fluid dynamics models.

In conclusion, the preparation of this thesis involved several technical aspects that
posed substantial theoretical and mathematical challenges, many of which were success-
fully addressed. We now highlight the three contributions that we consider most relevant

to the structure and completion of this work.

(i) Section 3.1 introduces the fractional Cauchy problem (equation (3.1)) under the
assumption that the map G : [0,7] x R™ — R™ be a Carathéodory function.
Assuming further that G is locally Lipschitz continuous, Theorem 3.12 establishes
the existence and uniquenesse of a global solution when the associated Nemytskii

operator satisfies the condition p = ¢.

86



(ii) Section 3.2 presents the space L2 (0,7; X) and a series of results aimed at establish-
ing relationships between the spaces L2 (0,T'; X) for different values of o € [0, 1] and
p € [1,00), as well as their connection with the classical space LF(0,T; X). We show
that L2(0,7T; X) is a Banach space and that it is reflexive whenever X is reflexive
Banach space, as stated in Theorem 3.25. Finally, Theorem 3.27 and Corollary 3.28

provide a caracterization of dual space of L?(0,T; X).

(iii) Section 4 presents a new formulation for the weak solution of the unsteady Stokes
equations when considering fractional derivatives on the time variable; as described
in Definition 4.4. By applying the Faedo-Galerkin method in a framework specif-
ically adapted to the fractional derivatives, we prove the existence and uniqueness

of weak solution.

It is important to highlight that, by imposing the condition a € (1/2, 1), the fractional
Cauchy problem introduced in Section 3 guarantees the existence of approximate solu-
tions, and therefore a sequence of approximate solutions corresponding to equation 4.3.
Moreover, the energy estimates derived for this sequence via the Faedo—Galerkin method
demonstrate the relevance of the space L2(0,7T; X).

On the other hand, regarding future work, we note that throughout most of this PhD
project we have focused on studying a weak formulation of the Navier-Stokes equations,

starting from the strong form

( Du(t, z) — vAu(t, z) + (u(t, z) - V)u(t,z) + Vp(t,z) = f(t,x), in (0,7) x Q,
divu(t,z) =0, in (0,7) x €,
u(t,z) =0, on [0, 7] x 042,
u(0,z) = up(x), in Q,

(6.1)

The nonlinear term in this formulation is the expression (u(t,z) - V)u(t, z), which is
precisely the term that distinguishes the Navier-Stokes-equations from the Stokes Equa-
tions.

Following the standard approach for deriving a variational formulation of the classical
time-dependent Navier—Stokes equations (see [46, Chapter III] for details), we obtain the
following fractional weak formulation of the system above.

WEAK FRACTIONAL FORMULATION: Let Q C R? « € (2/3,1), f € L*(0,T;V’), and ug €

H. A fractional weak solution to (6.1) is a function v € L?__(0,T; H) N L*(0,T;V) such
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that ¢cDt*u € L'(0,T; V') and
cDfu(t) = f(t) — vAu(t) — Bu(t) (6.2)

for almost every t € [0, 7], and u(0) = uo.
This weak fractional formulation naturally raises two important questions within the

context of this work:

(i) Following the steps of the Faedo-Galerkin method, the weak fractional formulation

of Navier-stokes equations can be reinterpreted as the following Cauchy problem:

DU () = Gp(t,Uy(t)), a.e.in [0,T7, (6.3)
Um(O) = U()m € Rm,

where G, : [0, T] x R™ — R™ satisfies

1/2
Gt < (el + -+ o ?)

N

IF @)y +m* v M +m®? (vM + N) |||,

=(t)

In this setting, the Nemytskii parameters satisfy ¢ = 4 and p = 2. Therefore, Theo-
rem 3.12 (in section 3.1) cannot ensure the existence and uniqueness of a continuous

function U, : [0, 7] — R™ satisfying both equations in (6.3).

(ii) Under the assumptions of the weak fractional formulation of the Navier-Stokes equa-
tions (2/3 < a < 1) and assuming a solution to item (i) exists, we can obtain a
solution u such that cD®u belongs to L'(0,T;V’). However, this condition is too
weak to apply Theorem 4.8 or [10, Theorem 4.16, item (b)], and thus insufficient to

guarantee uniqueness of the solution w.

Consequently, the open problems that naturally emerge from this work, and which we
intend to address in future research, are the following. First, it is necessary to establish
a result analogous to Theorem 3.12 for the case ¢ # p, in particular for ¢ = 4 and
p = 2. Second, additional conditions on the solution v must be identified in order to
allow the application of Theorem 4.8 or [10, Theorem 4.16(b)]. For instance, assumptions
ensuring that cD¢u € L2(0,T; H) or that J;~*|lu||% € W''(0,T;R) would be sufficient

to guarantee uniqueness of the solution.
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